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Abstract

Mathematical models that analytically solve a set of simultaneous multispecies
advection-dispersion transport equations coupled with a series of chemical reactions
are cost-effective tools for predicting the plume migration of dissolved chlorinated
solvents and nitrogen chains. However, few analytical solutions for coupled reactive
multispecies transport equations have appeared in the literature. For convenience of
mathematical derivation, most analytical models currently used to simulate
multispecies transport assume instantaneous equilibrium between the dissolved and
sorbed phases of the contaminant. However, research has demonstrated that rate-limited
sorption process can have a profound effect upon solute transport in the subsurface
environment. Making the instantaneous equilibrium sorption assumption precludes
consideration of potential effects of the rate-limited sorption. This study presents a
novel analytical model for simulating the migrations of plumes of decaying or
degradable contaminants subject to rate-limited sorption. The derived analytical model
is then applied to investigate the effects of the rate-limited sorption on the plume
migration of degradable contaminants. Results show that the kinetic sorption rate
constant has significant impacts on the plume migration of degradable contaminants.
Increasing the kinetic sorption rate constant results in a reduction of predicted
concentration for all species in the degradable contaminants while the equilibrium-
controlled sorption model lead to significant underestimation of the concentrations of

degradable contaminants under conditions with low sorption Damkéler number,

L e . .
Daj =i. The equilibrium-controlled sorption model agrees well with the rate-
v

limited sorption model when the Damkéler number is greater than 2 to 3 order of

magnitude. The invalidity of the equilibrium-controlled sorption model of low
2
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Damkéler number case implies that the health risk could be underestimated if such a
model is used for assessing the concentrations of the degradable contaminants in the
health risk model.

Keywords: analytical model; multispecies transport; equilibrium-controlled

sorption; rate-limited sorption, sorption reaction rate constant, Damkoéler number
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1. Introduction

Given growing concern and recognition of the potential threat of environmental
contaminants to human health, researchers are placing emphasis on understanding the
fate and transport of contaminants dissolved in the groundwater system. Study of
contaminant transport problems requires the use of appropriate modeling tools.
Mathematical models that apply analytical or numerical approaches to solve the
advection-dispersion equations (ADEs) have been demonstrated to be effective for
comprehending the transport behavior of contaminants in subsurface environments.
Analytical modelling is an essential and efficient tool with a variety of applications,
such as testing and validating numerical formulations, providing approximate analysis
of pollution threat scenarios, performing sensitivity analysis to investigate how various
parameters affect the processes of contaminant transport, extrapolating results over
large times or extensive spatial scales and last but not least, as a screening tool. A
number of analytical models has been derived for describing single-species transport of
various contaminants (Batu, 1989, 1993, 1996; Chen et al., 2008a, b; 2011a, b; 2016b,
2017; Chen and Liu, 2011; Gao et al., 2010, 2012, 2013; Leij et al., 1991, 1993; Liang
etal., 2016; Park and Zhan, 2001; Pérez Guerrero and Skaggs, 2010; Pérez Guerrero et
al., 2013; van Genuchten and Alves, 1982; Yeh, 1981; Zhan et al., 2009). However, the
transport processes for some contaminants of concern such as radionuclides,
nitrogenous and dissolved chlorinated solvents generally involve a more complicated
series of first-order or pseudo first-order decay or degradation chain reactions which
also play a decisive role affecting the migration of those decaying or degradable
contaminants.

Single-species transport analytical models are unable to account for mass
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transformation from the parent species to the daughter species of degradable
contaminants. Efforts to develop multispecies transport analytical models are required
in order to more accurately evaluate the process of monitored natural attenuation (MNA)
of chlorinated solvent contaminated site. However, at the present time, only a small
number of multispecies transport analytical models can be found in the literature as
compared to the large number of single-species transport analytical models although
significant contributions have been made to develop multispecies transport analytical
models over the past decades (Chen et al., 2012a, b, 2016a; Cho, 1971; Clement, 2001;
Lunn et al., 1996; Mieles and Zhan, 2012; Pérez Guerrero et al., 2009, 2010; Quezada
et al., 2004; Srinivasan and Clement, 2008a, b; Sudicky et al., 2013; Sun and Clement,
1999; Sun et al., 1999a, b; van Genuchten, 1985). Currently, all these multispecies
transport analytical models have been derived by considering equilibrium-controlled
sorption process. By making the equilibrium-controlled assumption, the rate of mass
adsorption and desorption between the dissolved and sorbed phases is considered to
occur rapidly in comparison to the time-scale required for the movement of
contaminants through a porous medium. When the sorption process is not sufficiently
fast compared to the time-scale required for transport in the dissolved phase, the
sorption behavior should be described as a rate-limited process.

