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Key points

1. An analytical solution of the hydraulic head due to oscillatory pumping test in unconfined
aquifers is presented.

2. The effects of wellbore storage and initial condition of static groundwater before the test
are analyzed.

3. The present solution agrees well to head fluctuation data taken from a field oscillatory

pumping test.
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Abstract

Oscillatory pumping test (OPT) is an alternative to constant-head and constant-rate pumping
tests for determining aquifer hydraulic parameters without water extraction. There is a large
number of analytical models presented for the analyses of OPT. The combined effects of
wellbore storage and initial condition regarding the hydraulic head prior to OPT are commonly
neglected in the existing models. This study aims to develop a new model for describing the
hydraulic head fluctuation induced by OPT in an unconfined aquifer. The model contains a
typical flow equation with an initial condition of static water table, inner boundary condition
specified at the rim of a finite-radius well for incorporating wellbore storage effect, and
linearized free surface equation describing water table movement. The analytical solution of
the model is derived by the Laplace transform and finite integral transform. Sensitivity analysis
is carried out for exploring head response to the change in each of hydraulic parameters. Results
suggest that head fluctuation due to OPT starts from the initial condition and gradually tends
to simple harmonic motion (SHM) after a certain pumping time. A criterion for estimating the
time to have SHM since OPT is graphically presented. The validity of assuming an
infinitesimal well radius without wellbore storage effect is investigated. The present solution
agrees well to head fluctuation data observed at the Boise hydrogeophysical research site in

southwestern Idaho.

KEYWORDS: oscillatory pumping test, analytical solution, free surface equation, initial

condition, wellbore storage
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NOTATION

o/ u

Aquifer thickness

Dimensionless aquifer thickness, i.e., b = b/r,,
Hydraulic head

Dimensionless Hydraulic head, i.e., h = (2zbK,h)/|Q|
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Aquifer horizontal and vertical hydraulic conductivities, respectively

Period of oscillatory pumping rate

Laplace parameter

Amplitude of oscillatory pumping rate

Radius of influence

Dimensionless radius of influence, i.e., R = R/7,
Radial distance from the center of pumping well
Dimensionless radial distance, i.e., ¥ =1/7,
Outer radius of pumping well

Inner radius of pumping well

Specific storage and specific yield, respectively
Time since pumping

Dimensionless pumping time, i.e., £ = (K, t)/(S; 12)
Elevation from aquifer bottom

Dimensionless elevation, i.e., Z = z/b

12/ (213Ssb)

Roots of Egs. (19) and (36), respectively

Ss 12 w/K,

K, /K,

Kk /b?

Sy/(Ss b)

Frequency of oscillatory pumping rate, i.e., w = 2m/P
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1. Introduction

Numerous attempts have been made by researchers to the study of oscillatory pumping test
(OPT) that is an alternative to constant-rate and constant-head pumping tests for determining
aquifer hydraulic parameters (e.g., Vine et al., 2016; Christensen et al., 2017; Watlet et al.,
2018). The concept of OPT was first proposed by Kuo (1972) in the petroleum literature. The
process of OPT contains extraction stages and injection stages. The pumping rate, in other
words, varies periodically as a sinusoidal function of time. Compared with traditional constant-
rate pumping, OPT in contaminated aquifers has the following advantages: (1) low cost because
of no disposing contaminated water from the well, (2) reduced risk of treating contaminated
fluid, (3) smaller contaminant movement, and (4) stable signal easily distinguished from
background disturbance such as tide effect and varying river stage (e.g., Spane and Mackley,
2011). However, OPT has the disadvantages including the need of an advanced apparatus
producing periodic rate and the problem of signal attenuation in remote distance from the
pumping well. Oscillatory hydraulic tomography adopts several oscillatory pumping wells with
different frequencies (e.g., Yeh and Liu, 2000; Cardiff et al., 2013; Zhou et al., 2016;
Muthuwatta, et al., 2017). Aquifer heterogeneity can be mapped by analyzing multiple data
collected from observation wells. Cardiff and Barrash (2011) reviewed articles associated with
hydraulic tomography and classified them according to nine categories in a table.

Various groups of researchers have worked with analytical and numerical models for OPT;
each group has its own model and investigation. For example, Black and Kipp (1981) assumed
the response of confined flow to OPT as simple harmonic motion (SHM) in the absence of an
initial condition. Cardiff and Barrash (2014) built an optimization formulation strategy using
the Black and Kipp analytical solution. Dagan and Rabinovich (2014) also assumed hydraulic
head fluctuation as SHM for OPT at a partially penetrating well in unconfined aquifers. Cardiff
et al. (2013) characterized aquifer heterogeneity using the finite element-based COMSOL

software that adopts SHM hydraulic head variation for OPT. On the other hand, Rasmussen et
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al. (2003) found that hydraulic head response tends to SHM after a certain period of pumping
time when considering an initial condition prior to OPT. Bakhos et al. (2014) used the
Rasmussen et al. (2003) analytical solution to quantify the time after which hydraulic head
fluctuation can be regarded as SHM since OPT began. As shown above, existing models for
OPT have either assumed hydraulic head fluctuation as SHM without an initial condition or
ignored the effect of wellbore storage with considering an infinitesimal well radius.

