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Abstract. Non-Parametric Bayesian Networks (NPBNs) are graphical tools for statistical inference widely used for reliability

analysis and risk assessment and present several advantages, such as the embedded uncertainty quantification and limited

computational time for the inference process. However, their implementation in hydrological studies is still scarce. Hence,

to increase our understanding of their applicability and extend their use in hydrology we explore the potential of NPBNs to

reproduce catchment-scale hydrological dynamics. Long-term data from 240 river catchments with contrasting climates across5

the United States from the Catchment Attributes and Meteorology for Large-sample Studies (CAMELS) dataset will be used

as actual means to test the utility of NPBNs as descriptive models and to evaluate them as predictive models for maximum

daily river discharge in any given month. We analyse the performance of three networks, one unsaturated (hereafter UN-1),

one saturated (hereafter SN-1), both defined only by hydro-meteorological variables and their bi-variate correlations, and one

saturated network (hereafter SN-C), consisting of the network SN-1 and including physical catchments attributes. The results10

indicate that the network UN-1 is suitable for catchments with a positive dependence between precipitation and discharge, while

the network SN-1 can reproduce discharge also in catchments with negative dependence. The latter can reproduce statistical

characteristics of discharge (tested via the Kolmogorov-Smirnov statistic) and have a Nash-Sutcliffe Efficiencies (NSE) ≥0.5

in ∼ 40% of the catchments analysed receiving precipitation mainly in winter and located in energy-limited regions at low to

moderate elevation. Further, the network SN-C, based on similarity of the catchments, can reproduce discharge statistics in15

∼ 10% of the catchments analysed. We show that once a NPBN is defined, it is straightforward to infer discharge and to extend

the network itself with additional variables, i.e. going from the network SN-1 to the network SN-C. However, the results also

suggest considerable challenges in defining a suitable NPBN, particularly for predictions in ungauged basins. These are mainly

due to the discrepancies in the time scale of the different physical processes generating discharge, the presence of a “memory"

in the system, and the Gaussian-copula assumption used for modelling multivariate dependence.20

1 Introduction

Strategies for water resources management and planning mostly rely on predictions from hydrological models (Hrachowitz and

Clark, 2017). Such models are mathematical representations of the relationship between catchment structure and response be-

havior (Wagener et al., 2007). In the history of hydrological modelling, two main model philosophies can be identified: models

aiming at explicitly representing physical processes at different degrees of complexity, hereafter referred to as process-based25
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models, and process-agnostic models relying on relationships between one or multiple system input and output variables, e.g.,

precipitation and streamflow, without further assumptions on underlying mechanistic processes, hereafter data-driven mod-

els (Todini, 2011). A trade-off between what we defined process- and data-driven models is represented by the Data-Based

Mechanistic approach (DPM; Young and Beven, 1994) for modelling complex systems in hydrology, and in general. Such

an approach looks for parametrically efficient, low order, dominant mode models identified and validated based on stochastic30

methods and associated statistical analysis (Young and Beven, 1994).

Data-driven models in general differ on the input-output technique implemented, which might not have a conventional physical

interpretation (Todini, 2011), such as multilinear regression functions, (e.g., Barbarossa et al., 2017), artificial neural network,

(e.g., Beck et al., 2015), long short-term memory networks (e.g., Kratzert et al., 2019), and probabilistic graphical models (e.g.,

Paprotny and Morales-Nápoles, 2017). For river discharge prediction at longer time resolutions, such as monthly, data-driven35

models are the predominant models found in the literature (e.g., Barbarossa et al., 2017; Sivakumar et al., 2001; Ren et al.,

2020; Fathian et al., 2019; Anmala et al., 2000; Wei et al., 2012; Fathian et al., 2019).