It has been shown that rate-limited sorption process can have a profound effect on
the transport behaviors of the sorbing contaminants (van Genuchten and Wierenga,
1976; Nkedi-Kizzaet al., 1982; Goltz and Roberts, 1988; Ball, 1989; Brusseau and Rao,
1989). Brusseau et al. (1991) sought to understand the influence of rate-limited sorption
and nonequilibrium transport on the movement of hydrophobic organic chemicals in

various low-organic carbon aquifer materials. Their results showed that contaminants
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moving in a slowly flowing natural groundwater system could be successfully
simulated with the equilibrium-controlled sorption model. However, appropriate
models based on nonequilibrium or rate-limited sorption processes are needed for cases
when the pore water velocity is so fast that local instantaneous equilibrium cannot be
attained to correctly predict the solute transport behavior. Goltz and Oxley (1991)
demonstrated that rate-limited sorption has a significant impact upon the efficiency of
aquifer decontamination by pumping. The use of a rate-limited sorption model can be
very different from the results obtained from the equilibrium-controlled sorption model
in predicting contaminant concentrations and remediation time (Haggerty and Gorelick,
1994). Clement et al. (2004) also pointed out that the commonly used equilibrium-
controlled sorption approach might not be valid in some environmental assessment
cases. They considered a rate-limited sorption approach to simulate more realistic
multispecies reactive transport using the three-dimensional code RT3D (Clement,
1997).

The above review suggests that it is urgent to develop an advanced multispecies
reactive transport analytical model to cope with more complicated sorption process in
the subsurface system. To the best of our knowledge, a multispecies transport analytical
model subject to rate-limited sorption has not yet been developed. Thus, the objective
of this study is to develop a novel analytical model for describing multispecies reactive
transport subject to rate-limited sorption. A set of first-order reversible kinetic reaction
equations that represents the rate-limited sorption process between the dissolved and
sorbed phases of each individual species are coupled to a set of simultaneous advection-
dispersion transport equations. The key feature of this work is that the sorption

mechanisms of each individual species is considered as first-order reversible Kinetic
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rather than equilibrium-controlled. The correctness of the derived analytical models is
verified by comparisons of the computational results with those obtained from the
multispecies transport analytical model subject to equilibrium-controlled sorption and
numerical models for solving the same governing equations using the Laplace
transform finite difference (LTFD) method (Moridis and Reddell, 1991). The derived
analytical model is then applied to investigate the effects of the rate-limited sorption on
the multispecies transport of degradable contaminants. Note that the analytical
solutions with concise expressions are obtained by assuming that degradation reactions
only occur in the dissolved phase. Thus, the application of the derived analytical model
should consider and evaluate if the degradation reactions of the concerned degradable

contaminants occur only in the dissolved phase.

2. Development of a multispecies analytical model

This study considers the multispecies transport of decaying or degradable
contaminants subject to rate-limited sorption. The contaminant source considered is
chlorinated solvents dissolved into the aqueous phase from a residual non-aqueous
phase liquid (NAPL). After the contaminants enter the dissolved phase, transport is
controlled by the movement of the groundwater flow, hydrodynamic dispersion, as well
as the degradation reaction and the rate-limited sorption. On the microscopic scale,
sorption refers to the exchange of contaminants between the dissolved and sorbed
phases. Instead of the widely used equilibrium-controlled sorption assumption, this
study considers rate-limited (nonequilibrium-controlled) sorption. The rate-limited
sorption process is often represented as a first-order reversible kinetic reaction. When
dissolved contaminants migrate in the groundwater flow system, there is a loss of
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contaminant mass in the dissolved phase due to the degradation reactions and rate-
limited sorption. One key feature of the so-called multispecies model is that the mass
accumulation of the predecessors is also considered. Based on the conceptual
description, the governing equations for describing one-dimensional transport of
degradable contaminants involving an arbitrary number of species undergoing a series
of first-order degradation reactions in the dissolved phase and first-order reversible

kinetic sorption reaction between the dissolved and sorbed phases are

2
D 0 Cl(X,t) —v 8C1(x,t)

ox> OX ~AG(Y 12)
a
—'Bl[cl(x,t)— Sl(x,t)J _aCy(x.1)
0 Ky ot
2c, :
DYy SD (0,0 + 44Cia(x)
X =2, N (1b)
—ﬂi[Ci(x,t)— Si(x,t)J _aCi(x.t)
6 Ki ot
3Si () _ ol e oyt _Si(x,t)] 1N )
Po ot ﬂl( I(X’ ) K| | (ARl ( )

where C;j(x,t) is the concentration of species i in the dissolved phase [ML®]; S;(x,t)

is the concentration of species i in the sorbed phase [MM™]; v is the average uniform
pore-water velocity [LT™]; D is the hydrodynamic dispersion coefficient [L>T?]; x

is the spatial coordinate [L]; t isthetime [T]; & is the porosity; py, is the bulk dry
density of the solid grain [ML®]; K; is the distribution coefficient of species i [M*L3];
A; is the first-order degradation rate constant of species i in the dissolved phase [T];

