Answers to Jasper Vrugt

Summary: This is a re-review of the paper by Berg et al. on “Covariance
resampling for particle filter — state and parameter estimation for soil hy-
drology” I have carefully read the responses of the authors’ to my earlier
comments and those of the other referee. The authors’ responses are profes-
stonal and clearly indicate how and where changes were made and why. This
certainly makes reviewing easier (as not all authors write a detailed response
letter).

Reply: We thank Jasper Vrugt for the second review and appreciate his
additional comments and specification of his concerns, which will help to
improve our manuscript. In the following we provide the answers to the
comments.

General comments

In my letter to the editor I wrote the following:

“..I can entertain/live with some of their answers to my comments, yet, 1
remain skeptical that the proposed method is going to work for more com-
plex problems - and/or enlarged parameter space (current ranges are rather
tight). The authors’ responses to my more theoretical questions I more or
less expected. They do not deny/refute important weaknesses/difficulties of
their proposed resampling method. In my view the paper focuses too much
on practical application without going in depth about the underlying theory.
Some changes have been made to the paper to mention problems with PDF
approximation, yet, I feel that the method is not properly demonstrated with
the Richards’ type flow model. Authors emphasize in their response letter
their interest in the application - and that the PF is designed for soil hydrol-
ogy (not mentioned this way) - and thus state/parameter dimensionality is
not of their concern. In my view this really limits the potential impact of the
paper. Right now, the paper is very much an Engineering solution - which
may work well for simple problems with a model that tracks the data closely
(transition density is more than adequate) and low state and parameter di-
mensionality. Beyond this simple case nothing else is demonstrated. What is
more, the authors agree with my comment on the subjectivity of the inflation
factor, gamma (see equation 21) - but their response that this variable can
be estimated on the fly during assimilation is problematic as several differ-
ent values of gamma will work. Some value of gamma will provide a nicer



convergence of the multivariate parameter and state distribution than others.
But all those gamma values are equally likely; in other words, there is no
metric that will help determine what value of gamma to use; so what value
to use in practice? Personally, I find this troublesome - hence why I used
the wording “Engineering Solution”. I can live with this but this really dimin-
ishes the impact of the work. Of course, HESS is not a statistics journal,
yet, research focused on methodological improvements should in my view be
held to higher standards than more application oriented papers. Ideally, we
would want people from other fields use our methodologies - that requires that
improvements satisfy underlying statistical principles. This is not the case.
I will not use this to say that the paper should not be published. I just want
to express that I think that the paper could be much better if:

1) the authors were more concerned with “statistics”, that is, satisfying/honoring
important principles of convergence and approximation. The resampling method
does not leave the target PDF invariant. This is something that I think we
should care about as others may apply the method and present the results as
if they are exactly right. This will not be the case. I see a parallel here with
the poor numerics of many models used in surface hydrology. For years, this
issue was denied/not investigated as people believed that the numerical error
would be small compared to, say, measurement errors. Then, from 2004 pa-
pers by Kavetski, Clark, Schoups, etc. have demonstrated the effect of poor
numerics on parameter and state estimates. Turned out to have a major
effect; what is more, this work more or less refuted the need for global opti-
mization methods as mass-conservative solvers turned out to produce much
smoother response surfaces with a much better defined global optimum. Thus,
a deeper focus on the methodology may proof very useful - and will certainly
enhance tremendously the impact of the paper.

2) The application in the presented paper is rather weak - that is - the model
(transition density) is (essentially) perfect and the parameter/state space is
rather low. This is not realistic for real-world applications. This begs the
question on how well the method is going to do in practice. In my view this
s an important shortcoming.

For a hydrology paper, I can certainly accept weakness (1) above, yet then I
would expect the authors to carefully examine their method; this is not the
case - weakness (2) has not been addressed in the revision. I think it is im-
portant to do so - but will not object against publication if the authors do not
address this. I do not want to hold up publication - as I have great respect
for Prof. Roth and his co-authors. Hence my recommendation for a minor
revision.”

Reply: Thank you for your comments.



1) It is correct that the target PDF is not invariant under resampling using
the proposed method. The PDF after resampling is a superposition of the
estimated target PDF and a multivariate Gaussian of the new particles. If
the model and the model error were perfectly known, we agree that it would
be desirable to estimate/represent the target PDF as accurately as possible.
However, if the model has an unrepresented model error (not part of the for-
ward model) or the observation error is specified incorrectly (e.g. Gaussian
distribution assumed, but lognormal distributed is correct), the target PDF
from Bayes’ theorem is not the true PDF since the transition/observation
PDF is wrong. In those cases, which are typical for more complicated situa-
tions, considering an approximation for the target PDF can be beneficial to
increase the stability of the filter and to explore the state space.