A wide range of scientific publications illustrates progress in formulations and implementations of both process-based and

data-driven hydrological models, highlighting their respective potentials. However, among data-driven models, less attention

has so far been given to explicitly representing the interdependence between inflow and outflow via high dimensional proba-40

bility functions. Bi- and multi-variate probability function, such as copulas, have been mostly implemented to derive critical

flood design values when multiple flood characteristics are of interest (e.g., Salvadori and De Michele, 2004; Grimaldi and

Serinaldi, 2006), or when flood events result from the interaction between multiple physical drivers (e.g., Moftakhari et al.,

2017; Bevacqua et al., 2017). Recently, vine-copula-based models for high dimensional probability, such as Nonparametric

Bayesian Networks (NPBNs), have gained popularity in hydrological studies (e.g., Sebastian et al., 2017; Couasnon et al.,45

2018; Paprotny and Morales-Nápoles, 2017). Different applications of NPBNs can be found in the scientific literature, (e.g.

Morales-Nápoles et al., 2014a; Jesionek and Cooke, 2007; Hanea and Ale, 2009; Kosgodagan-Dalla Torre et al., 2017). In

reliability studies, Morales-Nápoles and Steenbergen (2014) implemented NPBNs for modelling complex traffic systems and

showed that they can be used for computing design values for individual axles, vehicle weight, and maximum bending moments

of bridges within certain time intervals. In hydrological studies, Sebastian et al. (2017) adopted NPBNs for generating synthetic50

storm events along Galveston Bay (Texas) based on different tropical cyclone characteristics at landfall and demonstrated their

ability to generate plausible boundary conditions for coastal riverine models for flood analyses. Similarly, Couasnon et al.

(2018) applied NPBNs to model and assess the impact of flooding generated by the interaction between coastal and riverine

drivers while accounting for the spatial dependence between river tributaries. Paprotny and Morales-Nápoles (2017) introduced

the use of NPBNs for river discharge mean annual maximum and return period estimation and showed results comparable to55

physically-based models. In the scientific literature, Bayesian Networks (BNs) have been implemented in multiple fields to

model the probabilistic relationship between variables. Weber et al. (2012) reviewed BNs applications in reliability, risk, and

maintenance areas and showed that BNs are tools able to address industrial system modelling in relation to increase complexity.

Aguilera et al. (2011) reviewed the implementation of BNs in environmental sciences and concluded that their application is

still scarce due to the necessity of discretizing continuous variables and the limited availability of software. In a more recent60
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application of BNs on natural hazards estimation, Vogel et al. (2014) showed their �exibility and applicability through three

real case studies highlighting their ability to express information �ow and independence assumptions between candidate pre-

dictors.. NPBNs, as BNs, are probabilistic graphical models representing high dimensional probability distribution functions

of system properties with complex dependence structures (Hanea et al., 2015) and support probabilistic inference of system

characteristic(s) by conditioning on known characteristics (Kurowicka and Cooke, 2002).The joint probability distribution is65

determined by de�ning the dependence between pairs of variables. Such a non-parametric joint probability distribution is then

more �exible compared to a theoretical parametric multivariate distribution because the dependence between variables is not

�xed by the theoretical parametric model, but it depends on how the variables (nodes of the network) are connected to each

other (arcs and parenting order). NPBNs' potential resides in several characteristics: (i) the uncertainty quanti�cation is em-

bedded in the model given that all the variables included in the network and contributing to discharge generation are treated70

as random variables; (ii) all the variables, not only river discharge, can be inferred by conditioning on the remaining variables;

(iii) causal relationships between variables from prior knowledge can be imposed in the network but, at the same time, un-

known relationship can be learned; (iv) information from different catchments can contribute to improve inference; (v) and the

computational time is limited.