S; is the first-order sorption rate constant of species i between the dissolved and
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sorbed phases [T™1] (referred to as the kinetic sorption rate constant thereafter); N is the
total species number of degradable contaminants. Egs. (1a) and (1b) describe the
advective-dispersive transport of the dissolved phase of degradable contaminants
subject to a series of first-order degradation reactions and first-order reversible kinetic
(rate-limited) mass transfer due to sorption. The mass transfer between the dissolved
and sorbed phases of multiple species is represented by a first-order reversible kinetic
reaction coupled to the equations so that the assumption of rate-limited sorption can be
considered. Eq. (2) accounts for mass conservation in the sorbed phase of multiple
species. Note that these equations consider that the degradation reactions occur only in
both the dissolved phase. The fourth term on the left-hand side of Eq. (1a) and the fifth
term on the left-hand side of Eq. (1b) quantify the mass accumulation from the
predecessor species between the dissolved and sorbed phases. The above coupled
equations described in Egs. (1a), (1b) and (2) must be solved simultaneously to obtain
the solutions for each individual species in the dissolved and sorbed phases. It should
be pointed out that, for the sake of clarity, the porous medium is considered
homogeneous and all the aforementioned transport parameters of the porous medium
are assumed to be independent of time and space.

The medium is initially assumed to be free of the individual species mass of a
decay chain in both the dissolved and sorbed phases:
Ci(x,t=0)=0 i=1...,N (3)
Si(x,t=0)=0 i=1..,N 4)

There is assumed to be a continuous constant concentration of dissolved phase
contaminant sources. The contaminant sources are treated mathematically as third-type

boundary conditions and formulated as

Hydrology and
Earth System
Sciences

Discussions



Hydrol. Earth Syst. Sci. Discuss., https://doi.org/10.5194/hess-2018-462
Manuscript under review for journal Hydrol. Earth Syst. Sci.

Discussion started: 2 October 2018

(© Author(s) 2018. CC BY 4.0 License.

205

206

207
208
209
210
211
212

213

214
215
216
217
218

219

220

_ DGCi (x=0,1)

x +VCi(x=0,t)=vcj g i=1...N ®)

where ¢; o is the source of the constant concentration of species i at the inlet boundary

[ML?]. The third-type boundary conditions in Eq. (5) is regarded as satisfying the
principle of mass conservation of each individual species at the inlet boundary. A finite-

domain subsurface porous medium system is considered in this study. Considering the
mass conservation of each individual species at the outlet boundary, a second-type
boundary condition with zero concentration gradient is used and can be mathematically
expressed as

oCi(x=1L,t)
OX

0 i=1..,N 6)
where L is the length of the transport system [L].

The derivation of the analytical solutions to the initial-boundary value problems
as defined in Egs. (1a), (1b) and (2)-(6) is facilitated by reducing the number of model

parameters. The coupled governing equations, initial conditions and boundary

conditions are transformed into dimensionless forms as follows:

1 aCA(X,T) aC(X,T)

Pe  ox2 ox MaltD PN (63

B - ST ) aG(X.T) o

g | 1B Ky or
2

1T G(XT) ey

Pe  gx2 X

+Ai_1ci_1(x,T)—B‘(Ci(xm—s"(X'T)J (6b)
0 K;

_oGi(X,T)

T
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Ki%w:Bi(KiCi(X,T)—Si(X,T)) i=1..,N (7
Ci(X,T=0)=0 i=1..,N (8)
S;{(X,T=0)=0 i=1..,N )
1 6Cj(X =0,T)
- T 74 GC(X=0T)=¢; =1..,N 10
Pe ax i ) i,0 1 (10)
KX =1T) _,, i=1..,N (11)
oX
where X =—, Tzﬂ, Pe:E, Ai:&, Bi:&’ ri:LL_
L D v v v

The solution strategy adopted in this study is an extension of an efficient method
for analytically solving a set of coupled advection-dispersion equations proposed by
Chen et al. (2012a).