Field applications of OPT for determining aquifer parameters have been conducted in
recent years. Rasmussen et al. (2003) estimated aquifer hydraulic parameters based on 1 —2.5-
hour period of OPT at the Savannah River site. Maineult et al. (2008) observed spontaneous
potential temporal variation in aquifer diffusivity at a study site in Bochum, Germany. Fokker
et al. (2012; 2013) presented spatial distributions of aquifer transmission and storage
coefficient derived from curve fitting based on a numerical model and field data from
experiments at the southern city-limits of Bochum, Germany. Rabinovich et al. (2015)
estimated aquifer parameters of equivalent hydraulic conductivity, specific storage and specific
yield at the Boise Hydrogeophysical Research Site (BHRS) by curve fitting based on
observation data and the Dagan and Rabinovich analytical solution. They conclude that the
equivalent hydraulic parameters can represent the actual aquifer heterogeneity of the study site.

Although a large number of studies have been made on development of analytical models
for OPT, little is known about the combined effects of wellbore storage and initial condition
prior to OPT. Analytical solution to such a question will not only have important physical
implications but also shed light on OPT model development. This study builds an improved
model describing hydraulic head fluctuation induced by OPT in an unconfined aquifer. The
model is composed of a typical flow equation with the initial condition of static water table, an
inner boundary condition specified at the rim of the pumping well for incorporating wellbore
storage effect, and a first-order free surface equation describing the movement of aquifer water
table. The analytical solution of the model is derived by the methods of Laplace transform and

finite integral transform. Based on the present solution, sensitivity analysis is performed to
5
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explore the hydraulic head in response to the change in each of hydraulic parameters. The
quantitative criteria for excluding the individual effects of wellbore storage and the initial
condition are discussed. The radius of influence induced by OPT is investigated for engineering
applications. In addition, curve fitting of the present solution to head fluctuation data recorded
at BHRS is presented.

2. Methodology

2.1. Mathematical model
Consider an oscillatory pumping at a fully penetrating well in an unconfined aquifer illustrated
in Fig. 1. The aquifer is of unbound lateral extent with a finite thickness b. The radial distance
from the centerline of the well is 7; an elevation from the impermeable bottom of the aquifer is
z. The well has inner radius 7. and outer radius 7;,.

The flow equation describing spatiotemporal head distribution in aquifers can be written

as:

9%h  10h 9%h dh
o (B e 2 =52
arz = ror dz2 at

for r, <r <o, 0<z<band t=0 (1)
where h(r,z,t) is hydraulic head at location (7, z) and time #; K, and K, are respectively
the radial and vertical hydraulic conductivities; Ss is the specific storage. Consider water table
as a reference datum where the elevation head is set to zero; the initial condition is expressed
as:

h=0att=0 2

The rim of the wellbore is regarded as an inner boundary, which provides the associated

condition as:

anWKrb% = Q sin(wt) + nr? 3—'; atr=r, 3)
where Q and w are respectively the amplitude and frequency of oscillatory pumping rate; is
frequency. The first term on the right-hand side (RHS) of Eq. (3) represents an oscillatory

pumping rate, and the second term represents the volume change within the well reflecting

wellbore storage effect. Water table movement can be defined by the first-order free surface

6
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124 equation proposed by Neuman (1972) as
dh dh
125 Kza_z = —SyE at z=b» 4)
126 where S, is the specific yield. The impervious aquifer bottom is under the no-flow condition:
ah
127 a—Z—Oatz—O %)
128  The hydraulic head far away from the well remains constant and is expressed as
129  lim h(r,z,t) =0 (6)
Tr—00
130 Define dimensionless variables and parameters as follows:
131 h=222Kp f=l 7= f=S h=2,
Q Tw b Ss ey Tw
ré _ Ss1d Kz _ K _ Sy _oc
132 2r‘f,5b’y_ Ky w, K= '#_Ez’a_ssb‘ U ™
133 where the overbar stands for a dimensionless symbol. Note that the magnitude of a dominates
134  wellbore storage effect (Papadopulos and Cooper, 1967) and y is a dimensionless frequency
135  parameter. With Eq. (7), the dimensionless forms of Eqgs. (1) - (6) become, respectively,
0%h  10h 0%h _ oh _ _ -
136 ﬁ+;§+uﬁ—ﬁf0r 1<7<o, 0<zZ<land t=0 ®)
137 h=0att=0 C)]
oh . oh _
138 Frin sin(yt) + a—- at 7= (10)
oh oh _
139 3= 9% at z=1 (11)
oh _
140 —=0atz=0 (12)
141  lim h(#,z,t) =0 (13)
T—00
142 The transient solution of the dimensionless head h satisfies Egs. (8) - (13) with the initial
143 condition Eq. (9). Here we define a pseudo-steady state solution hg to the model of Egs. (8)
144  and (10) - (13) with sin(yt) in Eq. (10) replaced by Im(e”’f), Im(-) being the imaginary
145  part of a complex number, and i being the imaginary unit. The pseudo-steady state model
146  accounts for SHM of head fluctuation after a certain period of pumping time.
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2.2. Transient solution for unconfined aquifer

