Responses to the Comments by Reviewers
We thank Professor Neuman and an anonymous reviewer for their constructive comments. The
manuscript has been significantly improved by addressing the comments. The following are

our point-to-point responses to their comments.

Responses to the Comments from Reviewer #1

General comments

In this manuscript, the authors develop the model for the interpretation of pumping test in an
aquifer with variable saturation for both horizontal as well as partially inclined wells. The
model is derived using a semi-analytical solution of the coupled saturated-unsaturated flow
processes. To facilitate an analytical treatment of the nonlinear Richards equation, the
authors linearize the equations by assuming low pumping rates. Both the saturated and
unsaturated systems is coupled by assuming continuity of pressure and fluxes at the interface.
The semi-analytical solution of this coupled system is eventually used to infer the hydraulic
parameters of the subsurface.

The manuscript itself is well structured but poorly written. A significant revision of the
English is needed. The introduction gives an adequate overview on the relevant questions and
properly motivates the study. The methods section provides the reader with the necessary
information on the mathematical background with more information being provided in the
Supplementary Information. The results are presented twofold. The analytical solutions to the
coupled systems are first derived for a number of special cases. Numerical solutions for these
cases are then presented and discussed in Section 4; Results and discussion. These numerical
results are given in a way that it easy to follow and understand. The data given through
figures clear and sufficient to support the conclusions drawn by the authors. The presented
conclusions may be relevant for the Scientific Community interested in horizontal well
drilling. However, the authors fail to properly motivate the need for their study and to
present results that are relevant to practitioners. In conclusion, I think the manuscript needs
major revisions before being eligible for publication in HESS.

Response: Thank you for the positive comment. We have improved the English of the
revised manuscript as possible as we can. Two co-authors of the manuscript, Drs. Zhan and
Zhang both have more than 20 years teaching & research experiences in US universities
(Texas A&M Univ. and Univ. of lowa), and they have carefully checked the English of the
manuscript. In terms of the practical relevance, this revised manuscript includes a new
section that provides a robust and accurate method for simultaneous determination of
parameters of both saturated zone (hydraulic conductivity and specific storage) and
unsaturated zone (specific yield and the constitutive exponent of the Gardner exponential
model). For details, please refer to subsection 4.3 and Figure 8. We believe this revised
manuscript meets the requirement of HESS and is now ready for publication.



Major Concerns

1. The used geometry and the considered processes were chosen to be very simple in order to
facilitate the use of analytical tools for the investigation. For example, the geometry is
considered to be spatially uniform and exhibits no anisotropy which is unusual for a three-
dimensional medium. Such simple models aren’t bad if the insight derived from them can be
properly transferred to real-world problems. At this point, the authors need to explain why
they think these simplifications are possible and critically assess their impact on their results.

Response: Actually our model (Egs. (1) and (2)) have considered the anisotropy of the
aquifer. For the purpose of mathematical convenience, the analytical solutions of Egs. (5) and
(7) are written as dimensionless form in which the K,, K, and K, terms are lumped into
dimensionless variables xp, yp and zp. One can easily see the impacts of anisotropy by
converting the final results from dimensionless formats into dimensional formats.

In this study, we assume that the aquifer is homogenous and spatially uniform, an assumption
that is almost universally adopted in previous studies about the analytical models of well
hydraulics. Despite of its idealization, such analytical models are still indispensable and
relevant to real-world problems, probably because of the following reasons.

Firstly, analytical models with idealized homogenous and spatially uniform assumption
provide benchmark solutions which are required to test any numerical models before their
usage for simulating a heterogeneous, non-uniform real-world aquifer. Without such
benchmark solutions, there is almost no-way to tell if the numerical models are valid or not.

Secondly, despite that a complex numerical model can deal with a heterogeneous, non-
uniform real-world aquifer, it usually needs more parameters which are often not available or
not known to sufficient accuracy. Under such a circumstance, a simple analytical model may
be an alternative for providing a baseline assessment of the flow system.

Thirdly, although a real-world aquifer is likely to be heterogeneous and/or non-uniform, there
are evidences that a moderately heterogeneous aquifer may sometimes behave as an averaged
“homogeneous” system for pumping-induced groundwater flow problems. This interesting
phenomena may be due to the diffusive nature of groundwater flow which can somewhat
smooth out the effect of the heterogeneity to a certain degree (Pechstein et al., 2016;Zech and
Attinger, 2016). Please see lines 122-128 of the revised text.

2. In my opinion, the authors fail to properly put their results into context. Instead the
authors should better demonstrate why and when the difference between their model and two
older models for pumping in coupled saturated-unsaturated systems matter. | am not
doubting that their approach has not been done before, but this does not automatically make
it relevant and interesting. To show that, the authors should begin by explaining some
problems of the two older models, and subsequently demonstrate how their newer approach
can remedy these problems. In particular, they should be able to discuss how these observed
differences relate to actual real-world features.