Starting from these premises, the main objective of this study is to further explore and test the suitability of NPBNs as a tool75

to reproduce catchment-scale hydrological dynamics and to explore challenges involved when inferring maximum daily river

discharge in any given month. More speci�cally, long-term data from 240 river catchments across the United States from the

Catchment Attributes and Meteorology for Large-sample Studies (CAMELS, Newman et al., 2015; Addor et al., 2017) data

set will be used as actual means to test the utility of NPBNs as descriptive models and to evaluate them as predictive models

for maximum daily river discharge considering the catchments individually and in group, to explore catchment similarity.80

2 Catchments and data

For this study, we make use of the CAMELS data set (Newman et al., 2015; Addor et al., 2017). CAMELS provides homog-

enized long-term hydro-meteorological data and catchment attributes of catchments across the contiguous United States. To

limit potentially adverse effects of spatial heterogeneity, we analyse 240 catchments from the CAMELS data set with areas

� 200 km2 (see Supplementary Material Table S1). For each selected catchment, we considered hydro-meteorological data and85

catchment attributes in Table 1. As the objective of this study is to model maximum daily river discharge in any given month

from 1980 to 2013, we further process daily hydro-meteorological data as follows: (1) extract the maximum daily discharge

for every given months from daily speci�c discharge; (2) extract maximum daily precipitation over the previous 7 days from

the day of the occurrence of the maximum discharge, and (3) calculate the mean over the previous 7 days from the day of the

occurrence of the maximum discharge value of the remaining daily variables. Consequently, we generate a multidimensional90

data set in which all the variables are related to the occurrence of the maximum daily discharge event in a given month. The

selection of this concomitant variables came after a preliminary investigation of the strength of the correlation between max-

imum discharge and both maximum and cumulative precipitation over different time windows, Supplementary Material Fig.
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S1. In addition, we investigate whether the maximum precipitation event extracted over the 7 days prior to the maximum daily

discharge is also the maximum precipitation event occurring that month. We observe that this is the case almost every months95

for stations at low to moderate altitude (Supplementary Material, Fig. S2), supporting the assumption that in such catchments

maximum daily discharge is mainly driven by maximum daily precipitation event in any given month. Such data pre-processing

aims to generate a multivariate time series with independent and identically distributed (iid) observations. By selecting max-

imum daily discharge, we assume that such discharge peaks, and corresponding hydro-meteorological variables, result from

different underlying weather events. However, in particular discharge data do, inevitably and as a result of catchment memory100

effects, show some degree of autocorrelation (Supplementary Material, Fig. S3), which might affect the correlation strength

with the remaining variables. We will further discuss this aspect in the discussion section.

Catchments attributes from the CAMELS database were used without further processing. The attribute aridity,Ar [-], refers

to the ratio of long-term means of potential evapotranspiration calculated using Priestley-Taylor formulation and precipitation,

where values higher/lower than 1 indicate water/energy-limited regions. The attribute precipitation seasonalityps[-] (Woods,105

2009) describes the temporal concentration of intra-annual precipitation occurrence and takes positive/negative values when

precipitation peaks occur in summer/winter. For further details on catchment attributes and their derivation, the reader is re-

ferred to CAMELS database documentation Addor et al. (2017).

Table 1.hydro-meteorological data and catchment attributes used in this study

Data type Unit Symbol Estimated Monthly Value
Original

Resolution

Speci�c Discharge mm=day Qmax daily max daily

Temperature � C T mean over 7 days priorQmax daily

Precipitation mm=day Pmax max over 7 days priorQmax daily

Shortwave downward radiation W=m2 R mean over 7 days priorQmax daily

Water vapor pressure P a Vp mean over 7 days priorQmax daily

Monthly Runoff coef�cient � Cm

ratio monthly discharge and cu-

mulative precipitation

daily precip.

and discharge

Elevation m:a:s:l Elv � constant

Slope m=km Slp � constant

Aridity � Ar � constant

Precipitation seasonality � ps � constant

Fraction of forest � f f � constant

Catchments located in Eastern and Central-Eastern U.S. (56%) are characterized by an average size of about 94km2

and average daily speci�c discharge of 1.3mm=day (Fig. 1a). These catchments are mostly situated at moderate elevations110

