https://doi.org/10.5194/hess-2023-161 Hydrology and
Preprint. Discussion started: 1 August 2023 Earth System
(© Author(s) 2023. CC BY 4.0 License. Sciences

Discussions
By

Technical note: Quantification of flow field variability using intrinsic

random function theory

Ching-Min Chang!, Chuen-Fa Ni', Chi-Ping Linz, and I-Hsian Lee’

'Graduate Institute of Applied Geology, National Central University, Taoyuan, Taiwan

*Center for Environmental Studies, National Central University, Taoyuan, Taiwan

Correspondence: Chuen-Fa Ni (nichuenfa@geo.ncu.edu.tw)



https://doi.org/10.5194/hess-2023-161
Preprint. Discussion started: 1 August 2023
(© Author(s) 2023. CC BY 4.0 License.

10
11
12
13
14
15
16
17
18

19

Abstract. Much of the stochastic analysis of flow field variability in heterogeneous

aquifers in the literature assumes that the parameters in the associated stochastic flow

equation are weakly (second order) stationary. On this basis, the spectral

representation approach can then be used to quantify the variability of the flow fields

given known covariance functions of the input parameters. However, the condition of

second-order stationarity is rarely encountered in nature and is difficult to verify using

the limited experimental data available. The purpose (or novelty) of this work,

therefore, is to develop a new framework for modeling the variability of the flow

fields that generalizes the stochastic theory that applies to stationary second-order

random input parameters to intrinsic (nonstationary) random input parameters. In this

work, the log hydraulic conductivity and log aquifer thickness are assumed to be

intrinsic random functions for flow through heterogeneous confined aquifers of

variable thickness. On this basis, semivariograms of depth-averaged hydraulic head

and integrated specific discharge fields are developed to characterize the variability of

flow fields. The application of the proposed stochastic theory to the case where the

variability of a random input parameter can be characterized by a linear

semivariogram model is provided.

1 Introduction
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21 Much of the literature on solving the stochastic groundwater flow problem
22 assumes that the covariance functions of the random input parameters in the
23 corresponding stochastic differential equation for groundwater flow can be
24 characterized by spatial covariance functions. Based on these known covariance
25  functions of parameters, the variability of flow fields in heterogeneous aquifers
26  can then be represented by the covariances of hydraulic head and specific
27  discharge using the spectral representation approach (e.g., Dagan, 1989; Gelhar,
28  1993; Zhang, 2002; Rubin, 2003). It is important to recognize that the approach
29 s built on the assumption that the random processes of the input parameters are
30 second order stationary, so they can be represented by a covariance function.
31  The question arises: can the statistics of the flow field be determined if it is not
32 possible to identify the covariance function of the input parameter from the
33 available data or if the covariance functions of the parameter do not exist?

34 In many practical applications, the experimental variance of a random variable
35  (function) sampled from a field increases with the size of the field (e.g., Desbarats and
36  Bachu, 1994; Molz et al., 2004; Dell’Oca et al., 2020). This means that the data have an
37  almost unlimited scattering capacity and cannot be properly described by ascribing a

38 finite a priori variance to them. This implies that the second-order stationarity
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hypothesis does not appear to be suitable and that the approach assuming spatial

variation of input parameters characterized by a spatial covariance function in the

treatment of stochastic models of groundwater flow is not appropriate.

But even if there is no finite a priori variance, the spatial increments of a random

function may still have a finite variance. Note that the random function that obeys the

intrinsic hypothesis (Matheron, 1965, 1971), i.e., the assumption that the increments of

the random function are weakly stationary, is called the intrinsic (nonstationary) random

function. In this case, the variability of a nonstationary random function can be

characterized by its semivariogram. This implies that it might be possible to determine

the characteristics of the random flow fields based on the known semivariogram of

the random input parameter from the field data for the case of a nonstationary process

of the input parameter. It is clear that the intrinsic hypothesis is weaker than the

second-order stationarity hypothesis.

