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Abstract

This technical note deals with the mathematicalrepresentation of concentratiomdischarge
relationships. We proposetavo-sided affine power scaling relationsH®SAP$ asan alternative to
the classione-sided power scaling relationshjpommonly] y 2 ¢ y | dawd.0\g aksS dNscuss
the identificdion of the parameters of theroposed relationshipusingan appropriate numerical
criterion. The applicatiof 2SAPS to the higfrequency chemicaime series othe OrgevalOracle
observatoryis presented (in calibration and validation modeyieldsbetter resultsfor severakolutes

andfor electrical conductivityn comparisorwith the powerlaw relationship

Keywords

Concentratiomgdischargerelationships; loglog space powerlaw, highfrequency chemical data

1. Introduction

The relationship betweesolute concentrations and river dischar@&om now ondGQ relationshig)
isan ageold topic inhydrology(see among otherBurum, 1953Hem, 1948 enz and Sawyer, 1944
It would be impossible to list here all the articles thatveaddressed thisubject and we refer our
readers to themostrecent reviewqe.g.Bieroza et al., 201Botter et al., 201Moatar et al., 201yfor

an updated viewof the ongoing researchbn GQ relationshigs.

Many complexmodels have been proposed toepresentGQ relationshipsfrom the tracer mass
balance(e.g. Minaudo et al., 209390 the multiple regression methodge.g. Hirsch et al., 20}0
Nonethelessfor the past 50 yearghe simple mathematical formalismknown asd LJ2 ¢ S Ndast | ¢ €
enjoyedlasting poptlarity among hydrologists and hydrochemigiee e.gEdwards, 1978unnerson,

1967Hall, 19701971). Over the yearshowever,someshortcomings of thiselationshiphave become

apparent Recently, Minaudo et al. (2019)mentioredthat, a FA G GA Yy 3 | &aAy3It-@ € AySH

plots is sometimes questionable due to large dispersion-@ @ots (even log transformed)Also,
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Moatar et al. (2017present an extensivetypology ofshapegin log;log spacejor the Frencmational
water quality databasewhich showsthat the power law must be modifiedto represent the €

relationshipfor dissolved compoents as well afor particulatebound elements.

Thistechnical note presents a twsided affine power scding relationship(named@SAP$) that can
be seen as a generalization of the power l#&md although we do nowvish to claim that it can be
universally applicable, warguehere that it allowsfor a better descriptionand modelingof the GQ

relationship of some solutess a natural extension of the powkaw.

2. Test dataset

We used thehalf-hourly (every 30 min)hydrochemical datasetollected by the in sitlRiver Lab
laboratoryat the OracleOrgeval observatorfFloury et al., 201 Tallec et al., 200)5A short description
of the study site is given #ppendixl. We usedlissolved concentrations tifiree ionsg sodium[Na'],

sulphate [SSQ?], andchloride [Cl] ¢ as well alectrical conductivitfEQ. This dataset wasollected

from June 2015 to March 2018veraging 2000 measurement points

As our main objetivein this note is to compare thperformance otwo relationshigs (the new2SAPS
and the classipower law) we divided our dataet into two parts to perform asplitsample test
(YT SY S O>We msiydune 2015 taluly2017 for calibration(of both relationship3, and August

2017 to March 201&or validation.Tablel presents the main characteristics of both periods.
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Table 1: Summary of Igh-frequency dissolved concentrations and electrical conductivity EC
average, minimum, maximum values armbefficient of variatior) from the RiverLab at the Oracle
Orgevalobservatory, divided into two groups: June 201& July 2017 (calibratioperiod) and August
2017to March 2018 (validatiorperiod).

Calibation period (June 2015 to July 2017)

Solute Unit —

asSly Min Max CVv

Sodium mg.L} 13 2 17 0.12
Sulphate  mgS.t 19 2 32 0.19
Chloride mg.Lt 30 4 40 0.15
EC us.cmt 704 267 1015 0.11

Validation period (August 2017 to March 2018)

Sodium mg.L} 13 3 17 0.24
Sulphate  mgS.t 18 3 26 0.27
Chloride mg.L} 29 4 40 0.29
EC us.cmt 576 171 813 0.25

Tablel shows a slight difference the coefficient of variation (C\Myhich representghe dispersion
of data with respect to their average valbetween the calibration and the validation period: tlgs

due to the number of data used, whichuch largeiin the case of the calibration period.
3. Mathematical formulation s

3.1 Classic one-sided power scaling relationship (power law)

Since at leasb0 yearsagq aone-sidedpower scalingrelationship(commonly known as power law)
has beenused to represent and model theelationship between solute concentratior{(®) and

dischargg) (Eq.(1)).