The first step is to take the Laplace transform with respect to T . After the
Laplace transform, Egs. (6a), (6b) and (7) can be expressed as

1.d%ch(X,s) dGt(X,9)
Pe  (x2 dx

- A]_ClL(X ) S)

) (12a)
_i}[cf(x,s)-Slfé’s)—scﬁx,s)}o
F}edzcc;;(zx-s) . dCi:;x'S) CAGE(X,8) + Aj1Ci_1" (X, 9)

] i=2..,N (12b)
—Bg(CiL(X,S)—SiI((T’S)_SCiL(X'S)}:O
SKipSi-(X,5) = By (G- (X, 9) - $1(X,9)) (13)

11
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235  where Ci“(X,5)=[eTCi(X,T)dT and $;(X,s)= [ TS;(X,T)dT, sis the
0 0

236  Laplace transform parameter.

237 Then, we can solve Eq. (13) algebraically for the transform of the sorbed phase
238  concentration for each individual species (SiL(X,s)) and SiL(X,s) is conveniently
239  expressed in terms of the transform of dissolved phase concentration for each individual
240  species ( CiL(X,s) ) Through substitution of the relations between SiL(X,s)
241 G L(X,s), Egs. (12a) and (12b) can be expressed as

1.d%CN(X,5) dGH(X,s)

242 ~0,(5)CH(X,5) =0 14
S—— x 1(8)C(X,9) (142)
2~.L L
243 Pe  (gx?2 dXx i=2,..,N (14b)
=-Ai1Ci1"(X,s)
244 where @i(s)=s+Ai+55Ki7pb.
0 sKjpp + B
245 The boundary conditions after the Laplace transform become
1dch(x=05) .. Cio
246 - ——1 2 274G (X =0,8)=—> i=1..,N 15
Pe  dX i ( )= ' (15)
dCib (X =1,5)
247 ——— 2 =0 i=1..,N 16
X i (16)
248 Next, the integral transform technique is used to eliminate the X variable and

249  reduce the system of the ordinary differential equations into a set of linear algebraic

250  equations. Prior to applying the integral transform technique, we need to homogenize

12
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251  the boundary condition in Eq. (15) and convert Egs. (14a) and (14b) into purely
252  diffusive equations. The homogenization of the boundary conditions in Eq. (15) is done
253  with a change of variable

Pey C
254 CY(X,s)=e?2 CiLV(X,s)+'T‘O (17)
255  Egs. (14a), (14b), (15) and (16) are then written as

Pe

1 d’G"Y (X,s) ( Pej LV C1,0 -
256 @ ——=2 7% 1 @(8)+— X,8)=—=0,(s)e 2 18a
Pe ax2 1()401( ) S1() (18a)
2~ LV Lv
Pe dx? dx
257 Pe Pe (18b)
Cj -— Ci1g ——
='T’O®i(s)e 2 —Aj4 Ci_lLV(X,s)+'T1’Oe 2
LV
i (X = P
258 —M+—eci“’(x=o,s)=o i=1..,N (19
dx 2
LV oy —
59 IGT(X=19) Pepiviy 160 i—1..N  (20)
dXx 2
260 The integral transform technique for eliminating the second-order spatial

261  derivative with respect to X is dependent on the governing equations in Egs. (18a)
262 and (18b) and their corresponding boundary conditions in Egs. (19) and (20). The
263  appropriate integral transform pairs in relation to Egs. (18a), (18b), (19) and (20) can

264  be found as follows (Chen et al., 2012a):

1

265 G[ciLV(x,s)]:ciLVG WmS) = [K(wm, X)GHY (X, s)dX (21a)
0

266 Gl (X, 9)]=CitY (X,9) = 3 N(rm)KWm, X)CEE (. ) (21b)
m=1

13



Hydrol. Earth Syst. Sci. Discuss., https://doi.org/10.5194/hess-2018-462
Manuscript under review for journal Hydrol. Earth Syst. Sci.

Discussion started: 2 October 2018

(© Author(s) 2018. CC BY 4.0 License.

267

268

269

270

271

272

273

274

275

276

277

278

279

where K(z,//m,X):%sin(ymenymcos(z//mX), N(Wm)=2;1 and

Pi+Pe+1//m2
4
wm is the eigenvalue determined from the following equation

2
Ym~, Pe
coty, — +—=0.
Ym0l Pe 4

The operational formula for the generalized integral transform of the second-

order derivatives of CiLV(X,s) satisfies
d’ci™Y (X,s) 2|~ LV

Gl — " |=-wn"ICi"" (X,s) (22)
{ dx 2 m [ i ]

Taking the integral transform operator (Eq. (21a) on both sides of Eq. (18a) and

we get

2
—[®1(s)+ze+‘”Pfg]clL”V(x,s) - 2061(5)D(m) (232)

2
Pe ¥nm LVG
- O;(8)+—+— [C; X,s
[.()+4+Pe]. (X,s)

(23b)
Ci,0 Ci-1,0
:'S®i(s)@(wm)—Ai_l[ci_lLVG(x,sH'S@(wm)J
where ®(y,)= F;ewm :
L
4 ¥m
Solving Egs. (23a) and (23b) for each individual species CiLVG (wm,s) in

sequence, we can generalize C; LVG (wm,s) inacompact expression as

14
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k=i-1
. EEN [ _ Akj(pi—l(s)_Gi—l(s))
Ve (X s) = _|7,0®i.(S)Jr > i-1,0 \k=iI - Oy
s pi(s) o s
P (S)
k=il
(24)
Vi