According to Yaglom (1987) and Christakos (1992), an intrinsic function and

its semivariogram admit a spectral representation. From these spectral

representations, the associated stochastic groundwater flow equation can be

solved in the wavenumber domain. Therefore, a spectral relationship between the

wavenumber spectra of the input parameter fluctuations and the spectra of the

output fluctuations can be obtained based on the solution of the stochastic
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equation. This means that, given intrinsic semivariograms of the input parameters,

the variability of the flow fields can be characterized by the semivariograms of

the hydraulic head and the specific discharge fields using the spectral

representation approach. In other words, it is possible to establish stochastic

theories to characterize the variability of the flow fields without considering the

hypothesis of second-order stationarity for the random input parameters, which is

the goal of this study.

This work develops a general stochastic framework for quantifying the variability

of flow fields by semivariograms of depth-averaged hydraulic head and integrated

specific discharge for essentially horizontal steady groundwater flow through a

heterogeneous confined aquifer of variable thickness. It is assumed that the random

input parameters appearing in the associated stochastic differential equation, such as

the log hydraulic conductivity and the log thickness of the confined aquifer, are

intrinsic random functions and therefore nonstationarity in the depth-averaged head

and integrated discharge. This work shows how to develop a stochastic modeling

framework for quantifying the variability of the flow fields given semivariograms of

the random input parameters, which, to our knowledge, has not been presented in the

literature before. An application of the proposed stochastic theories to the case where

the wvariability of a random input parameter can be characterized by a linear
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semivariogram model is given.
2 Statement of the problem

In many practical situations, a variable measured on small samples over very short
distances may exhibit very large variations over those distances. To get around this
phenomenon, a variable is often measured as an average over a given volume or area
rather than at a point. This means that in reality the field data are never collected at a
single point, but always include support with finite dimensions, so that the
semivariogram over the sample support can no longer be considered a point
semivariogram (the theoretical semivariogram). Note that the theoretical
semivariogram yh) defined at point x associated with a pointwise support can be
defined as
7(&) =S Farlz(x+§)-2(0). ()
In Eq. (1), Z(x) is a random function.

It can be shown that the semivariogram of an intrinsic random function within a
volume V is related to the point-theoretical semivariogram by the formula (e.g.,
Matheron, 1971; Journel and Huijbregts, 1978):

y.(&) =Vijdx j y(é+x—x')dx'-§ j dx j y(x— ), )

Hydrology and
Earth System
Sciences

Discussions



https://doi.org/10.5194/hess-2023-161
Preprint. Discussion started: 1 August 2023
(© Author(s) 2023. CC BY 4.0 License.

96

97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113

114

where y,(x) is the transformed semivariogram and y(x) is the theoretical semivariogram
defined in Eq. (1). Matheron (1971) points out that Eq. (2) holds for any intrinsic
random function, even if the covariance function does not exist.

This work presents a stochastic analysis of flow through heterogeneous confined
aquifers of variable thickness (see Appendix A). The variability of the flow results
from the variation of the random input parameters, such as the log hudraulic
conductivity and the log thickness of the confined aquifer. In this work, the log
conductivity and log aquifer thickness are considered as spatially intrinsic random
functions whose semivariogram can be represented by Eq. (2). In addition, the
variation of depth-averaged hydraulic head and integrated specific discharge can be
described by the perturbation equations (A3) and (A4), respectively. The spectral
representation approach is used to develop the semivariograms of depth-averaged
hydraulic head and vertically integrated specific discharge to quantify the variability

of the flow fields.

