Particle tracker convergence report
In the current work, two particle tracking models were employed – the Reactive particle tracker (RPT), used to simulate the dynamic reaction-transport interaction in the initially homogeneous porous medium and the Non-reactive particle tracker (NRPT), used to analyze the transport self-organization in the snapshots of the field as it undergoes reaction, which leads to the emergence of heterogeneity. 
Both of these models employ the Langevin stochastic differential equation (SDE) to simulate transport, while the main difference between the two is: in the NRPT, the particles move along the flow streamlines in discrete jumps of constant spatial duration, while the time that each jump takes is being summed up to determine the breakthrough time for each particle; in the RPT, the particles also move along the flow streamlines in series of discrete jumps of constant spatial duration, however, since the chemical reaction occurs in constant time intervals, last jump of each time interval usually will be shorter than the nominal jump distance. To be used in the context of a numerical simulation, the Langevin equation in both models is discretized using the straightforward Euler-Maruyama method [Kloeden (1992)]. See the manuscript draft for the complete definition of the Langevin SDE used in the model.
To perform validation of both models against known analytical solution, an important property of equivalence of the Langevin stochastic differential equation (SDE) and the well-known advection-diffusion differential equation (ADE) was employed [Risken (1996), Perez et al. (2019)]. This equivalence takes place when the statistical ensemble of particles considered in the solution of SDE is large enough. 
For the instantaneous injection of solute into a homogeneous medium, the solution for ADE is well-known and is given by the Gaussian distribution of solute concentration [Kreft and Zuber (1978), Table 2]. To validate the models, a large quantity of non-reactive particles was injected at the inlet of the field and then allowed to move along the X axis of the field (1D case), while their motion was governed by the 1D Langevin equation. Numerical convergence of the transport to the ADE analytical solution for the 1D instantaneous injection into a homogeneous medium was checked. Also, convergence of the Langevin SDE, as implemented in the model, to analytical solution was checked using tools from Stochastic differential calculus. 
The main conclusions from the convergence study are:
· The particle transport exhibits behavior identical to ADE for the validation scenario.
· Convergence rates correspond to theoretical values.


1. Non-reactive Particle Tracker Convergence Report
This chapter considers the numerical convergence of the non-reactive particle tracker model (NRPT), used to analyze the transport self-organization in the snapshots of the field as it undergoes reaction. This model employs the Langevin stochastic differential equation (SDE) to simulate transport that includes both the advective (deterministic) and diffusive (stochastic) contributions [Kloeden (1992), p. 118, eq. (4.1)]. The particles move along the flow streamlines in series of discrete jumps of constant spatial duration. To be used in the context of a numerical simulation, the Langevin equation in the model is discretized using the straightforward Euler-Maruyama method [Kloeden (1992), p. 305]. See the manuscript draft for the complete definition of the Langevin SDE used in the model. For validation purposes, 1D spontaneous injection case in homogeneous medium is used as reference.
To perform the model validation against known analytical solution, an important property of equivalence of the Langevin stochastic differential equation (SDE) and the well-known advection-diffusion differential equation (ADE) was employed [Risken (1996), Perez et al. (2019)]. This equivalence takes place when the statistical ensemble of particles considered in the solution of SDE is large enough. For the instantaneous injection of solute in 1D, the solution for ADE is well-known and is given by the Gaussian distribution of solute concentration [Kreft and Zuber (1978), Table 2]. To validate the model, a large quantity of non-reactive particles was injected at the inlet of the field and then allowed to move along the X axis of the field (1D solution), while their motion was governed by the 1D Langevin equation. 
The equivalence of Lagrangian – Eulerian approaches was established by comparing numerical 1D particle tracking simulations using the Langevin equation with the analytical solution of the 1D ADE equation [Risken, Lazaro et al]. The spatial distribution of the injected particles was converted into the probability density function (PDF), which was compared with the well-known analytical solution to the 1D ADE equation for the same flow velocity, diffusion coefficient and time. The plots below, obtained from the injection of Np = 1e5 particles, show the comparison of the spatial distribution of the injected particles to the analytical ADE solution at different times since the moment of injection.
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[bookmark: _Hlk141806028]Recall that for the analytical ADE solution for the validation case, the expectation of the spatial distribution of the injected particles µ corresponds to the distance passed by the flow of velocity v during the time t since the injection moment: . The statistical deviation of the distribution equals , where D is the diffusion coefficient [Kreft and Zuber (1978), Table 2]. The plots above show the values of  obtained from the spatial distribution of the injected particles compared to values from the ADE solution. The high degree of agreement between these two approaches is evident, thus showing a satisfying degree of equivalence of the Lagrangian particle tracker model with the analytical ADE solution for the validation scenario for different simulation times.