For example, the ensemble Kalman filter (EnKF) is one of the most used
data assimilation methods in hydrology. The EnKF assumes for all occur-
ring PDFs Gaussian distributions and is successfully applied in hydrology
(e.g. Shi et al., 2015; Man et al., 2016; Botto et al., 2018). Zhang et al.
(2017) compared the particle filter with the EnKF for the application on land
surface models with the result of similar performance with slight advantages
of the EnKF. Through the assumption of Gaussian distributions, the EnKF
can actually correct ensemble members based on the measurement values,
while the particle filter only assigns a likelihood and consequently typically
requires more particles than the EnKF. This shows, in the case of the EnKF,
how the advantages from assuming the Gaussian distribution in the EnKF
compensate the disadvantages of the approximation of the distribution.

In the presented covariance resampling method the Gaussian approximation
is only applied in the resampling to generate new particles. The approx-
imation allows to use the covariance information in the ensemble, which
facilitates the generation of meaningful new particles and improves the ex-
ploration of the state space. This reduces the required number of particles in
difficult situations when many particles have to be resampled. It furthermore
reduces the probability of filter degeneracy on the cost that these resampled
particles alter the posterior. In less difficult situations, fewer particles are
resampled and the estimated posterior comes closer to the ideal distribution.

We extended the explanation of this in the manuscript (Line 5-16, Page 6).

The factor ~ is not mandatory and not required if one can afford a sufficient
ensemble size. We show for our case that the covariance resampling works
without applying a factor (y = 1). However, a factor v > 1 can strongly
reduce the required number of particles. The factor helps to explore the state



and parameter space and prevents filter collapse for small effective sample
sizes. We see this as an advantage of the proposed covariance resampling
that it allows the easy application of the factor and offers the possibility to
improve the performance. Note that the factor only applies to the resampled
particles and that in less difficult situations, fewer particles are resampled
and the posterior after resampling is closer to the estimated distribution.
We clarify the explanation accordingly in the manuscript (see Section 6.1).

It is correct that the factor v is heuristic. However, it cannot be chosen
arbitrarily since too large values result in overinflation that cannot be com-
pensated by the filter anymore. We do show the results for a few values of
in the manuscript to give the reader an idea about the reasonable range for
our example.

The factor has similarities to multiplicative inflation for the EnKF. It in-
creases the uncertainty and prevents filter collapse for small effective sample
sizes. In our example the initial state is the most challenging task for the
filter. Perturbing the truth instead of the interpolation would result in an es-
timation without the factor and the same ensemble size. Therefore, it would
be desirable to have an adaptive approach for v such that it is large in the
beginning and reduces to 1 once the filter has a good result for the state. In
cases of a model error, v has to increase again.

To visualize the behavior of the covariance resampling for non-Gaussian dis-
tributions, also in relation to the EnKF, we follow the comparison of deter-
ministic and stochastic Kalman filters by Lawson and Hansen (2004).

The comparison is performed on a single analysis step. As in Lawson and
Hansen (2004), the prior is a bimodal distribution. The bimodal distribution
is constructed with two equally probable Gaussian distributions:
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where T is the offset of each peak from zero. In the following example, we
chose T = 4. For the calculation of the Kalman gain, the bimodal prior with
zero mean and a variance of o3, = 17, is equal to a Gaussian with these
two statistical moments (N(0,03.;,.)).-

Using Eq. (1) a rather large ensemble (N = 5000) is generated to repre-
sent the prior. This ensemble size is used to observe the behavior of the
filters without large statistical noise. The prior distribution, including the
generated ensemble, is shown in Fig. AC2.1.
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Figure AC2.1: Prior bimodal distribution P(z) (black, Eq. (1)) and his-
togram of the 5000 ensemble members (green).

The analysis is calculated for an observation d at the position d = 3.5, with
three different observation errors 03, ,. The observation errors are chosen as
08hs = Obrion/2 » Odps = Obpioy and 03, = 203 ,... Figure AC2.2 shows the
resulting analytical posterior distributions calculated using Bayes’ theorem
and the posterior ensemble of the EnKF, the particle filter with covariance
resampling (PFCR) and the PFCR using v = 1.2.