3 Theoretical developments of semivariograms of flow fields

Given the assumption that fand Bin Eq. (A3) satisfy the intrinsic hypothesis, the intrinsic

random functions fand Seach admit a spectral representation of the form (Yaglom, 1987,
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115  Christakos, 1992),
116 f(xpx,) = ﬂ. eXp[i(_Wlx‘ Fwxdl Tl ), (3a)
. l\/ wi + w3
117 Blxpx,)= II P [i(,W”“ w7 ), (3b)
o l\/ wi +w3
118  where the w; are the components of the wavenumber vector w (= (w,,w,) ) and Sf(lw,,w,)
119  and SB(w,,w,) are stationary spatial random processes with uncorrelated complex
120 Fourier increments dZy(w,,w,) and dZs(w,,w,), respectively. Due to the property of the
121 linearity of the driving forces in Eq. (A3), the depth-averaged head perturbation can
122 alternatively be decomposed into two parts as
123 hxpx,) =h,(xpx,) +hy(xsx,), (4a)
124 where &, represents the head fluctuation in response to the change in log hydraulic
125  conductivity, while &, represents the head fluctuation in response to the change in log
126 thickness of the aquifer. Without any restrictions, each component of the depth-averaged
127  head perturbation in Eq. (4a) can be expressed by Fourier-Stieltjes representations
128  (Priestley, 1965) as follows:
129 hxpx)= jj.Af(x],xz;w],Wz)dZSf(w],Wz) , (4b)

o —0
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130 hylxpx,)= J.J‘/lﬂ(xl, X3 Wis W) AZ s5(wis W) . (4¢)

131 In Egs. (4b) and (4c), A, and A, are referred to as oscillatory functions (Priestley,

132 1965).

133 Introducing Egs. (3)-(4) into Eq. (A3), the solution of Eq. (A3) is

134 p (x,x)= JI J.% (1= expli(w, i+ wox,) ]+ iGwx + wox,) fdZ o (wiows) » (52)

) (wi +w3)

135 py(xpx)= 2«]““‘.#1;2)3/2 {1=expliGwpxs + woxe) ]+ iGwp + szz)}dzsﬂ(WIa w.)- (5b)

136 That s,

137 h(xpx,) = JJ.J‘% {1 —expli(w,xi+w,x,) ] +ilwx + w2x2)}dZS,(wl, w,)

(W1 + Wz)
138 +2JI J. % {1 —expli(w,x + wyx,) ] +ilwx + wzxz)}dZS,,(w], wa) - (5¢)
(Wl + Wz)

139 The details of the development of this solution are given in Appendix B.

140 Furthermore, making use of the spectral representation Eq. (3) and Eq. (5) in Eq.

141  (A4), the perturbation for the integrated specific discharge in the direction of x, (mean

142 flow) is given by

143 q(xox)=q (xpx,)+q, (), (6a)
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144 where
, ) expli + -1 ;
145 q/ (xpxz) — el«wJJ‘J. pl (?’lelz szxz)] (1 _Klz)dZSf(Wls Wz) , (6b)
' l\/Wl +w w
w expli + -1 :
146 g, (xpx)=e™ J. J LUURRATE S Y (RSP R (6c)
' l\/Wl +w w
147 The semivariograms of depth-averaged head can now be calculated using Eq. (5)
148 inEq. (1)
149 y,(e )=y, () +y, (%), (7a)
150 where x = (x,,x,), y = (1,»), and
151 }/h/(x,y):El(x—.V)+r|52(xa.)7)+r253(xa.)’), (7b)
152y, (e.p)=4a(x-p+raxp)+rno ], (7¢)

153 r, = xy, 1, = x,-»,. The expressions for 5-5, and -2 in Eq. (7) are given in the
154  Appendix C. Note that the random process of the spectral representation according to
155 Eq. (5) and the semivariogram according to Eq. (7) is called an intrinsic random
156  function of order 1 (Matheron, 1973).