2. Reactive Particle Tracker Convergence Report (transport part only)
This chapter considers the numerical convergence of the Reactive particle tracker model (RPT), used to simulate the dynamic reaction-transport interaction in the initially homogeneous porous medium. 
This model employs the Langevin stochastic differential equation (SDE) to simulate transport that includes both the advective (deterministic) and diffusive (stochastic) contributions [Kloeden (1992), p. 118, eq. (4.1)]. The particles move along the flow streamlines in series of discrete jumps of constant spatial duration, however, since the chemical reaction occurs in constant time intervals, last jump of each time interval usually will be shorter than the nominal jump distance. Numerical convergence investigation presented in this report consists of the transport part only, without the reactive part. See the manuscript draft for the complete definition of the Langevin SDE used in the model.
To be used in the context of a numerical simulation, the Langevin equation is discretized using the straightforward Euler-Maruyama method [Kloeden (1992), p. 305]. We investigate the numerical convergence of the distribution to the analytical solution (in the weak sense) in two ways: (1) Particulate convergence, or how fast does the spatial distribution converges to the analytical solution (in the weak sense) with the enlargement of the statistical ensemble of particles Np, and (2) Temporal convergence, or how fast does the spatial distribution converges to the analytical solution (in the weak sense) with the decrease in the numerical time increment dt.
The convergence is checked in the weak sense, meaning that we consider the convergence error as the absolute value of the difference between the statistical expectations of the particle location and the analytical solution of the SDE at a specific time [Kloeden (1992), p. 310, p. 316]. The theoretical particulate and temporal convergence rates of the Euler-Maruyama 1st order method in the weak sense are 0.5 and 1.0, correspondingly [Kloeden (1992) p. 304, Sauer (2012), Grawe (2010)]. 
Validation & convergence study was performed for the validation case of 1D spontaneous injection into homogeneous medium. In that case, the Langevin SDE has constant coefficients (also called the Additive noise SDE) [Kloeden (1992), p. 118, eq. (4.2)]. 

2.1 Particulate convergence
The particulate convergence study was done with the following numerical simulation parameters:
Field discretization: 150x60 computational cells
Computational cell dimensions: dx, dy = 0.2[cm]
Hydraulic head drop over the field: dh = 10[cm]
Number of reaction events per Pore volume time: 150 (dT = 0.02184 [min])
Hydraulic conductivity of the field: ln K0 = 2.3967 (K0 = 10.9868[cm/min])
Porosity of the fieldL Theta = 0.4 (thus, the flow velocity is v0 = 9.1557[cm/min])
Length of a single particle jump: ds = dx/100  = 2e-3[cm] (dt = 0.0002184[min])
Random seed: -907
Statistical ensemble size (number of injected particles) varied: Np = 5e4, 1e5, 2e5, 4e5 
A single realization of the injection scenario.
The Figure below presents the convergence rate of the solution on a log-log scale. The theoretical particulate convergence rate of the Euler-Maruyama 1st order method is 0.5 [Sauer, Grawe (2011)], which is reasonably close, considering that only 1 realization of the process was used.
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Langevin equation – Particulate convergence

2.2 Temporal convergence
The expectation of the Langevin equation with constant coefficients is given by , which a linear function of time [Kloeden (1992)]. The Euler-Maruyama 1st order method is able to represent a linear solution exactly. Therefore, when checking temporal convergence in a weak sense for the validation scenario, temporal discretization errors are negligible, provided the statistical ensemble size is large enough. 


3. Conclusions:

· The particle transport exhibits behavior identical to ADE for the validation scenario.
· Convergence rates correspond to theoretical values.
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