In the case of an accurate observation 03, = 03,./2 (left), the observation
determines the right mode of the bimodal prior as the posterior. The EnKF
corrects the states towards the observation and the posterior becomes ap-
proximately Gaussian but with a mean shifted to lower values and a larger
variance compared to the truth. The PFCR can describe the posterior in this
particular case excellently. It does not need to shift the ensemble members
of the left mode to the observation like the EnKF, instead almost 50 % of the
ensemble members are dropped and resampled. This resampling is effective
because the covariance resampling samples from a Gaussian distribution and
the posterior is approximately Gaussian.

In the case of a less accurate observation 03, = 03, (middle), the obser-
vation information is less dominant and the bimodal structure of the prior
is partly visible. For the EnKF, the ensemble members of the left mode
are shifted towards the observations such that the posterior becomes uni-
modal. The bimodal structure cannot be described by the EnKF properly.
The PFCR can sample both posterior peaks with the retained ensemble. The
new particles, however, are generated with a mean that lies in between both
peaks, such that some of the new particles are located between the modes.
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Figure AC2.2: Analysis ensemble (green) for EnKF (second row), particle
filter with covariance resampling (PFCR, third row) and PFCR with v = 1.2
(bottom row) for a bimodal prior (Fig. AC2.1), for observations (top row,
red) with different observation errors: 03, = 03,,,/2 (left column), o3, =

03,5, (middle column) and 03, = 203, (right column). The true posterior

(black) is calculated with Bayes’ theorem. In case of the PFCR, 49.7 % (left),
32.6 % (middle) and 10.0 % (right) particles are resampled.



The deviations from the truth show how the PFCR alters the posterior dis-
tribution in this case.

For 0}, = 203, (right), the posterior is similar to the prior with a less likely
left mode. The large uncertainty makes it impossible to confidently decide
in which peak the truth lies. The EnKF retains the bimodal distribution of
the prior because the Kalman gain becomes small if the observation error is
large, which leads to a small correction in the analysis step. The particles
have approximately equal weights because of the large observation error.
Therefore, only 10.0 % of the particles are resampled which reduces the effect
that particles are generated in between the peaks as in the case 03, = 03,
(middle).

The factor v has only a small effect in this example. Compared to the EnKF
the PFCR describes the real PDF more accurately with only minor deviations
from the true PDF.

2) The joint estimation of states and parameters in soil hydrology based on
the Richards equation remains a challenging task. Applications with particle
filters for state and parameter estimation directly to the Richards equation
remain few (e.g. Montzka et al., 2011; Manoli et al., 2015), and estimate 1-5
parameters. We focus on a one-dimensional synthetic case to introduce the
covariance resampling and show its behavior in detail.

We agree that the behavior in presence of model errors is relevant. We
included the exemplary study of one error, the boundary condition, in the
previous revision to show that the PFCR is not limited to perfectly known
transition densities. However, an comprehensive investigation of model errors
in general is far beyond the scope of this paper.

We improved and clarified the description of the presented example (see also
reply to comment 6).

Changes: Section 6.1: We added more explanation of the factor 7, its
influence on the estimated pdf and its relation to the multiplicative inflation.
Line 5-16, Page 6: We extended the explanation of the influence of the
covariance resampling on the estimated pdf.

Specific comments

Comment: 1. Table 1 - alpha values should have units of 1/m? Or are
authors presenting values of 1/alpha instead? That explains the very large

7



Table AC2.1: True Mualem-van Genuchten parameters and range of the
uniformly distributed initial guess.

Parameter Truth Lower Upper Lowerye,. Upperp..,.
ny [—] 2.28 1.5 6.0 2.2 3.5
ne [—] 1.89 1.5 6.0 1.8 3.2
ap [m™1] -124  -14 -5 -14 -12
ag [m™1] -7.5  -10.5 25 -10.5 -6.5
logio(Kw1), Kypin[ms™] -440  -10 -3 -7 -4
log,o(Kyw2), Kypin[ms™] -491  -10 -3 -7.5 -4

values of -12.4 and -7.5 for ay and as as the air-entry value?
Reply: Thank you for noticing this. The unit is m~!.

Changes: Table 1, Page 10: We corrected the unit.

Comment: 2. Parameter ranges are rather narrow. What would happen if
we enlarge n to say 1.1 - 67

Reply: We increased the parameter range for K,,, n and « for both layers
(see Table AC2.1) to further investigate the behavior. Note, that for n we
only increased the range to 1.5-6.0. The simplified Mualem-van Genuchten
parametrization used here is only well-behaved for n > 2 (Ippisch et al., 2006)
and undefined for n < 1. For small n the performance of the numerical solver
decreases significantly such that n > 1.1 is necessary. Since the covariance
resampling generates new ensemble members from a Gaussian distribution,
it can occur that n < 1.1. In this case we set the value to n = 1.1. We used
the interval 1.5 — 6.0 to reduce the occurrence of this case.