The Laplace transform and finite integral transform are applied to solve Egs. (8) - (13) (Liang
et al., 2017). The former converts h(7,Z,t) into h(7,Zp), dh/df in Eq. (8), (10) and (11)
into ph,and sin(yf) in Eq. (10)into y/(p? +y?) with the Laplace parameter p. The result

of Eq. (8) in the Laplace domain can be written as

2% h 2% ~
e (14)

a2 "ror Moz

The transformed boundary conditions in 7 and z directions are expressed as

on _ vy ~ _

Frimiee +aph atr=1 (15)
oh ~ _

5= —aph at z=1 (16)
oh _

E =0atz=0 (17)
lim A(7,z,p) = 0 (18)
T—00

The finite integral transform proposed by Latinopoulos (1985) is applied to Egs. (14) -
(17). The definition of the transform is given in Appendix A. Using the property of the
transform converts A(#,Zz,p) into A(F, B, p), ud*h/ 8z in Eq. (14) into —upB2h, and

y/(@%*+y%) in Eq. (15) into yF,sinB,/(p?* +y?%) where n€ (1,2,3,..0); F, =

V2(BZ + a2p?) /(BZ + ap? + ap); B, is the positive roots of the equation:

tan B, = ap/fBn (19)

The method to find the roots of f3,, is discussed in section 2.3. Eq. (14) then becomes an

ordinary differential equation (ODE) denoted as

.
L

72

S5}

J ~ ~
— upih = ph (20)

Sl
gl
Sl

with the transformed Egs. (18) and (15) written, respectively, as
lim A(7, B,,p) = 0 (21a)
r—00

dh _ y Fesinpy

a7 = By +aph atr=1 (21b)

Note that the transformation from Eq. (14) to (20) is applicable only for the no-flow condition
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specified at Z =0 (i.e., Eq. (17)) and third-type condition specified at Z =1 (i.e., Eq. (16)).

Solve Eq. (20) with (21a) and (21b), and we obtain:

o Y FRsinBaKe(d)
@ B P) = — o D pako i+ 2K, ) 22)

with

A=yp+up; (23)
where Ky(—) and K;(—) is the modified Bessel function of the second kind of order zero
and one, respectively. Applying the inverse Laplace transform and inverse finite integral

transform to Eq. (22) results in the transient solution expressed as

h(7,2,t) = heyp(7, 2, ) + hsym (7, Z, ) (24a)
with

hexp (P2, D) = 230 [ cos(Ba2) Im(yes e, exp(poD)) df (24b)
hsum (7, 2,£) = A,(7,2) cos(y £ — ¢, (7, 2)) (24¢)
A(7,2) = \Ja,(F, 2)? + b,(F, 2)2 (24d)
a,(7,2) = 2 ¥y J, cos(Bn2) Im(es&; po) d¢ (24¢)
be(F,2) = L35, [} cos(BaZ) Im(ey ) S (241)
¢:(7,2) = cos™(b,(F, 2) /A, (7, 2)) (24g)
&1 = sin f, Ko(F20)/ (Bn @3 +¥?) (poaKo(ho) + oK1 (A0)) ) (24h)
&2 = (B} + a’pd) /(B + a®p§ + apo) (24i)
Po = —{ — upi (24j)
Ao =4JCi (24k)

The detailed derivation of Eqs. (24a) — (24k) is presented in Appendix B. The first RHS term
in Eq. (24a) due to the initial condition exhibits exponential decay since pumping began; the
second term defines SHM with amplitude A,(7,Z) and phase shift ¢.(7,Z) at a given point
(7, ). The numerical results of the integrals in Egs. (24b), (24€) and (24f) are obtained by the

Mathematica NIntegrate function.
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2.3. Calculation of £,

The eigenvalues By,..., By, the roots of Eq. (19) with p replaced by po in Eq. (24j), can
be determined by applying the Mathematica function FindRoot based on Newton’s method
with reasonable initial guesses. The roots are located at the intersection of the curves plotted
by the RHS and left-hand side (LHS) functions of f,, in Eq. (19). The roots are very close to
the vertical asymptotes of the periodical tangent function tan f,,. The initial guess for each S,
can be considered as (2n — 1)w/2 + § where n € (1,2,...0) and § is a small positive
value set to 1071 to prevent the denominator in Eq. (19) from zero.

2.4. Transient solution for confined aquifer

When S, =0 (i.e, ¢ = 0),Eq.(11) reducesto dh/dz = 0 for a no-flow condition at the top
of the aquifer, indicating that the unconfined aquifer becomes a confined one. Under this
condition, Eq. (19) becomes tan 8, =0 with roots B, =0, m, 2m, ..., nm, ..., ©; Eq. (241)
reduces to &, = I; factor 2 in Eqgs. (24Db), (24e) and (24f) is replaced by unity. The analytical

solution of the transient head for the confined aquifer can be expressed as

h(7, ) = hexp (7, 0) + hspm (7, ) (25a)
with

hexp (D) = = [ Im(ery exp(=¢D) d¢ (25b)
hsum (7, £) = A, (7) cos(yE — ¢ (7)) (25¢)
A7) = Ja,(M? + b,(P? (25d)
a(7) == [, Im(—£;0) d¢ (25¢)
by(P) =L [ Im(ey) d¢ (250)
¢ (F) = cos™ (b, (7) /A, (7)) (252)
&1= Ko(F20) /(0§ + v®) (—agKo (o) + AeKi1 (20))) (25h)

Note that Eq. (24h) reduces to Eq. (25h) based on S, = 0 and L' Hospital's rule and gives
&, =0 for the other roots §, = m, 2m, ..., nm. This causes that Eqgs. (25a) — (25h) are

independent of dimensionless elevation Z, indicating only horizontal flow in the confined

10
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aquifer.