157 Similarly, the application of Eq. (6) in Eq. (1) yields the semivariogram of the
158  integrated specific discharge in the mean flow direction of the form

159y ep)=y, (x=p)+y (x-p), (8a)
160  where

10
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2 2
wi twl Wi

[ 1—cos cos 2
y (x _ y) — ez(F+B)JJ‘.[ (Wﬂ"l) (Wzrz) (1 — 2W| 2 )ZSS/(W“ Wz)dW1dW2 , (8b)
9 + w3

. ( 1—cos(w.r ) cos(w,r,) N
7, (x-y)=e"" B)JII IR (1_2 le z) Splwnwo)dwidw, . (8¢)
» wi + ws wi twa

v

From Egs. (6) and (8), it can be seen that the random process for the integrated
discharge in the mean flow direction is an intrinsic random process (or an intrinsic
random function of order 0, Matheron, 1973).

To evaluate Egs. (7) and (8), which are used to quantify the variability of flow
fields, the spectral density functions Sy and Sy, must be determined. It can be shown
that when the intrinsic random function has a spectral representation as in Eq. (3), the
semivariograms of the intrinsic functions f and B are related to the covariance

functions of the stationary processes Sf and Sp by

o o
glm(x—yﬂgim(x—y)=Cf(x—y), (9a)
iz7,B(x—y)+i27ﬁ(x—y)=cﬁ(x—y), (9b)
or ors

where y, and y, are semivariograms of f and g functions, respectively, and C, and C, are
covariance functions of Sf and Sp processes, respectively. The spectral density functions of
the fluctuations of f'and f are then obtained by the inverse Fourier transform of C, and

C,, respectively, i.e.,

11
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177 Sg(wiw,) =@;ﬁjjexp[w@+Wz§z]C_,(§l,§z)d§Id§2, (10a)

178 S, (wiwa) :(ﬁ)zﬁ;ew[w]é] +wadolC (&, E)dE dE . (10b)

179  Equations (7) and (8), together with Egs. (2), (9), and (10), provide the necessary

180  framework for quantifying the variability of the flow fields. The results can be

181  obtained for specific input parameter models. This line of research will be pursued in

182  the next section.

183

184 4 Application

185

186 4.1 The linear intrinsic semivariogram

187

188 Ifa volume V is taken as a straight segment of length L and the point-theoretical

189  semivariogram of an input parameter in Eq. (2) is considered to be described by a

190  linear model (e.g., Journel and Huijbregts, 1978; Bardossy, 1997; Usowicz and Lipiec,

191  2021),i.e.,

192 pO=eld, (In

193 then the transformed semivariogram in Eq. (2) can be written as

12
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194 y,(&) =% [def|&+x—ax' - [ [ [x - (12)
L L L L L L
195 Note that the semivariogram of a second order stationary random function is
196  necessarily bounded, while the semivariogram of an intrinsic random function is not.
197  The integration of Eq. (12) can be performed using the Cauchy algorithm (e.g.,
198  Matheron, 1971)
L L
a a
199 7,@ = [@-|leexia =% [ @ |l ax
L -L L -L
L
200 :a(|§|—?) |4 >L. (13)
201  The details of this development are given in Appendix D. This result agrees with that
202  of Journel and Huijbregts (1978) obtained by a different integrating approach. Note
203  that y in Eq. (13) reaches -L/3 when & approaches zero, and that this negative value is
204  called the “pseudo-negative nugget effect” (Journel and Huijbregts, 1978) due to
205  regularization.
206 In this study, it is assumed that the variograms of the input parameters depend
207  only on the magnitude of the distance between the two points and not on its direction.
208  The spatial variability of the input parameters (such as the log conductivity and log
209  thickness of the aquifer) can be characterized by the following semivariograms
L
200 7, Goe)=a,(]-3) 1421, (142)
L
211 7, (éliéz)zaﬁ(|§|_;) |§|2L’ (14b)
212 which represent the extension of Eq. (13) to two dimensions. In Eq. (14), |§ =

13



https://doi.org/10.5194/hess-2023-161 Hydrology and
Preprint. Discussion started: 1 August 2023 Earth System
(© Author(s) 2023. CC BY 4.0 License. Sciences

Discussions
By

213 (§+&)"
214 The covariance functions of Sf and Sp processes are determined from substituting Eq.