It was necessary to use more ensemble members for a converging result. In
this case we used 300 ensemble members. The final state is shown in Fig.
AC2.4 and the conductivity function Fig. AC2.3. Both are in good agreement
with the synthetic truth.

Changes: Line 1-3, Page 11: We added the sentences: “The filter can also
estimate the state and parameters for an extended range.” and “ Increasing
the initial uncertainty of the parameters, increases the complexity of the
problem and the filter needs more ensemble member to converge.” to the
manuscript.

Comment: 3. Table 1: Are the log(Kw) values natural log-values? I do not
think so - otherwise we get values of exp(-4) * 60 * 60 * 24 1600 m/day.
So they must be log10 right? With log10(Kw) values between -7 and -4 the
range of Kw is between 0.0086 and 8.64 m/day. The lower bound of 0.86
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Figure AC2.3: Conductivity function K (h,,) for (a): layer 1 and (b): layer
2. In this function all estimated parameters are represented. The initial 95 %-
quantile of the ensemble (light green) with the mean (green) are shown. The
truth (dashed black) is almost congruent with the estimated mean (orange),
such that only the 95 %-quantile of the final ensemble (light orange) is visible.
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Figure AC2.4: Final water content state after the assimilation run. The
truth (dashed black) is almost congruent with the estimated mean (orange),
such that only the 95 %-quantile of the ensemble (light orange) is visible.
Notice that even the maximal difference is well below current measurement
capabilities.

em/day may still be considered large for say fine textured soils. Therefore I
would suggest using a range of log10(Kw) between -10 and -4 or so. Point
is - the parameter space is narrow - this simplifies tremendously inference -
but may not necessarily demonstrate convergence properly; how does the filter
work with enlarged parameter spaces that encompass a larger ranges of soils?
Reply: Thank you for pointing this out. logiq is correct. For the application
with a larger parameter spread please refer to comment 2.

Changes: Table 1, Page 10: We changed log to logig and refer to it as
decadic logarithm to clarify this (Line 8, Page 10).

Comment: /. Line 18: generic algorithm? Or genetic algorithm? Generic
algorithm would not make sense as this has been presented before in other
papers - for example Particle-DREAM. A genetic algorithm on the contrary
will not maintain detailed balance unless they use the Differential Evolution
variant with Metropolis step as done in DE-MC and DREAM. I have to read
this new paper to understand/see what has been done and how this differs
from previous DE-MC/DREAM MCMC work.

Reply: Thank you for noticing this. It is a genetic algorithm.

Changes: Line 17, Page 2: Changed “generic” to “genetic” algorithm.

Comment: 5. Figure 11: Those 100 ensemble members - are they randomly
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chosen? Or are these the “best” members; I would be interested to see all the
members as “visibility” is not an argument here. You cannot see the 100 dif-
ferent lines anyway (much fewer in practice as particles have many copies).
Instead of using Lines you can color the 95 % ranges of all particles.
Reply: The ensemble members in Figure 11 and Figure 12 had been ran-
domly chosen. We follow your idea and show the 95 %-quantile of the en-
semble.

Changes: Throughout the manuscript: Changed all figures with an ensem-
ble to show the 95 %-quantile.

Comment: 6. In section 6.3, the authors attempt to address the model er-
ror by perturbing the forcing ( = boundary conditions). This is not really a
model error but measurement error. Indeed, the PF should rapidly address
( = correct for) those errors in a few assimilation steps as this entails con-
servation of mass. What is much more difficult is to address actual model
errors due to an incorrect/absent process representation. Those errors lead
to much more complicated and predictable residual patterns, making state and
certainly parameter estimation more difficult. Will produce parameter esti-
mates that may compensate at least somewhat for the model errors. I think
it is important to address, at least in writing, this difference between forcing
data errors and model errors. These two errors are not equal.

Reply: We agree that there are different types of model errors. In a real
case, an error in the forcing would be a measurement error. Using it in a
synthetic study, the changed boundary condition is similar to an additional
source/sink term. This leads to a wrong transition density (compared to the
truth) since the observations are still generated using the old boundary con-
dition. In the presented case, we have a continuous bias towards lower water
content which the filter continuously needs to address. As you mentioned,
this leads to a bias in the parameter estimates to compensate the error in the
boundary condition. The logarithmic scale in the conductivity plot reduces
the visibility of this bias.

Changes: Line 29-31, Page 18: We clarified the effect of the changed bound-
ary condition.

Line 11-12, Page 19: We point out the bias in the parameter.
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