2.5. Pseudo-steady state solution for unconfined aquifer

The pseudo-steady state solution hg satisfies the following form (Dagan and Rabinovich,
2014).

hs(7,2,8) = Im(H(F, 2) ef) (26)
where H(¥,Z) is a space function of # and Z. Substituting Eq. (26) and dhs/dt =

Im(iyﬁ (7, 2) eiyf) into the pseudo-steady state model results in

9%H  10H 9%H . 7

a2 Tror THo =l @7
O 1+iayH at7=1 (28)
oH . _

Frie —iayH at z=1 (29)
oH _

i 0at z=0 (30)
limH =0 (€2))
Tr—00

Again, taking the finite integral transform to Eqgs. (27) - (31) yields

0%H  10H

dH _ sinBp .~ _

Fr il Fs+iayH at 7=1 (33)
limH =0 (34)
Tr—00

F, = \J2(B% — a?y?) /(B — a?y? + iay) (35)

where B, = ¢, + dpi is a complex number being the roots of the equation:
Bmtan B, = iay 36)
The method to determine S, is given in section 2.6. Solving Eq. (32) with (33) and (34)

results in

~ _ isin(Bm)Ko(T1)
H@, Bm) = Fs Bm(ayKo(W)—idk1 (D)) Gn

where A = ./yi + up3. After taking the inverse finite integral transform to Eq. (37) and

11
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applying the formula of e™® = cos(yf) + isin(yf) to the result, the pseudo-steady state

solution can be expressed as

hs(7, 7, £) = As(F,Z) cos(yt — ¢s(7,2)) (38a)
with

Ay(7,2) = \Jas(F, 2)? + b(F,2)? (38b)
as(7,z) = Re(Uin=1 D(7, B) cos(Bm2)) (38¢)
bs(7,2) = Im(E -1 D(F, B cos(Bn2)) (384)
¢s(7,2) = cos ™ (bs(F,2)/As(T,2)) (38¢)
D(F, ) = iF2 sin By KoGA)/ (B (v Ko (D) — 1K, (2))) (38)

where Re(-) is the real part of a complex number. Eq. (38a) indicates SHM for the response of
the hydraulic head at any point to oscillatory pumping.

2.6 Calculation of f,,

Substituting B, = ¢, + dpi and  tan B, = sin(2cy,) /T + isinh(2d,,) /T with T =
cos(2¢,,) + cosh(2d,,) into Eq. (36) and separating the real and imaginary parts of the result

leads to the following two equations:

sin(2¢,,) /T = aydm/(ch + df) (39)
and
sinh(2d,,) /T = aycp/(c2 + dZ) (40)

Noted that Egs. (39) and (40) are respectively from the real and imaginary parts. The values of
¢ and d,, canbe determined by the Mathematica function FindRoot with the initial guesses
of mm/2 for c,, and 10* for d,,.

2.7 Pseudo-steady state solution for confined aquifers

Again, when S, = 0 (i.e.,, 0 = 0), Eq. (36) reduces to tanf,, = 0 with roots ,, =0, m,
2w, ..., mm, ..., ; factor 2 in Eq. (35) is replaced by unity. Eq. (38f) then becomes

0 for B, #0

b = {ZiKo(f/l) J(ayKo(D) — iAKy (2)) for B = 0 (1)

12
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which is obtained by applying L' Hospital's rule when f,, = 0. With Eq. (41), Egs. (38¢c) and

(38d) reduces, respectively, to

L i Ko(FA)
as(7) = Re (ayKO(/l)—i/lKl(/l)) (42a)
and
N i Ko(FA)
bs(7) = Im (ayKo(/l)—i/lKl(/l)) (42b)

which are independent of dimensionless elevation Z, indicating horizontal confined flow.
Based on Egs. (41), (42a) and (42b), the pseudo-steady state solution for confined aquifers can

be expressed as:

he(7,8) = A5(7) cos(yt — ¢s(P) (43a)
with

As(P) = as(M? + bs(P? (43b)
s (7) = cos ™ (bs(7) /A (7)) (43¢)

2.8 Sensitivity analysis
Sensitivity analysis evaluates hydraulic head variation in response to the change in each of K,

K, Ss, Sy, and . The normalized sensitivity coefficient can be defined as (McCuen, 1985)

X
Si=Pigy (44)

where S; is the sensitivity coefficient of ith parameter; P; is the magnitude of the ith input
parameter; X represents the present solution in dimensional form. Eq. (44) can be approximated

as

X(Pi+AP)—-X(P;)
Si=Rh=

(45)
where AP;, a small increment, is chosen as 107P;.

3. Results and Discussion

In the following sections, we demonstrate the response of the hydraulic head to oscillatory
pumping using the present solution. The default values in calculation are b =20m, Q=1 L/s,

7e=0.06 m, = 0.05 m, K, = 10 m/s, K. = 10° m/s, S, = 10° m™, S, =0.1, = 2n/30 s, »
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=y and z = 10 m. The corresponding dimensionless parameters are o = 3600, y = 5.24x107,
x=0.1, u = 6.2 %X 1077, and o = 500. The practical ranges for dimensionless parameters are
01<Kk<05 10<0<10% 107! <a<10% and 107°° <y < 1.