215  (14) into Eq. (9), respectively,

216 C(&n¢)= zy (Ehe)t agzy (£n6)= -, (15a)
217 Cﬂ(é:l’(: ) ) 7/ (6155 ) 2 7/ (§I,§ ) . (15b)
551 352 ,/5 +&

218  From Egs. (10) and (15), the corresponding spectral density functions of f/ and g are

219  obtained, respectively, as follows:

1

220 Sg(wiw)= J.J‘GXP[Wlfﬁwﬁz]\/mdfdeg Z”W’ (16a)

—op —0

1

221 S sp(wi w) = r ) IIC p[Wl§1+W2§2]\/§T§d§d§ _Zﬂ'm. (16b)

)

222 The semivariogram of depth-averaged hydraulic head used to quantify the
223 variability of the head field can then be obtained by substituting Eq. (16) into Eq. (7)
224 and integrating over the wavenumber range. Note that the first term on the right-hand
225  side of Eq. (7b) or Eq. (7¢), E(x-y) or 402(x-p), is called the generalized covariance
226  function by Matheron (1973). Figure 1 shows the numerical integration result for the
227  generalized covariance function of depth-averaged hydraulic head =, i.e., the

228  component of y, that reflects the effect of variation in hydraulic conductivity fields,

14
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229  wusing Eq. (16a) in Eq. (C1). The unbounded increase in the generalized covariance
230  functionEwith separation distance suggests that there is no finite depth-averaged head
231  variance. This implies that the variation in depth-averaged hydraulic head does not
232 satisfy the second-order stationarity hypothesis. Quantifying the variability in
233 depth-averaged head using the assumption of second-order stationarity for the input
234  parameter can lead to a significant underestimation of head variability for the case of
235  intrinsic random log-conductivity fields. It can also be shown that similar conclusions
236  can be drawn from the term 4.2 (x-p) in Eq. (7c), the component of y, reflecting the
237  effect of variation in the log-aquifer thickness fields, for the case of intrinsic random

238  log-aquifer thickness fields.
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240  Figure 1. The generalized covariance function of depth-averaged hydraulic head (the
241  component of y, that reflects the effect of variation in the log hydraulic conductivity

242 fields) as a function of separation distance in the mean flow direction, where », = x,-y,.

15
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Figure 2 depicts the behavior of the generalized covariance function = as a
function of parameter o, for a given separation distance r,. A larger a, increases the
variability of the log conductivity fields, resulting in a larger = and thus a larger
semivariogram y,. It can also be shown that the larger the parameter a,, the larger the
variability of the generalized covariance function 42. It can therefore be concluded
that the variability of the depth-averaged hydraulic head caused by the variation of the
log hydraulic conductivity and log aquifer thickness is larger for larger parameters o,

and ay,.

30 x10° |

25 x10° |

f=]]

2 2
Jri

20 x10° |
15 x10° |

10 x10° [

50 x108 |

1
0.5 1.0 50 100 500 100.0

ayr

Figure 2. The generalized covariance function of depth-averaged hydraulic head (the
component of y, that reflects the effect of variation in the log hydraulic conductivity

fields) as a function of parameter a, in the mean flow direction, where r, = x,-y,.

The numerical integration results for the components of the semivariogram of the

integrated specific discharge in the mean flow direction, y, and y, , obtained by

16
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substituting Eq. (16) into Eq. (8), are shown in Figs. (3a) and (3b). The unlimited
increase of the integrated discharge semivariogram with the separation distance
shown in Fig. 3 indicates that the variation of the integrated discharge process is
nonstationary. This is the result of the nonstationary process of the depth-averaged
hydraulic head caused by the intrinsic random log-conductivity and log-aquifer
thickness fields. The figure also shows that there is an increase in the semivariogram
of the integrated specific discharge in the mean flow direction with parameters a, and
a, for a given separation distance. Larger a, and o, cause greater variability in the
depth-averaged pressure fields and thus greater variability in the integrated specific

discharge fields.