Pe
where . p;i (s) = ©; (S) + — + .
pi (s) = ©;(s) 2 pe

3. Results and discussion

3.1 Convergence evaluation and verification of the derived analytical solution
The derived generalized analytical solution in Eqg. (24) is mathematically
expressed as the sum of an infinite series expansion. The numerical evaluation of this
infinite series expansion sum can be calculated straightforwardly. To ensure the
precision of the numerical evaluation, while at the same time avoiding the redundant
computation of the infinite series expansion term by term, it is important to investigate
the convergence behavior of the numerical evaluation of the derived analytical solutions.
We executed routine convergence tests to determine the optimal number required for
summing up the infinite series expansion term by term to obtain the desired accuracies.
An illustrated example coming from the manual for the most commonly used public
domain model BIOCHLOR provided by the Center for Subsurface Modeling Support

of the United States Environmental Protection Agency (USEPA) (Aziz et al., 2000) is

considered herein to evaluate the convergence of the numerical calculation of the
developed analytical model. This illustrative example simulates the natural attenuation
of the groundwater contaminant plumes of a chlorinated solvent site. The

biodegradation pathway of the chlorinated solvent is assumed to follow sequential first-
15
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order kinetics as follows: PCE — TCE — DCE —VC — ETH . The descriptive
simulation conditions and transport parameters are summarized in Table 1. Table2
shows the convergence behavior obtained by the numerical evaluation of the spatial
concentration profiles of the five species using the derived analytical solution in Eq.
(24) with a desired accuracy of 2 decimal digits. In Table 2, N is defined as the number
required for summing up the infinite series expansion term by term. It can be seen that
for larger values of Pe, the evaluation must be carried out with a large number for
summing up the series expansion to desired accuracy of 2 decimal digits. Moreover,
the number required for accurately summing up the series expansion decreases as the
serial number of the species increases. The number of terms required for convergence
are 40, 1000 and 16,000 for Pe=1, 10 and 20, respectively, for the PCE of the first
species, and 20, 320 and 2,000, respectively, for Pe=1, 10 and 20 for the TCE of the
second species. For VC of the fourth species, convergence is reached when the numbers
of terms are 8, 80 and 800 for Pe=1, 10 and 20, while for ETH only 8, 20 and 100 terms
are required to meet the desired accuracy for Pe = 1, 10 and 20.

A computer code for executing the calculation of the developed analytical model
is constructed based on the aforementioned convergence criterion. Comparison
between the computed results obtained from the computer code constructed for the
analytical model and the simulated results from a corresponding numerical solutions is
carried out to assess the correctness the derived analytical model, as well as the
accuracy of its auxiliary computer code. The numerical solutions are obtained using the
Laplace transform finite difference (LTFD) method developed by Moridis and Reddel
(1991) for the purpose of solving the partial differential equation for transient

groundwater flow through porous media. The LTFD method provides an approach to
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solve the discretized partial differential equation in the Laplace domain and then
numerically invert the transformed solution vectors. Therefore, we are able to obtain a
solution which is only discretized in space and continuous in time. The comparative
example considers the same simulation conditions and transport parameters for natural
attenuation of the contamination plumes of a chlorinated solvent site as those used for
the convergence evaluation. The comparison clearly shows excellent agreement
between the spatial concentration distributions for all five species obtained from the
analytical and numerical solutions (see supporting information). The results confirm
the correctness of the developed analytical models as well as the accuracy and

usefulness of the constructed computer code.

3.2 Effect of the kinetic sorption rate constant ( 5;)

The major merit of the derived analytical solution is that the sorption process can
be more realistically and flexibly described as a first-order reversible kinetic sorption
process with an important kinetic sorption rate constant ( f; ). Therefore, we are
interested in how f; affects the multispecies plume migration. We now consider the

same multispecies transport problem used in the previous convergence evaluation and

solution verification to investigate the effect of S on multispecies plume

development. The simulation conditions and model parameters used in the convergence
tests are considered as a baseline simulation. For each of the individual species i, four

values of g (0, 0.5, 5 and 50 year?) are considered in order to investigate the effect
of S on multispecies transport. Figure 1 depicts the spatial concentration profiles of
the five species at t=1 year under different f; values. The spatial concentration
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profiles of the five species obtained with the equilibrium-controlled linear sorption
model are also included in Fig. 1. It is found that an increase in g; will lead to a
decrease in the peak concentration and a upstream shift in the location of the peak
concentration. As S; continues to increase, the spatial concentration profile obtained
from the rate-limited sorption model of gradually reaches those obtained from the
equilibrium-controlled sorption model. The spatial concentration profiles show that the
rate-limited sorption model of 3 =50 year coincides with the equilibrium-controlled
sorption model. It further demonstrates that the asymptotical condition of the rate-
limited sorption model agrees with the equilibrium-controlled sorption model. The
higher peak concentrations predicted by the rate-limited sorption model with small ;
values have important implications for groundwater contaminant concentration
predictions as well as the assessment of the risk to human health. It should be noted that
the health risk might be underestimated when an equilibrium-controlled sorption model
is used for assessing the exposure concentration.