Response: Implemented. We adopted this comment and added subsection 4.3 and Figure 8 to
demonstrate the problems of two older models (ZWP and ZZ models) on explaining the
drawdown curves in the saturated-unsaturated system. A major disadvantage of the two older
models (ZWP and ZZ models) is that they did not consider the unsaturated flow process, thus
they cannot be used to characterize the parameters of the unsaturated zone. The newer model
developed in this study, however, is capable of characterizing parameters of both the
saturated and unsaturated zones. As far as we know, this represents a significant
improvement over the older models. Furthermore, as the older models did not consider the
unsaturated flow process that was proven to be important for producing the drawdown-time
curves in the saturated zone, they often cannot satisfactorily reproduce the observed
drawdown-time curves in the saturated zone in actual real-world aquifer pumping tests. The
newer model has resolved this issue successfully. Please see lines 441-450 of the revised text
for addressing this point.

To further demonstrate the difference of the older and newer models, we have conducted a
numerical simulation using the finite-element model COMSOL for a synthetic case that
considers the unsaturated flow process for a slant well pumping test in an unconfined aquifer.

The results show that our solution nicely reproduces the drawdown curves in both the
saturated and unsaturated zones; while the ZWP and ZZ solutions fail to fit the drawdown
curves and they either underestimate or overestimate horizontal hydraulic conductivity,
specific storage and specific yields due to its lack of consideration of the effect of unsaturated
zone. Please see the details in the subsection 4.3 and Figure 8.

Minor Concerns
* There are consistently no captions for the Figures.

Response: Implemented. In the previous version, we included the figure captions at the end
of the text. Now we added the proper caption below each Figure in the revised manuscript.

» Furthermore, the quality of the figures is generally bad. The authors may want to Use
another compression format or a lower compression rate.

Response: Implemented. We have reproduced all figures using higher resolution (600 dpi).
All figures are more clear now.

* Line 197: I think the authors mean that the linearity of the system allows to superimpose the
solutions of Equations (5) and (7).

Response: Implemented. We added this statement on lines 215-216.

* Line 202: The authors mention turbulent flow. How is this possible for a linear system?



Response: The point to mention turbulent flow is to justify the use of a uniform flux
distribution along the screened section of the pumping well. This assumption may not hold
for a very long horizontal well in which complex well-aquifer flow may be a concern. When
dealing with pumping using a very long horizontal well, flow inside the wellbore may not be
neglected. Such in-well flow (called pipe flow by some investigators) could be considerably
different from Darcian flow in the aquifer as it may experience various flow schemes such as
laminar and/or turbulent flow, depending on the Reynolds number and friction coefficient
inside the wellbore.

Such complex well-aquifer flow is beyond the scope of this manuscript and one may consult
some recent studies of Wang and Zhan (2016) and Blumenthal and Zhan (2016) for more
details. Nevertheless, we may incorporate such coupled well-aquifer flow into the model of
this manuscript in a future study. For more details, please see lines 223-225.

* Line 207: The authors use a uniform flux rate for the spatially extended wells. Can the
approach also used with arbitrary flux rates?

Response: Implemented. The present solutions (Egs. (9) and (10)) used a uniform flux rate
for the spatially extended well. These solutions can be straightforwardly extended to
situations of arbitrary flux rates as long as the flux rate distribution along the wellbore is
known a priori. To do so, one simply modifies Egs. (9) and (10) using a location-dependent
flux function inside the integration there. Please see lines 240-244 of the revised text for
addressing this point.

* Line 238: Here the authors say that the Stehfest algorithm was sufficiently accurate for the
flow problem. That is just an assertion and should be backed up by at least some evidence.

Response: Implemented. We deleted the ‘the Stehfest algorithm was sufficiently accurate for
the flow problem’ as it appears to be too assertive. However, the Stehfest method was
successfully employed by many researchers to solve the problems very similar (but not
exactly) to this study, e.g., Chen (1985), Zhan et al. (20092a;2009b), and Wang and Zhan
(2013). Thus we are confident that the results are robust and accurate. Another piece of
evidence of the reliability of the solution is that it matches very well with a high-resolution
numerical simulation using a finite-element method of COMSOL. Please see lines 416-429
for details.

* Line 242: The use of the word ’real-time solutions’ is confusing here. I first thought the
authors would derive the solution on the fly. Maybe they should say ’'solution in the time

domain’.

Response: Implemented. We replaced ‘real-time solutions’ with ‘solution in the time domain’
on lines 271 and 272.

» Line 242-244: This sentence is confusion. Please reformulate.



Response: Implemented. We replaced this sentence with “In order to ensure the accuracy of
the Stehfest method, several numerical exercises have been performed by comparing with the
benchmark solutions for several special cases of the investigated problem” on lines 275-277.