4.2 The exponential semivariogram

It is important to note that the stationary variables always satisfy the intrinsic
hypothesis, while the opposite is not always true, since the intrinsic variable can be
nonstationary. The stochastic theory developed here to quantify the variability of the
flow fields remains valid for any second order stationary random variable. For

example, if the point theoretic semivariogram of an input parameter is chosen as

4

7(&)=pu(l —GXP[—;]), (17)

17

Hydrology and
Earth System
Sciences

Discussions



https://doi.org/10.5194/hess-2023-161
Preprint. Discussion started: 1 August 2023
(© Author(s) 2023. CC BY 4.0 License.

276

277

278

279

280

281
282
283

284

285

286

287

288

289

290

291

the transformed semivariogram over a segment of length L can then be calculated

using Eq. (2) and the Cauchy algorithm (e.g., Matheron, 1971) as follows:

7.6 == j (L—|x])(1—exp[- |§ ])d j(L |xp(1- exp[,l |)dx, (18)
This results in
n(é)=u§{zexp[ ¢ ‘] exp[- H B —exp[- H EL 214 2(=1+exp[- ]+ )} &= L. (19)

For the development of Eq. (19), the reader is referred to Appendix E.

Extending Eq. (19) to two dimensions and substituting it into Eq. (9), the

covariance functions of the random input parameters (f and ) can then be expressed,

respectively, as

(expl2]-1)

: +&+L
CHene)=m—2—2 o R LA

J«; +2 As

1, (20a)

(exp[

j’ l+ 2 l+ 2+L
Ciéni) =1, i/j E e

JE+e A

]. (20b)

Using Eq. (20) in Eq. (10), it follows that the spectral density functions of the

fluctuations of fand B each have the form

(expl 117

KA A5(wi +wd) 21
Ssr (Wi w2) 2 L’ [1+/ﬁ(wlz+w§)]2, .
)
Ar
L
ol =0T
e i) 21b
Ssplwis w2) 27 L [+2m+w)] -
)
Ap
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296  Figure 3. The components of the semivariogram of the integrated specific discharge in
297  the mean flow direction, (a) y,, reflecting the effect of variation in the log hydraulic
298  conductivity fields, and (b) y,, reflecting the effect of variation in the log aquifer

299  thickness fields, as a function of parameters o, and o, and separation distance.

19
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Finally, substituting Eq. (21) into Egs. (7) and (8), the semivariograms of

depth-averaged head and the semivariogram of integrated specific discharge in the

mean flow direction can now be evaluated.

The practical advantage of using the general stochastic modeling framework

developed here with the intrinsic hypothesis is a wider range of possible

semivariogram models compared to the cases with second-order stationarity. The

condition of second-order stationarity is rarely encountered in nature (e.g., Wu and Hu,

2004) and is difficult to verify using the limited experimental data available. It is

under these conditions that the presented stochastic approach has the greatest utility of

quantification of the flow field variability.

5 Conclusions

In this work, a general stochastic methodology is developed for quantifying the

variability of flow fields in heterogeneous confined aquifers of variable thickness. The

stochastic theories developed here, namely the semivariograms of depth-averaged

hydraulic head and integrated specific discharge used to characterize flow field

variability, can address the effects of nonstationarity due to variations in parameters

and output. The proposed stochastic theories generalize existing stochastic theory,
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326
327
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329
330
331
332
333
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337

which applies to second order stationary random input parameters, to nonstationary
random input parameters. Stationarity in the spatial variation of soil properties is very
rarely encountered in nature. The stochastic theories developed here improve the
quantification of flow field variability in natural confined aquifers.