0 Eq.(1)
From anumericalpoint of view,the relatiorship presented inEg. (1) is generally adjusted b¥irst
transforming thedependent(8) and independent(0) variables using a logarithmic transformation,

and then a@justing a linear modeHq. @)).

116 110 @8 10 Eq. @)
Graphically, this is equivalent tplotting concentration and discharge in a ¢og space, where
parametersihanddcan be identified either graphicalty numerically under the assumptions of linear

regression.
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3.2 Limits of the power law

66 In many cases, thpower lawappeas visually adequatéand conceptually simplejvhich explains its
67 lasting popularity. With the advent of highequencymeasuring deviceis recentyears, the size of the
68 datasets has exploded, atide GQ relationshipcan now beanalyzed on a wider spdKirchner et al.,
69  2004). Figurel shows an exampligom our ownhighfrequency datasethe 17,500 data points(which
70 correspond to the calibration period dfablel) represent hakhourly measurements collected over a
71  2-year period, during which the catchment was exposed to a variety of Aighlowflow eventsthus
72  providinga greatopportunity for exploring theshape of theGQ relationshipThis being said, we do
73 not wish toimply that a similar behavior could not been identifiednredium and lowfrequency
74  datasets, which remairessential toolsvith whichto andyze and understand longerm hydrochemical
75 processeqe.g.Godsey et al., 200®oatar et al., 201Y.
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Figure 1. Concentratiortdischarge relationship observedat the OracleOrgeval observatory

(measurements from theRiverLab) for chloride ions[Cl]: (a)standardaxes, (b) logarithmic axes



81 Figurelillustratesthe inadequateness of the powéaw for this dataset The GQ relationshipevolves
82 from awell-definedconcave shape on thleft to a slightly onvex shape on the righn the log;log
83  spaceFrom the point of view of a modeler wishing to adjust a linear model, ongtias beyond the
84  straight shape thatvasaimed at. Note that this isue for our dataset, and that it doaot need to
85 alwaysbe the case The log;log spacecan bewell adaptedin somesituations(see examples in the

86  paper by Moatar et al., 2037

87 3.3 Atwo-sided affine power scaling relationship as aprogressive alternative

88 to the power law

89 As a progressive alternative to tlome-sided power scaling relationship (power lawje propose to
90 use atwo-sided affine power scaling (2SAP$ relationship as shown inEqg. (3) (Box and Cox,
91 1964Howarth and Earle, 1979

Eq.(3)

92  From a numerical point of view, the relationship presente&dn(3) is equivalent to first transforming

6 ® @0

93 the dependent §) and independent(() variables using a scalled BogCoxtransformation(Box and

94  Cox, 196} and then adjusting a linear model. In comparison withltdgarithmictransformation, the

95 additional degree of freedom offered bp allows for a range oftransformations, from the

96 untransformed variablen(= 1) to the logarithmic transformatiom{h § ® ¢ KA & & LINR ANB & & A ¢
97 wasunderlinedlong agoby Box and Cox (1964)Vhen n takes high value€q.(3) converge toward

98 the one-sided power scaling relationship (power lai&).(1)). The reason isimple
060 Q p -a & whennis large
99  Thus for large values of, Eq.(3) canbe writtenas

P,y v x @ .
p T0EO0W W -AaEU
€ €

100 Thatis equivalent to
id 6 cd0dWwithd £ @ p)
101 The progressivdehaviorand the convergence toward tHegclog spaceare clearly evidenin Figure

102 2

103



104
105

106

107
108

109
110
111
112
113
114
115

Chloride [CI']

n= 2 o n=3

o]

o]

<]

o]

e :-“'.""'-'-S--.-h.... ~

0 2 & 6 8 10
n=4

—

- o |

| o™
-

@ |

(@)) -

£ o
S

- < |

O -

06 08 10 12 14
log~n—

1 o

- R

LO_ (D-

@ =

mi o

] <]

- m’

D o

07 09 11 T 13 0.85 '1 /0.95 ‘ 31.05 1‘
n —
Q" (m"s )

Figure2: Evolutionof the shape of theconcentrationcdischarge scatterplotor chloride ionwith two-

sided affine power scaling (28PS) andin increasing value gbarametern.