To measure the relative importance of rate-limited sorption between the dissolved

and sorbed phases in comparison to advection process, the sorption Damk®éler number,

_BiL

Daj = ——, which is the ratio of time (L) taken for the groundwater moving a distance
v v

L through the aquifer to the time scale for kinetic sorption rate constant g; is
considered. The Da; is a dimensionless number to relate the sorption reaction rate to
the advective transport rate is considered. A smaller value of Da; indicates that the

sorption reaction rate between the dissolved and the sorbed phase is relatively smaller

in comparison to rate of the groundwater flow through a porous medium. As p;
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gradually increases, the Da; increases proportionally. With coincidence between the
rate-limited sorption model of p; =50y_l and the equilibrium-controlled sorption

' -1
model, Da; :&:w:%& is obtained. It should be noted that
v 34.0m/y

Da; =486 for validity condition of the equilibrium-controlled sorption model is
obtained on our descriptive simulation conditions and transport parameters. Uncertainty

analysis on the value for the threshold of Da should be conducted to support the general
validity condition. Nevertheless, considering the valid condition of the equilibrium-
controlled sorption model can vary with the combinations of all the transport
parameters used in the modeling process, the Damkdéler number greater than 2 to 3 order
of magnitude is suggested.

The results of the aforementioned investigation clearly evidence that the kinetic
sorption rate constant is an important parameter governing the multispecies plume
transport. However, because of the difficulty in obtaining the sorption reaction rate
constant, current transport modeling practices are often based on the equilibrium
sorption assumption. Thus, more efforts are required to develop a method for more

effective and accurately determining the kinetic sorption rate coefficient in the field

3.3 Effect of inlet boundary condition

Several previous studies have discussed the mass balance constraints and potential
errors in concentration prediction when improper inlet boundary conditions are used
for the development of the single-species transport analytical model (van Genuchten

and Parker, 1984; Leij et al., 1991, Chen et al., 2011a; 2011b). Single-species transport
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analytical models with a first-type inlet condition give rise to physically improper mass
conservation and significant errors in predicting the solute concentration distribution,
especially for a porous medium system with a large longitudinal dispersion coefficient
if it is used to interpret the usual volume-average concentration. Selection of the
appropriate inlet boundary condition has been the subject of much investigation, such
as for the study of solute transport either in a uniform flow ((van Genuchten and Parker,
1984; Leij et al., 1991; Chen et al. 2011a; 2011b) or a radial flow field (Chen, 1987).
To the best of the author’s knowledge, the effect of the inlet boundary condition on
multispecies transport has not been investigated yet. Here, the impact of the inlet
boundary conditions on multispecies transport are investigated using our derived
multispecies transport analytical models subject to the first-type and third-type inlet
boundary conditions. The analytical solutions for the-first-type inlet boundary
condition can be obtained following the same method. Chen et al. (2011b) has showed
how to obtain the analytical solution for single-species transport in a finite domain with
a first-type inlet boundary condition. Figure 2 depicts the spatial concentration profiles
of the five species at t=1 year for both the first-type and third-type inlet boundary
conditions. using different dispersion coefficient values. It is observed that the predicted
concentration is higher for the first-type inlet boundary condition than with the third-
type inlet boundary condition for all species. Moreover, with an increasing dispersion
coefficient, the discrepancy between the concentration distributions for first-type and
third-type inlet boundary conditions increases along with the discrepancy between the
peak concentrations. The results show that improper inlet boundary conditions leads to
pronounced mass balance errors, and the discrepancy increases as the dispersion

coefficient increases
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4. Conclusions

In this study, a novel analytical model is developed for multispecies advective-
dispersive transport subject to rate-limited sorption. The developed model is then
applied to assess the effects of the Kkinetic sorption rate constant on multispecies
transport. Increasing the kinetic sorption rate constant leads to lower concentration
predictions for all species of the degradable contaminants. The equilibrium-controlled
sorption model could significantly underestimate the concentration of decaying or

degradable contaminants under the condition of a low sorption Damkdler number,

_Aik

Daj = , but will agrees well with the rate-limited sorption model when the sorption
v