* Line 248: What is the kinematic equation? I am not familiar with this approach.

Response: Implemented. It is free surface equation of the unconfined aquifer. We revised it
as “linearized free surface (kinematic) equation” on line 281.

* Line 256: For most of the time the authors use the passive voice in the manuscript. Here
they suddenly switch into the active voice. Although I like the active voice much better, the
authors should be consistent.

Response: This is a valuable comment. However, after a careful consideration, we prefer to
keep the use of passive and active voices as is, and our reasons are as follows. When
discussing the results and conclusions, we prefer to use active voices, emphasizing that those
are our interpretation. For the rest parts of the paper, we prefer to use passive voice,
emphasizing that those are objective statements of facts.

* Line 266: The gray line mentioned here is actually hard to see, due to the aforementioned
bad quality of the figures.

Response: Implemented. We revised the quality of the figures.

* Line 270-273: This sentence is long and confusing. Please consider to reformulate this
statement.

Response: Implemented. We revised this sentence on lines 297-306.

* Line 280: The authors use the passive voice with respect to a figure. This is confusion and,
to the best of my knowledge, not proper English.

Response: It was the active voice.

* Line 318: This is not a proper sentence. Please reformulate.

Response: Implemented.

Typos

As mentioned above, the manuscript suffers from poor spelling, grammar and several typos.

In the following, I will provide a short list of examples.

Response: Implemented. We improved the writing of the revision manuscript as possible as
we can. Please also see our reply to the general comment of this reviewer.
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 Line 69:

Response:
* Line 105:
Response:
* Line 153:
Response:
* Line 155:
Response:
* Line 176:
Response:
* Line 176:
Response:
* Line 232:
Response:

* Line 254:
Response:

» Line 259:

Response:

e Line 259

Response:

e Line 285

Response:

of an unsaturated
Implemented.

with a slightly
Implemented.

much shorter periods
Implemented.

where the influence of plant transpiration is
Implemented.

with respect to
Implemented.
overbar denotes
Implemented.

and thus a numerical
Implemented.

the manner how the
Implemented.

For convenience
Implemented.

well screen to be situated along
Implemented.

: at later times

Implemented.



* Line 297: For large
Response: Implemented.

* Line 314: to a smaller
Response: Implemented.

* Line 325: closer to
Response: Implemented.

* Line 326: across the water
Response: Implemented.

* Line 329: the impact of
Response: Implemented.

* Line 335 For early times
Response: Implemented.

* Line 338: This results
Response: Implemented.

* Line 365: of the unsaturated

Response: Implemented.

Responses to the Comments from Professor Neuman (Reviewer #2)

General comments

In this brief manuscript, the authors (LZZL) present a new semi-analytical solution for flow
to a slanted well (including horizontal and vertical) of zero radius in a uniform anisotropic
unconfined aquifer considering unsaturated flow above the water table. Details of the
solution are included in supplementary material and appear to be correct. The underlying
conceptual-mathematical model is similar to that of Tartakovsky and Neuman (2007) for a
vertical well, with the exception that LZZL take the unsaturated zone to be finite (TN took it
to be infinite). Their method of solution is somewhat different from that of TN. The authors
evaluate their solution numerically and present it in the forms of time-drawdown curves in
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the saturated zone, synoptic profiles of dimensionless drawdown in both the saturated and
the unsaturated zones, and flow rate across the water table, for a range of dimensionless
parameters, concluding that the unsaturated zone has a significant effect on system behavior
in all cases.

| find the paper to be clearly written and the mathematics well explained. I do, however, have
a few fundamental questions to the authors:

Response: Thank you for the positive comment.

1. LZZL are aware that the conceptual-mathematical model of TN has been superseded by a
more general model due to Mishra and Neuman (2010, 2011). In addition to having rendered
the unsaturated zone finite (as do LZZL), the most important extensions introduced by MN
are representations of unsaturated material properties by 4 (instead of 2) parameters, in a
manner similar to that of Mathias and Butler (2006); accounting for storage in the pumping
well (rather than treating this well as a line sink); and accounting for delayed response of
piezometers and observation wells due to storage in these devices. TN have demonstrated
that the four-parameter representation leads to more realistic estimates of aquifer
parameters, based on observed drawdowns, than does the two-parameter model. They also
demonstrated that storage of water in pumping and observation wells have significant
impacts on drawdowns below and above the water table. My question to LZZL: Why have you
not worked with a four-parameter model, and why have you not accounted for pumping and
observation well storage?