3.4 Choosing an appropriate transformation for different ion species

(calibration mode)

Becausethe hydrobiogeochemical processes that control the transport and reaction of ions are
different, differentionic speciesnayhave a € relationship oflistinctshape(Moatar et al., 201Y. In
Figure3, we show the behavior othree ions andthe ECfrom the same catchment and the same
dataset(all fourfrom the OracleOrgevalobservatory)with different transformationsrf =1, 3, 5 and
logarithmic transformation)The optimal shapewas chosen numericaltyWe transformed our data
series of® and 0 using different values o (i.e, 6° 67 andd® 0 7) and logarithmic

transformation (e, 6> 1 1 d and0** 1 1 C). With these transformed values, we performed
6



116  alinear regression and compudgparametercyand dand the coefficient of determination(R) (see
117 Table2). The¢ consideredasoptimal has the highed® value (seeTable2). However we could also

118 havefollowedthe advice oBoxet al. (2016, p. 331anddoneit visually(Figure3).
119

log~n— =
£
=
2
©
O
w
c log~n— o
o
D
©
e
o
]
w
c log~n— =
T
e
—
i)
e
@)
log~n— =
£
O
L
1/n
120 Q

121  Figure 3. GQ behavior of three different chemical speciesand the electrical conductivity with
122  different 2SAP3ransformations(n =1, 3,5, andlog). The optimal power parameteiblack dots)wvas
123 chosenbased onthe Recriterion. Note thatwe have removed the scale on the axes to focus only on
124  the changein shapein the GQ relationship.
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Table2: Coefficient of determination ) calculated fom =1 (no transformation)n = optimal value
for two-sided affine power scaling relationshiff-igure3) and nA D (logglog space for each ion and

for electrical conductivity EGQ. Note that theRe is computedfrom transformed values

Solute n R

n= 1 (no transformation) 0.53

Sodium n= 3 (optimal) 0.73
nM k agof)2 3 0.53

n=1 (no transformation) 0.32

Sulptate n=>5 (optimal) 0.81
nM k agof)2 3 0.77

n=1 (no transformation) 0.52

Chloride n= 3 (optimal) 0.88
N k aof)2 3 0.69

n=1 (no transformation) 0.38

EC n=>5 (optimal) 0.79
nM kK aof)2 3 0.74

The resultsgivenin Table2 show the better quality of the fit obtained with the optimal vala&t .

4. Numerical i dentification of the parameters for the 2SAPS
relationship

The extremely large number of values inghighfrequency datasetay cause problems far robust
identification over the full range of dischargasing a simple linear regressiondeed,the largest
discharge values are in small numbérsour datasebnly 1% of dischargese in the range [2.6n%s

1 12.2m3sY], andthey correspondto the lowestconcentrationgseeFigurel)).

Toaddress this questigrwe successively testedarge number of36) pairsfrom Eq.(3) (¢ remaining
fixed at the optimal value given rable2). Each pair yields a seriessifmulated concentration® )
that can becomparedwith the observed concentration® ). Among the many numerical criteria
that could be usedye chosethe bounded version of thélash and Sutcliffe (1976jficiency criterion
NSEB(Mathevet et al., 2005 which is commonly used in hydrological modeli?NSEBcan be
computed on concentrations or odischargeweighted concentrations (which corresponds to the
load). We chose the average of bplbiecause we found that it allows more weightlie given tothe
extremdy low concentrations and thus to avoid the issue of undEgresentation of high
discharge/lowconcentraton measurement pointsTable3 presents the formula for these numerical

criteria.