The results show that the introduction of intrinsic random input parameters leads
to a nonstationary process of depth-averaged hydraulic head fluctuations (an intrinsic
random function of order 1) and a nonstationary process of integrated specific
discharge fluctuations (an intrinsic random function of order 0). Application of the
stochastic theories developed here to the case where the variability of a random input
parameter can be characterized by a linear semivariogram model shows that larger
parameters a, and a, increase the variability of the depth-averaged head and thus the

variability of the integrated discharge in the mean flow direction.

Appendix A: A steady flow through a heterogeneous confined aquifer

of variable thickness

According to Chang et al. (2021), an essentially horizontal, steady groundwater flow
through a heterogeneous confined aquifer of variable thickness can be represented as

follows:
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338 —h(x,x)+|—IK(xx,) +2—Inb(xp, x) | —A(xpx2) =0 i=1,2, (AD)
6x?xx [Gx; Xip X o xx]aXixx
339 which is the vertically integrated form of the continuity equation. In Eq. (A1), / (x,.x,)
340 s the depth-averaged hydraulic head, K(x,,x,) is the hydraulic conductivity and b(x,,x,)
341 is the aquifer’s thickness. From Eq. (Al), it can be seen that the variations in
342  hydraulic conductivity and aquifer thickness that occur affect the depth-averaged
343  hydraulic head. If the log conductivity and log thickness in Eq. (Al) are treated as
344  stochastic (random) variables, Eq. (Al) can be considered as a stochastic partial
345  differential equation with a stochastic output / .
346 Similarly, integrating the equation for specific discharge along the x;-axis and
347  applying Leibniz's rule leads to the vertically integrated specific discharge in the x;
348  direction as follows:
o -~
349 0 (x1x2) = =K (x1 x2)b(x15 x2) . h(x x2) (A2)
., ;
350 Under the influence of a uniform mean hydraulic gradient, the perturbation
351  equations for the depth-average hydraulic head and integrated specific discharge
352 associated with Eqs. (A1) and (A2) are given, respectively, by
o’ 0 0 .
353 —zh(xl,xz)ZJ[—f(xl,xz)-i-z—ﬂ(xl,xz)] 1 :1,2, (A3)
Ox; ox| ox,
0 .
354 g(xpx) =€ UHLS (xl,xz)+ﬂ(x1,xz)]§1f—;h(x,,xz)} 1=12. (A4)
Xi
355 In Egs. (A3) and (A4), & and ¢; are the fluctuations of depth-average head and
356 integrated discharge, respectively, J is the constant mean hydraulic gradient, 7' and B
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359
360
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363
364
365

366

367

368

369

370

371

372

are the mean log conductivity and mean aquifer thickness, respectively, and f and S

are the fluctuations of log conductivity and log aquifer thickness, respectively. A

detailed development of Egs. (A3) and (A4) can be found in Chang et al. (2021).

Appendix B: Derivation of Eq. (5)

Since equation (A3) is linear, it can alternatively be divided into two parts as follows:

o’ o’ 0
—h,(xpx)+—h (xpx)=J — f(x5x,), (Bla)
ox; ox; 0ox

0’ o 0
——hy(xpx) +——hy(xx,) =2 — B(xpx,) - (B1b)
ox; ox?2 Ox:

Applying Egs. (3a) and (4b) into Eq. (Bla), it follows that

0 0 w .
—— A, Gepxywpw) +—— A, (x5 wpw,) = J ———=—=—=expli(w,x, + w,x,)], (B2)
A witw;

ox? ox3

which is known as Poisson's equation and has a particular solution in the form

1- j + +1 +
Af(x17xz; Wsz) =J \/ wy eXp[l(W1X1 szz)] Z(Wlxl szz) ) (B3)
w

242
P+ W) witw,

Similarly, using Egs. (3b) and (4c), Eq. (B1b) can be written as follows:

2 2
0 W .
A x5 W wy) +—— A, (x s x5 wpw,) = 2J ——==—=expli(w,x, + w,x,)],  (B4)
ox; ox; Wit w?

and accordingly,
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w,  1=expli(w,x, +w,x,)]+i(wx, + w,x,)