3.1. Transient head fluctuation affected by the initial condition

Figure 2 demonstrates dimensional hydraulic head predicted by the present transient solution
h = heyp + hsum and the pseudo-steady state solution hg for unconfined aquifers. The head
fluctuation defined by h starts from h = 0 at t = 0 and approaches SHM that can be
predicted by hgym when hey, = 0 m after =219 sec. On the other hand, hgyy with about
13 sec shift of time predicts very close SHM to the pseudo-steady state solution with error less
than 3%. This example indicates that the present transient solution h can be expressed as h =
hexp + hs with a certain time shift so that head fluctuation starts from h =0atz=0.

Define an ignorable dimensionless head change as |}_1| <1072 (ie., |h] <1 mm)
according to h = (2mbK,./Q)h for the practical ranges of bK, > 10° m?d and Q < 102
m’/d (Rasmussen et al. 2003). Define f; as a dimensionless transient time to have
Rexp(F,Z,8) = 1072 (or h = hgyy). The time can be estimated using the Mathematica
function FindRoot to solve the equation that
|Rexp(1,0.5, )| = 1072 (46)
Figure 3 displays the curve of dimensionless frequency y versus the largest predicted tg. The
curve is plotted based on the values of k¥ = 0.1, & = 10° and ¢ = 500. When y < 2.7 X 1073,
the value of t; decreases with increasing y. When ¥ > 2.7 X 1073, £, can be regarded as
zero because a numerical result from the LHS function of Eq. (46) is smaller than 10 for any
value of ;. Note that ; increases with decreasing k so we choose the smallest of the
practical range 0.1 < k < 0.5. Variations in dimensionless parameters ¢ and « have
insignificant effect on f, prediction. The largest t; is about 2.45x10° that equals 10 min
obtained by tg = S; 1,2 t /K, 1 =0.05m, K, = 10* m/s and S; = 10 m™'. The relation between

ty and y can therefore be approximated as

14
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322 where co = 629.90517, c1 = 874.82145, c2 = 500.07155, ¢3 = 151.54284, c4 = 25.63248, ¢5 =
323  2.29276, and cs = 0.08471 obtained by the Mathematica function Fit based on least-square
324 curve fitting. Existing models assuming hydraulic head response as SHM are applicable when
325 t >t provided in Fig. 3 for a known value of y.
326  3.2. Radius of influence from pumping well
327  Researchers have paid attention to the identification of aquifer hydraulic parameters within the
328  dimensionless radius of influence R from an oscillatory pumping well (e.g., Cadiff and Sayler.,
329  2016). This section quantifies R that is dominated by the magnitude of y. Define R from the
330 pumping well to a location where R satisfies
331  A(R,2) =102 (48)
332 where A, is defined in Eq. (24d), Z can be an arbitrary value of 0 < Z <1 because
333 A,(R,2) isindependent of Z, and the value 10~ causes an insignificant dimensional amplitude
334 thatis defined as QA,(R,Z2)/(2nbK,) less than 1 mm for the practical ranges of bK, = 103
335 m?%d and Q < 10% m’/d (Rasmussen et al. 2003). The Mathematica function FindRoot is
336  applied to solve Eq. (48) to determine the value of R. Figure 4 shows the attenuation of the
337 amplitude A,(7,2) at Z= 0.5 for various values of y in panel (a) and the curve of y versus
338 R calculated by Eq. (48) in panel (b). The greater value of y causes smaller A, and R,
339  indicating that higher frequency of oscillatory pumping, larger aquifer storage or lower aquifer
340  horizontal conductivity leads to smaller amplitude of groundwater fluctuation and smaller
341  radius of influence. When y > 2.8 X 1072, the largest dimensionless amplitude at the rim of
342  the pumping well is less than 1072 (i.e., 4A.(1,2) < 1072). The magnitude of R can
343  therefore be considered as unity. The changes in x and o cause insignificant effect on the
344  estimatesof A, and R.The magnitude of a related to wellbore storage effect will be discussed
345  in the next section. With the Mathematica function Fit, the relation between R and y can be
346  approximated as
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347 logi R = {22:0 ck(logl(;) );3’; ;’/or> 1;08—1 sl g—zS 2.8 x 1072 @)
348  whereco= —4.13203,c1= —2.83369, c2=0.56905, c3 =0.65943, ¢4=0.18209, ¢5s = 0.02147
349 andcs= 9.33152 x 10~*. It serves as a handy tool of estimating R within which observation
350  wells can receive signal from an oscillatory pumping well.
351  3.3. Effect of wellbore storage on head fluctuation
352  The effect of wellbore storage is dominated by the magnitude of a accounting for variation in
353  the well radius. This section discusses the discrepancy due to assuming an infinitesimal radius.
354  Figure 5 demonstrates the hydraulic head predicted by the present pseudo-steady state solution,
355  Eq. (26), for a =102, 10", 1, 10, 10% and 10* at (a) ¥ = 1 at the rim of the pumping well and
356 (b) ¥ = 16 away from the well. The Dagan and Rabinovich (2014) solution assuming an
357  infinitesimal radius is taken for comparison. For the case of 7 = 1, Fig. 5(a) indicates that the
358  predicted dimensionless amplitude increases with decreasing o and remains constant when o
359 < 10" The Dagan and Rabinovich (2014) solution gives an overestimate of dimensionless
360 amplitude because of neglecting the wellbore storage effect. This result differs from the finding
361  of Papadopulos and Cooper (1967) that the effect is ignorable for a large time of a constant-
362 rate pumping test (i.e., t > 2.5 X 10%7,2/(K,b)). For the case of ¥ = 16 (or 7 = 16), both
363  solutions agree well when a < 10, indicating that the wellbore storage effect gradually
364  diminishes with distance from the pumping well. The effect should therefore be considered in
365  OPT models especially when observed hydrulic head data are taken close to the pumping well.
366  3.4. Sensitivity analysis
367  The normalized sensitivity coefficient S; defined as Eq. (44) with X = hey, (7,7, t) in Eq.
368  (24Db) is displayed in Fig. 6 for the response of exponential decay to the change in each of
369  parameters K, Kz, S, Sy and » with @ = (a) 2n/60 5™ and (b) 21/30 s™'. The figure indicates that
370  exponential decay is very sensitive to variation in each of K, Kz, Sy and w because of |S;| > 0.
371  Precisely, a positive perturbation in K, S5, and @ produces an increase in the magnitude of
372 hexp(7,2,t) while that in K: causes a decrease. It is worth noting that the coefficient S; for S,
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is very close to zero over the entire period of time, indicating that hey,(7,2,t) is insensitive
to the change in Sy and the subtle change of gravity drainage has no influence on the exponential
decay. In addition, the sensitivity curves of K. and Sy are symmetrical to the horizontal axis,
implying that these two parameters are highly correlated (Yeh and Chen, 2007). On the other
hand, the spatial distributions of the normalized sensitivity coefficient S; defined in Eq. (44)
with X = A,(r,z) in Eq. (24d) are shown in Fig. 7 for SHM amplitude in response to the
changes in parameters K, K, Ss, Sy and o for @ = (a) 21/60 s and (b) 27/30 s™!. The figure
also indicates that A,(r,z) is sensitive to the change in each of K, K-, Ss and e but insensitive
to the change in S,. From those discussed above, we can conclude that the changes in the four
key parameters K, K-, Ss and w significantly affect OPT model prediction, but the change in S,
doesn’t.
3.5. Application of the present solution to field experiment
Rabinovich et al. (2015) conducted a field OPT in an unconfined aquifer at the BHRS. The
aquifer contains a mix of sand, gravel and cobble sediments with 20 m averaged thickness. The
aquifer bottom is a clay confining unit. The pumping well fully penetrating the aquifer has 10
cm inner diameter and 11.43 cm outer diameter of PVC casing. The pumping rate can be
approximated as Q sin(wt) with O =5.8x10° m/s and w =2n/24 s'. The observation data
of SHM representing time-varying hydraulic head at the pumping well after a certain period of
time are plotted in Fig. 8.