Damkéler number is greater than 486. It should be noted that Da; =486 for validity
condition of the equilibrium-controlled sorption model is obtained on our descriptive

simulation conditions and transport parameters. Uncertainty analysis on the value for

the threshold of Da should be conducted to support the general validity condition. The
invalidity of the equilibrium-controlled sorption model under a low sorption Damkdler
number suggests that the health risk might be underestimated when an equilibrium-
controlled sorption model is used for assessing the exposure concentration in the health

risk assessment of the contaminated site.
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607  Table 1. The descriptive simulation conditions and transport parameters

Parameter Value
Domain length, L [m] 330.7
Seepage velocity, V [m year™] 34.0
Dispersion coefficient, D [m? year'] 1,000
Bulk dry density of the solid grain, pp [kg L] 1.6
Effective porosity, & [-] 0.2
Distribution coefficient, K; [Lkg!]
PCE 0.784
TCE 0.239
DCE 0.230
vC 0.0545
ETH 0.556
Retardation factor, R;j [-]
PCE 7.27
TCE 2.91
DCE 2.84
VC 1.44
ETH 5.45
Sorption reaction rate constant, f; [year!]
PCE 0.5
TCE 0.5
DCE 0.5
vC 0.5
ETH 0.5
Decay constant, J4; [year!]
PCE 2
TCE 1
DCE 0.7
vC 0.4
ETH 0
Source concentration, Cjo [mg/L]
PCE 0.056
TCE 15.8
DCE 98.5
vC 3.080
ETH 0.030

608
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610 Table 2. The convergence behaviors from numerical evaluation of the spatial
611 concentration distributions of the five species for biodegradation of a chlorinated
612  solvent at t= 10 years using the derived analytical solution. (M = number of terms

613  summed for infinite series expansion).

614
PCE
Pe=1
x [m] N=10 N=20 N=40 N=80
0 1.15x1072 1.15x1072 1.15x1072 1.15x1072
82.7 3.88x1073 | 3.88x1073 | 3.89x107° | 3.89x1073
165.3 1.31x1073 1.32x1073 1.32x1073 1.32x1073
248 471x10% | 470x10* | 470x10% | 470x107%
330.7 269x107% | 266x107% | 266x10% | 2.66x1074
Pe=10
X [m] N=250 N=500 N=1,000 N=2,000
0 2.86x1072 2.86x1072 2.86x1072 2.86x1072
82.7 1.92x1073 1.92x1073 1.92x1073 1.92x1073
165.3 1.27x107 1.27x107 1.27x107 1.27x107
248 8.38x10° | 837x10° | 837x10° | 837x10°°
330.7 9.22x107 | 820x107 | 813x1077 | 8.13x107’
Pe=20
x [m] N=4,000 N=8,000 N=16,000 N=32,000
0 352x102 | 352x102 | 352x1072 | 352x10°2
82.7 1.26x1073 1.26x1073 1.26x1073 1.26x1073
165.3 4.43x107° 4.43x107 4.43x107 4.43x107
248 153x107° 153x107° 153x107° 153x107°
330.7 7.30x1078 7.13x10°8 7.12x1078 7.12x1078
615
616
617
618
619
620
621
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TCE
Pe=1
x [m] N=5 N=10 N=20 N=40
0 4.41x10° 4.40x10° 4.40x10° 4.40x10°
82.7 2.12x10° 2.12x10° 2.12x10° 2.12x10°
165.3 1.03x10° 1.03x10° 1.03x10° 1.03x10°
248 547x10 | 541x101 | 541x10' | 5.41x107
330.7 387x10% | 395x1070 | 394x107t | 3.94x107
Pe=10
x [m] N=80 N=160 N=320 N=640
0 9.96x10° 9.96x10" 9.96x10° 9.96x10°
82.7 1.88x10° 1.88x10° 1.88x10° 1.88x10°
165.3 342x10 | 342x10 | 342x107' | 342x107
248 6.04x102 | 6.00x102 | 6.00x102 | 6.00x1072
330.7 155x1072 | 142x10% | 140x1072 | 1.40x1072
Pe=20
x [m] N=500 N=1,000 N=2,000 N=4,000
0 1.17x10" 1.17x10" 1.17x10" 1.17x10"
82.7 1.64x10° 1.64x10° 1.64x10° 1.64x10°
1653 215x101 | 215x10t | 215x10t | 215x107!
248 2.64x1072 | 2.64x1072 | 264x10% | 2.64x1072
330.7 493x10° | 396x10° | 389x10° | 3.89x107°
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Pe=1
x [m] N=4 N=8 N=16 N=32
0 3.35x10" 3.34x10t 3.34x10 3.34x10t
82.7 1.91x10" 1.92x10" 1.92x10" 1.92x10
1653 1.12x10 1.11x10% 1.11x10% 1.11x10"
248 6.84x10° 6.91x10° 6.90x10° 6.90x10°
330.7 5.61x10° 5.54x10° 5.54x10° 5.54x10°
Pe=10
x [m] N=40 N=80 N=160 N=320
0 7.03x10" 7.03x10" 7.03x10" 7.03x10"
82.7 2.14x10% 2.14x10" 2.14x10" 2.14x10"
165.3 5.93x10° 5.93x10° 5.93x10° 5.93x10°
248 1.55x10° 1.53x10° 1.53x10° 1.53x10°
330.7 576x107t | 497x10! | 492x10! | 4.92x107!
Pe=20
x [m] N=250 N=500 N=1,000 N=2,000
0 8.03x 10" 8.03x 10" 8.03x 10" 8.03x 10"
82.7 2.05x10! 2.05x10" 2.05x10" 2.05x10"
165.3 4.54x10° 4.54x10° 4.54x10° 4.54x10°
248 896x1070 | 894x101 | 894x10! | 8.94x107!
330.7 255x101 | 2.00x1071 | 1.96x1071 | 1.96x107
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e
Pe=1
x [m] N=2 N=4 N=8 N=16
0 1.86x10" 1.94x10" 1.96x10" 1.96x10"
82.7 2.11x10" 2.10x10" 2.09x10" 2.09x10"
165.3 1.97x10" 1.88x10" 1.89x10" 1.89x10"
248 1.63x10" 1.66x10" 1.65x10" 1.65x10"
330.7 1.45x10" 1.54x10" 1.55x10" 1.55x10"
Pe=10
x [m] N=20 N=40 N=80 N=160
0 2.19x10" 2.19x10" 2.20x10" 2.20x10"
82.7 3.57x10" 3.56x10" 3.56x10" 3.56x10"
165.3 2.21x10" 2.22x10" 2.22x10" 2.22x10"
248 1.09x10" 1.05x10" 1.06x10" 1.06x10"
3307 3.80x10" 5.22 10" 5.31x10" 5.31x 10"
Pe=20
x [m] N=200 N=400 N=800 N=1,600
0 1.79x10" 1.79x10" 1.79x10" 1.79x10"
82.7 3.95x10" 3.95x10" 3.95x10" 3.95x10"
165.3 2.23x10* 2.23x10" 2.23x10" 2.23x10*
248 8.93x10° | 8.94x10° 8.94x10° | 8.94x10°
330.7 3.12x10° 3.27x10° 3.28x10° 3.28x10°
651
652
653
654
655
656
657
658
659
660
661
662