We retained aptimal the pair of ((3¢) that yielded the highesb "YO & value (we explored ia
systematic fashion the rang&ds] for dand [1.2¢1.2] for ¢).
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Table 3: Numericalcriteria used foroptimization (Gpos ¢ observed concentrationGim ¢ Simulated
concentration, Q ¢ observed discharge)TheNash and Sutcliffe (197®fficiency (NSE) criterion is
well known and widely used in the field of hydrologylhe rescaling proposed byathevet et al.
(2006)transforms NSE o0 NSEB, which varies betweeft and 1(its optimal value).The advantage

of this rescaled version is to avoid the occurrence of large negative values (the original NSE criterion

variesintherangd-k = M8 0 @

B & o)
0 YO ., _ Eq.(4)
P B o 0
0 "YO6 v YO Eq.(5)
C 0O q
B 0O 06
0 YO - — Eq.(6)
P B 0O 0O
0 "YO6 b YO Eq.(7)
C 5O q
0 "YO6 g 0 °YO6 0 YOH Eq.(8)

In Appendix 2, we show thaiur proposed methodology for the identification parametersiy dand
¢ , based onthe 0 "YOO criterion, is effective also from the point of view dhe predictive

confidence interval.
5. Results

5.1 Results in calibration mode

Theoptimal values oféhand ccorresponding to thesimulation of each ion and EC with the highest

0 "YOO criterionandthe nvalueidentifiedin Figure3 and Table2 are presentedin Table4.

Table4: Summary ofvaluess: {fhand= used to obtain the optimal 4 full.  griterion.

lon n a b NSEBmb
Sodium 3 2.70 -0.60 0.68
Sulphate 5 2.20 -0.55 0.69
Chloride 3 3.70 -1.00 0.83
EC 5 4.20 -0.70 0.77

The fiveNSEcriteria @efined inTable3) used to identify the parameters of the -2%S relationship
havealsobeencompuied for the powerlaw relationship. The results are givenTiable5: the values
obtained for the 2SAPSrelationship are always higherthan those calculated for the powéaw

relationship.



170 Table5: NSEcriteria computedfor the three ions and EC

2SAPS Powerlaw
NSEonc NSEBnc NSkads NSEBada NSEBmb | NSkone NSEBoinc NSkad NSEBad NSEBomb
Sodium 058 0.41 097 0.95 0.68 0.27 0.16 0.67 0.51 0.33
Sulfate 0.61 0.44 0.97 0.94 0.69 0.58 041 087 0.77 0.59
Chloride 0.83 0.71 0.97 0.95 0.83 0.68 052 060 0.43 0.47
EC 073 057 099 0.98 0.77 0.68 051 096 0.91 0.71

Solute

171

172  Also forcomparing thewo relationships we used theRMSEeriterion. The results are shown Trable
173  6; they illustrate (for our catchment) the better performande( lower RMSEvalue) of the proposed
174  2SAPS relationship for the three ions (sodiwsulphate, and chbride) over the powelaw relationship.
175 For EC, there is a slight advantagerthe powerlaw. A test of the equality of variancé&{est) was
176 performed between theRMSEbbtained forthe two relationshipsBecause of the very large number

177  of points in ourdataset all differences were highly significapt¢alue <0.001)

178 Table6: Summary of values of RMSE criterion calculated for the three ions and EC.

2SAPS Power law
Solute Mean
RMSE RMSE
Sodium 13 mgt?* 1.10 mgt? 1.22 mgt?
Sulphate 19 mgt? 2.17 mgtt 2.22 mgtt
Chloride 30 mgt* 2.00 mgtX 2.91 mgtt
EC 704 pS.cm 41.9uS.cm' 41.3uS.cmt

179

180 Figure4 illustrates the comparison of the quality of simulation over the entire calibration dataset
181 between the powerlaw and 2SAPSrelationships.In general, he two-sided affine power scaling
182 relationshipyieldsbetter simulated concentrations than the classic poveav relationshidor the two

183 ions (according to the results dable6). This is pdicularly evidentover thelow concentrationgsee

184  Figured). This better performance imore apparenin the case of sodium and chloride ions

10



186

187  Figure4: Comparison oimulated concentrations withobservedconcentrationsfor: (a) two-sided

188 affine power scaling2SAPSyelationship, (b) power law (calibration mode.
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