The aquifer hydraulic parameters K, K, S, and Sy can be determined by the pseudo-steady
state solutions, Eqgs. (38a) and (43a), coupled with the Levenberg—Marquardt algorithm

provided in the Mathematica function FindFit (Wolfram, 1991). Define the residual sum of
square (RSS) as RSS = Y2, e;? and the mean error (ME) as ME = iZﬁl e; where ¢; is the
difference between predicted and observed hydraulic heads and m is the number of observation

data (Yeh, 1987). The estimated parameters are K, = 1.034x10° m/s, K- = 1.016x107° m/s, S;

=8.706x10° m™, S, = 5.708x 10 with RSS = 1.184x103 m? and ME = 0.5718 m for the case

17
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of unconfined aquifers and K, = 5.035x 10" m/s, S5 = 1.40998%x 1073 1/m with RSS = 7.454x 10
4 m? and ME = 0.46683 m for the case of confined aquifers. The estimated S, is less than two
orders of the typical range of 0.01~0.3 (Freeze and Cherry, 1979), which accords with the
findings of Rasmussen et al. (2003) and Rabinovich et al. (2015). One reason for an
underestimated S, may be because flow behaviors associated with OPT and constant-rate
pumping test are different especially for a high frequency (i.e., @). The moisture exchange was
limited by capillary fringe between the zones below and upper the water table. Several
laboratory researches have focused on this subject for a short period or high frequency of an
oscillatory pumping test (e.g., Cartwright et al., 2003; 2005) and they confirmed that the values
of S, decreases more than two orders at small period of oscillation, compared with conventional
instantaneous drainage.

Rabinovich et al. (2015) reported K, = 6.3833%10* m/s, S; = 9.22x10° 1/m, S, =
8.691x10* with RSS =2.638 X107 m? and ME = 0.5955 m for the case of unconfined aquifers
and K, =7.149%x10* m/s, Ss = 1.214x 107 1/m with RSS = 3.992x 10~ m? and ME = 0.5958 m
for the case of confined aquifers on the basis of the Dagan and Rabinovich (2014) solution.
Our work provides smaller RSSs than theirs. This may be attributed to the fact that the present
solution considers the effect of wellbore storage on the parameter determination. Figure 8
displays agreement between the observation data and the head fluctuations predicted by the
pseudo-steady state solution, Eq. (38a), for unconfined aquifers and Eq. (43a) for confined
aquifers based on those estimated parameters. This indicates that the present solution is
applicable to real-world OPT.