663

33



Hydrol. Earth Syst. Sci. Discuss., https://doi.org/10.5194/hess-2018-462
Manuscript under review for journal Hydrol. Earth Syst. Sci.

Hydrology and
Earth System

Discussion started: 2 October 2018 Sciences
(© Author(s) 2018. CC BY 4.0 License. Discussions
664
ETH
Pe=1
x [m] N=2 N=4 N=8 N=16
0 1.48x10" 1.49x 10 1.49x 10 1.49x10"
82.7 1.82x10" 1.82x10" 1.82x10" 1.82x10
1653 2.00x10" 1.99x10" 1.99x10" 1.99x10"
248 2.05x10 2.06x10" 2.05x10" 2.05x10"
330.7 2.05x10 2.07x10% 2.07x10" 2.07x10"
Pe=10
x [m] N=5 N=10 N=20 N=40
0 7.49x10° 7.84x10° | 7.87x10° 7.87x10°
82.7 2.82x10" 2.78x10" 2.78x10" 2.78x10"
165.3 3.31x10" 3.20x10" 3.19x10" 3.19x10"
248 1.56x10" 2.44x10" 2.46x10" 2.46x10"
330.7 5.19x 10" 159x10" 1.73x10" 1.73x10"
Pe=20
x [m] N=25 N=50 N=100 N=200
0 411x10° 4.12x10° 4.12x10° 4.12x10°
82.7 3.01x10 3.01x10" 3.01x10" 3.01x10"
165.3 3.62x10! 3.62x10" 3.62x10" 3.62x10%
248 2.73x 10" 2.59x10" 2.60x10" 2.60x10"
330.7 3.58x10% 1.38x 10 1.47x10" 1.47x10"
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Figure Captions

Figure 1. Effect of the sorption rate constant on the spatial concentration distribution of
speciesl at =1 day obtained from the derived rate-limited sorption model. The solid
lines are the results from the rate-limited model and the circles represent the results
from the equilibrium-controlled sorption model

Figure 2. Effect of the inlet boundary conditions on the spatial concentration

distribution of species] at =1 day using different dispersion coefficients.
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