373 A xpxswew,)=2J
\/le + W; le + W;

374  Finally, substituting Egs. (B4) and (B5) into Eq. (4), Eq. (5) is obtained.

375
376  Appendix C: Expressions for the functions in Eq. (7)

377

Hydrology and
Earth System
Sciences

Discussions

(B3)

]2 1 2 2 2 2
318 Z(x-y)= JZJ.J.% [1- cos(wyr1) cos(w,r,) + = (wiri + erz)]SS,»(wl, wa)dwidw,»(C1)
(W] + Wz) 2

© o

379 Ez(x,y)=J2J- j ( 2:” > [—sin(uw,x)) COS(rw,x,) +$in(w,y,) CO8(1w,3,) 1S (i w)dwiddw, s (C2)
Wi TWs

o —0

380 = 3(x y) J IJ ( Wl W COS(WI.XI) Sin(szz) + COS(WIyl) Sin(Wzyz)]SS/(Wla Wz)dWldWZ > (C3)

+w3)’

381 Qx-y)=J jj( 1 cos(w,rr) cos(w,r,) +— (w]rl+w2rz)]Ss,,(wl,Wz)dwldw2 (C4)
WI 2

—op =0

382 _Qz(x’ y) = JZII ( - Il 2)3 [_Sin(W1x1) COS(WZxZ) + Sin(wlyl) COS(W2y2)]SSﬂ(W1’ W2)dW1dW2 ,(CS)
Wi T W

——

383 axy=Jy J.j wiws [—cos(wxn) sinw,x,) + c0s(w, v sin(w, ) 1S . wis w2 dwidw, » (C6)

( Wz)

384 1, =x;-y,, r, = X,-y,, and Sy and Sy, are the spectral density functions of the stationary

385  processes of Sf'and Sp, respectively.
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386

387  Appendix D: Derivation of Eq. (13)

388

389  The condition for Eq. (13) that the absolute value of £ is greater than or equal to L (|&
390 > L) means that £> L or £<-L. For £2> L, the integrand of the integral Eq. (13) can be

391  expressed as
392 4 ,6)=-2 .[ (L+x)(]+ 0)dx+Z J' (L—x)(|&]+ x)dx -2 J' (L +|ax)de—< .[ (L - x)xdx
L -L L 0 L -L L 0

393 :a(|§|—§). (D1)

394 For £<-L, the integrand of the integral Eq. (13) can be expressed as
395 yuH)= Lﬁ I (L+x)(|&]-x)dx +% I (L—=x)(|&]-x)dx —% J' (L +|x)(-x)dx - %J.(L — x)xdx

396 = (4] —g) . (D2)
397

398  Appendix E: Derivation of Eq. (19)

399

400  Analogous to Eq. (13), the integral of Eq. (18) under the condition |&§ > L can be
401  evaluated separately as the integration of Eq. (18) under the condition &> L and that
402  under the condition £< -L.

403 Foréx>1L,
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” e+ L e+
404 5@ =2 [@en-expl-E v £ [ (-0 -expl- U
L LZ J /1 LZ ) }v
0 L
405 —ﬁ.[(L +x)(1—exp[f])dx—4j(L —x)(1-exp[—~])dx
L2 -L A L 0 A
2 L -L
406 = y%{2exp[—%]—exp[—%]—exp[—%]+2(—1+exp[—§]+§)}. (ED)
407 For &<-L,
° 5 L 5
408y, =4 [ (@r-expl-E Datvr 2 [ (-1 -expl-L s
LY A L A
0 L
X X
409 —ﬁz J. (L+x)(1- exp[;])dx —% j (L —x)(1—exp[-=])dx
L -L L 0 ﬂ/
: L |- L. L
410 =£ 6 P L 4 +2(~1+exp[-=]+2)} - E2
7 \2expl——] —exp[= =) —expl—= =1+ 21+ exp[- 71+ )} (E2)
411
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