4. Concluding remarks

A variety of analytical solutions have been proposed so far, but little attention is paid to the
combined effects of wellbore storage and initial condition before OPT. This study develops a
new model for describing hydraulic head fluctuation due to OPT in unconfined aquifers. Static

hydraulic head prior to OPT is regarded as an initial condition. An equation accounting for
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wellbore storage effect is specified at the rim of a finite-radius pumping well. A linearized free
surface equation is considered as the top boundary condition. The analytical solution of the
model is derived by the Laplace transform and finite integral transform. The sensitivity analysis
of the head response to the change in each of hydraulic parameters is performed. The present
solution can estimate aquifer hydraulic parameters when coupling the Levenberg—Marquardt
algorithm and observation data. Our findings are summarized below:

1. The transient solution of dimensionless hydraulic head is expressed as the sum of the
exponential and harmonic functions of time (i.e., h = }_lexp + hgyym) in Eq. (24a) or (25a).
The latter function can be replaced by the pseudo-steady state solution with error less than
3%.

2. The exponential function }_lexp defined in Eq. (24b) or (25b) accounts for the effect of the
initial condition of static groundwater prior to OPT. The effect diminishes when t > &,
that can be approximated by Eq. (47) for a fixed dimensionless frequency y. Existing
analytical solutions assuming SHM without the initial condition are applicable when the

condition t = tg is met.

3. The magnitudes of & and ¥ dominate the influence of wellbore storage on predicted head
fluctuation due to OPT. Neglecting the influence causes a significant overestimate of the
amplitude of SHM at the pumping well (i.e., ¥ = 1)in spite of an extreme range a < 107!
for very small well radius. In contrast, the influence gradually diminishes with distance
from the pumping well and is ignorable when 7 > 16 and a < 10. Existing analytical
solutions assuming an infinitesimal radius can predict accurate head fluctuation when these

two conditions are met.

4, The dimensionless radius of influence R can be estimated by Eq. (49) with a
dimensionless frequency y. Observation wells should be located in the area of ¥ < R for

obtaining observable data of head fluctuations.

5. The sensitivity analysis suggests that the changes in four parameters K,, K-, Sy and o
19
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significantly affect OPT model prediction but that in S, doesn’t exert any effect.
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Appendix A: Finite integral transform

Applying the finite integral transform to the model of Egs. (14) — (18) results in (Latinopoulos,

1985)

h(By) = (@D} = [, h(2) F, cos(B,2) dz (A.1)
24 q2p2 0.5

Fe= (;,zsfgpzfal) (A.2)

where f3,, is the root of Eq. (19). On the basis of integration by parts, one can write

- (%R 1(82R _ -

3{2h = Jy (53 F(Bw) cos(Buz) dz = —p3h (A3)
Note that Eq. (A.3) is applicable only for the no-flow condition specified at Z =0 (i.e., Eq.

(17)) and third-type condition specified at Z =1 (i.e., Eq. (16)). The formula for the inverse

finite integral transform is defined as

h(Z) = 3B} = Ti=y R(B)F (Bn) cos(Bn2) (A4)
Similarly, apply the transform to the model of Egs. (27) — (31); one can have

H(Bp) = SUH@)} = [, H@) F, cos(B2) dz (A5)
where F is defined in Eq. (35); B, is the root of Eq. (36). It also has the property that

3 {?,27?} =/ (?,ZTf ) F; cos(B2) dz = —BLH (A.6)
Again, Eq. (A.6) is applicable only for the no-flow condition specifiedat Z = 0 (i.e., Eq. (30))
and third-type condition specified at Zz=1 (i.e., Eq. (29)). The inverse finite integral

transform can be written as

H(Z_) = S_l{ﬁ(ﬁm)} = Z%:l ﬁ(ﬁm)Fs COS(ﬁmZ_) (A7)
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Appendix B: Derivation of Eqs. (24a) — (24k)

On the basis of Eq. (A.4) and taking the inverse finite integral transform to Eq. (22), one can

have the Laplace-domain solution as

h(7,2,p) = 2 E5=1 h(F, Bn, p) cos(B2) (B.1)
with

(7, Bp, p) = hy(P) - hy (D) (B.2)
(@) = s (B.3)
ha () = —019, (B.4)
@1 = sin B, KA/ (Bu(pako (D) + 2K, (D)) ) (B:5)
@2 = (B + a*p?)/(Bi + a’p* + ap) (B.6)

where A is defined in Eq. (23). Using the Mathematica function InverseLaplaceTransform, the
inverse Laplace transform for ﬁpl (p) in Eq. (B.3) can be obtained as
hy(8) = sin(y ) (B.7)

The inverse Laplace transform for flpz (7, B, p) in Eq. (B.4) is defined as

1 &+ioo

Ry (D) = — h,(p) ePtdp (B.8)

2mi @ §—ico
where ¢ is a real number being large enough so that all singularities are on the LHS of the
straight line from (&, —io) to (&, i) in the complex plane. The integrand h,(p) is a
multiple-value function with a branch point at p = —uf2 and a branch cut from the point
along the negative real axis. In order to reduce h,(p) to a single-value function, we consider

a modified Bromwich contour that contains a straight line AB, CD right above the branch cut

_ m
and EF right below the branch cut, a semicircle with radius R, and a circle DE with radius €

in Fig. Al. According to the residual theory and the Bromwich integral, Eq. (B.8) becomes