(average altitude 304 m.a.s.l.) and in energy limited areas (Ar � 0.77, Fig. 1d-b) with little precipitation seasonality (ps � 0.09,

Fig. 1c). In contrast, catchments located in Western and Central-Western U.S. (44%) have an average size of about 61km2
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and are on average located at higher elevations with� 760 m.a.s.l. in Western U.S and 2300 m.a.s.l. in Central-Western region,

where precipitation falls mostly over winter (ps between� -0.9 and -0.2), Fig. 1d. While catchments in Western U.S. are on

average located in energy-limited areas (Ar� 0.6), they are located in water-limited regions in Central-Western U.S. (Ar�115

1.7, Fig. 1b). This difference is re�ected in the mean daily discharge which is 3.1 and 0.64mm=day respectively, Fig. 1a.

Catchments in Central-Western U.S., given their elevation, have the highest ratio of daily precipitation falling as snow in a day

with temperatures below zero (� 0.5; Fig. 1e - daily fraction of snow).

In the majority of the catchments selected (86%), the correlation between maximum daily discharge (Qmax ) and maximum

precipitation over 7 days (Pmax ) is positive, meaning that discharge is mainly driven by precipitation runoff (Fig. 2a). Catch-120

ments with negative correlation are mostly located in water-limited regions and at elevations above 1500 m.a.s.l., Fig. 2b-a.

Furthermore, in such catchments, precipitation occurs mainly in winter and fraction of snow is greater than 0.4 (Fig. 2e-f).

Hydro-meteorological variables and catchments attributes described so far are used in the following as input to reproduce

catchment-scale hydrological dynamics via NPBNs.

3 Probabilistic Graphical Models: Bayesian Networks125

Pearl (1985) �rst formalized the term Bayesian Network (BN) as a class of networks represented by in�uence diagrams or

networks to model the probabilistic relationship between variables. Afterwards, BNs became a popular tool for dealing with

uncertain domains (Aguilera et al., 2011).

A BN is de�ned by two components (Aguilera et al., 2011): a qualitative component, being a Directed Acyclic Graph (DAG)

where the nodes are the random variables of the model and the arcs connecting two nodes indicate their statistical dependence;130

and a quantitative component being the conditional distribution of each variable (child) given its direct preceding variables

(parents). Given a network ofn nodes (variables)f X 1; � � � ;X n g and a set of parent nodesSi for nodei , then the joint density

(mass in the discrete case) is de�ned as:

f (x1; :::;xn ) =
nY

i =1

f x i jSi (x i jSi ) (1)

The (conditional) independence relationships embedded in the probabilistic model can be easily visualized in the graphical135

representation of the network (Pearl, 1985). Moreover, the absence of an arc guaranties the conditional independence between

two “source" variables (Hanea et al., 2015), while the direction of the arc indicates the “�ow of information" (Vogel et al.,

2014). Strictly speaking, probabilistic dependence does not have a “direction". However, when it can be easily related to

causality it is convenient to think of a “�ow of information".

BNs differ on how nodes and arcs are quanti�ed, and the inference process depends on this quanti�cation. Discrete BNs specify140

the source nodes, i.e., nodes without parents, as discrete random variables and conditional probability tables for child nodes

(Hanea et al., 2006). Hybrid BNs (HBNs) involve both discrete and continuous variables. HBNs specify marginal distributions

for nodes without parents and conditional distributions for child nodes. HBNs can be fully parametric, in which marginals and

joint probabilities are from parametric families, or fully discrete, in which continuous variables are discretized (Hanea et al.,
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Figure 1. Catchment attributes extracted from the CAMELS database: (a) Mean daily discharge [mm/day]; (b) aridity as PET/P; (c) precip-

itation seasonality where positive (negative) indicates precipitation peaks in summer (winter); (d) elevation [m a.s.l.]; (e) daily fraction of

snow indicates the fraction of precipitation falling as snow in case of temperatures below zero; (f) fraction of forest.
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