~ . C~ z Do z E ~ z
ho(®) + lim 5= [ [ ha(p) ePPdp + f hy(p) ePPp + [} ho(p) ePPp +
R—o00

F ~ z A~ -
Jz ha(p) ePtdp + [ hy(p) eptdp] =0 (B.10)
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m
where zero on the RHS is due to no pole in the complex plane. The integrations for paths BA

o . o . I o .
(ie. [; hy(p) ePldp + [ hy(p) ePldp) with R > 00 and DE (ie. [} hy(p) ePldp) with
€ - 0 equal zero. The path CD starts from p = —oo to p = —uB2 and EF starts from

p = —uf2 to p = —o. Eq. (B.10) therefore reduces to

ho® = — = ([P (o) dp + [z B (@)e Cp) (B.11)
where p* and p~ are complex numbers right above and below the real axis, respectively.
Consider p* = e — uf2 and p~ = (e~ — uB? in the polar coordinate system with the
origin at (—upB2, 0). Eq. (B.11) then becomes

-1

ho(®) = — [.” ha(p*)eP tdp — hy(p)e? td (B12)

2mi

where p* and p~ lead to the same result of py = —( — upB? foragiven {; 1= m
equals A =./i for p=p* and —A, for p=p~ . Note that h,(p*) e?’t and
hy(p™) eP"t are in terms of complex numbers. The numerical result of the integrand in Eq.
(B.12) must be a pure imaginary number that is exactly twice of the imaginary part of a complex
number from h,(p*) eP't with pt =p, and 1 = A,. The inverse Laplace transform for
h,(p) can be written as

Ry (D = = J; 1m(ps e, e7oF) d¢ (B.13)
where p = pg; A =24p; @, and &, are respectively defined in Egs. (B.5) and (24i); Im(-)
represents the numerical imaginary part of the integrand. According to the convolution theory,
the inverse Laplace transform for A(7, 8, p) is

G, B D) = [ ho(2) By (F - 1)dr (B.14)
where hy(t — 1) = sin(y(f — 7)) based on Eq. (B.7); hy(t) is defined in Eq. (B.13) with

t = 7. Eq. (B.14) can reduce to

~ _1 ~c0 pot_ _ i
A7 B D) = 2 [ (Rl 0 D) o (B.15)
otV
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Substituting  A(7, B, p) = h(7,B,, ) and A(F z p) = h(F,Z,f) into Eq. (B.1) and

rearranging the result leads to
h(7,z,®) = _722%11 fooo cos(B,2) Im(&; &,yePot) df +

2 Jy c0s(Ba2) Im(e185(y cos(vE) + po sin(yD)) d¢ (B.16)
where &; and &, are defined in Egs. (24h) and (241); the first RHS term equals i_lexp (7,2,t)

defined in Eq. (24b); the second term can be expressed as hgyy (7, Z, ) defined in Eq. (24c).

Finally, the complete solution is expressed as Egs. (24a) — (24k).

26



Hydrology and

Hydrol. Earth Syst. Sci. Discuss., https://doi.org/10.5194/hess-2018-199
Manuscript under review for journal Hydrol. Earth Syst. Sci. Earth System
Sciences
Discussions

Discussion started: 26 April 2018
(© Author(s) 2018. CC BY 4.0 License.

602 Figures
Qsin(wf)
A
re
—
v V U "'"AAA?
A ﬁ =
- T Initial water table
Unconfined aquifer
Kr, Kva SS7 Sy
b
k,
L Kr
Y ;r
603 Impervious stratum
604  Figure 1. Schematic diagram for an oscillatory pumping test at a fully penetrating well of
605 finite radius in an unconfined aquifer
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607  Figure 2. Hydraulic head predicted by the transient solution expressed as h = heyp + hsum

608  and the pseudo-steady state solution hg for unconfined aquifers
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610  Figure 3. The curve of dimensionless frequency y of oscillatory pumping rate versus the

611  dimensionless time at which hydraulic head fluctuation can be regarded as SHM
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613  Figure 4. (a) Attenuation of dimensionless amplitude and (b) dimensionless radius of
614  influence for different dimensionless frequency y of oscillatory pumping rate for unconfined

615  aquifers
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Figure 5. Predicted Head fluctuations for (a) ¥ =1 at the rim of the pumping well and (b) 7
= 16 away from the well using the Dagan and Rabinovich (2014) solution and the present

solution with different a related to wellbore storage effect for unconfined aquifers
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Figure 6. Temporal distributions of the normalized sensitivity coefficient S; associated with

the exponential component defined in Eq. (24b) for parameters K;, Kz, Ss, Sy and @ when o =

(a) 2m/60 s and (b) 21/30 57!
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Figure 7. Spatial distributions of the normalized sensitivity coefficient S; associated with

SHM amplitude defined in Eq. (24d) for each of parameters K, K-, Ss, S,, and @ when v = (a)

27/60 s and (b) 27/30 57!
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629  Figure 8. Comparision of field observation data with head fluctuations predicted by the

630  pseudo-steady state solutions Eq. (38a) for unconfined aquifers and Eq. (43a) for confined

631  aquifers
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633  Figure Al. Modified Bromwich contour for the inverse Laplace transform to a multiple-value

634  function with a branch point and a branch cut
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