Response: The four-parameter model considering well storages may be more close to the
realistic situation, and a model with more parameters naturally leads to better agreement
between the model and observed data due to more flexible parameter fitting. This is the
advantage of the four-parameter model considering well storages. However, a model with
more parameters has its disadvantage as well. Firstly, it is more difficult to determine the
values of those parameters precisely from a practical standpoint. Secondly, the predictive
capability of a model with more parameters may not be better than that of a model with less
parameters. For the discussion of this issue, one may consult the editorial messages of Voss
(2011a, 2011b) and an interesting paper by Bredehoeft (2005).

This manuscript adopts a two-parameter approach because of the following reason.

In this study, we focus on the following questions: does the conclusions drawn for vertical
wells also applicable for horizontal and slant wells when coupled unsaturated-saturated flow
is of concern? Specifically, how important is the wellbore orientation on groundwater flow to
a horizontal or slant well considering the coupled unsaturated-saturated flow process? To
focus on answering these questions, we prefer to use a simpler model with the balance that
keeping the most important physical process in the model but at the same time ignoring the
secondly effects (such as wellbore effects of the pumping and observation wells). Indeed, the
wellbore effects of the pumping and observation wells have introduced additional complexity
to the solutions which are already substantially more complex than the solutions excluding
the unsaturated zone process.



To avoid the influence of wellbore storage effects, we make the following proposal that could
be implemented in the future investigations of coupled saturated-unsaturated flow process:
using a pack system to insulate the screens of pumping and the observation wells, thus
wellbore storage will not be a concern. Please see lines 154-165 and 251-257 of the revised
text.

As far as we know, the two-parameter model can approximately represent unsaturated
material properties to meet the need of this investigation. With all these being saying, we will
certainly explore a four-parameter model in the future on the basis of this study, for the
purpose of completion. However, such an effort deems to be a separate investigation that will
be reported elsewhere.

2. MN have demonstrated that the unsaturated zone may or may not have a significant impact
on drawdown below the water table depending on the choice of system parameters and mode
of observation. My question to LZZL: What justifies your blanket statement that the
unsaturated zone has a significant effect on system behavior, without any qualifications?

Response: Implemented. We revised our statements about the impacts of the unsaturated
zone on drawdown in the revised manuscript.

1) The unsaturated flow has significant impact on drawdown curves in the saturated zone
when kp is less than 10 (the unsaturated-saturated system has a large retention capacity, a
small initial saturated thickness, and/or a relatively small vertical hydraulic conductivity).
The impact of unsaturated flow decreases as kj increases, becoming small or insignificant
when kp close to 1x10°. Please see lines 300-306 of the revised text.

2) The impact of unsaturated flow increases as dimensionless unsaturated thickness bp
decreases. For the small b, (= 0.001), the drawdown curves approach the ZWP solution. For
the large bp(= 100), the drawdown curves do not approach the ZZ solution because the
impact of the unsaturated flow becomes significant at a fixed kp of 0.1. Please see lines 327-
333 of the revised text.

3) The effects of the unsaturated zone on the drawdown exist in any angle of inclination of a
slant well, and this impact is more significant for the case of the horizontal well. The effects
of the unsaturated zone on the drawdown are insensitive to the length of the horizontal well
screen. The impact of the unsaturated zone decreases when the observation point moves
downward, becoming further away from the unsaturated zone, as expected. Please see lines
351-355 of the revised text.

3. MN have shown time-drawdown curves for the unsaturated zone; why have LZZL not done
likewise? New developments in unsaturated zone sensor technology will likely make it
practical, in the not too distant future, to observe unsaturated zone behavior at depth and use
the MN (or LZZL) solution to interpret such observations quantitatively.

Response: Implemented. We added Figs. 2c, 2d and 8b to illustrate time-drawdown behavior
in the unsaturated zone. These graphs show that both the larger x, and the larger
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unsaturated thickness bj lead to the smaller drawdown in the unsaturated zone. We added
these statements on lines 334-342.

4. MN have used their solution to analyze published pumping test results, demonstrating (as
already noted) that their new model provides more realistic parameter estimates than did
earlier models, including that of TN (and hence, | conclude, LZZL). Why have LZZL not done
the same?

Response: Implemented. The application of our solution on a realistic pumping test is the
best way to demonstrate the advantages of our solution. To the best of our knowledge,
however, there are no field pumping tests specifically designed to test our model yet (slant or
horizontal pumping well pumping test in an unconfined aquifer), which certainly can be an
interesting research subject to explore in the future.

In order to demonstrate the parameter estimation advantage using our solution versus
previous solutions (ZWP and ZZ solutions), we adopted Reviewer#1 and your suggestions
and conducted a numerical simulation using the finite-element model COMSOL to generate
synthetic drawdowns in saturated and unsaturated zones. After that, we used ZWP, ZZ and
our solutions to fit these synthetic drawdowns and to assess the performance of these
solutions. Please refer to our responses to the major comments 2 of Reviewer#1.

5. MN have shown that their solution allows estimating unsaturated zone properties based on
observed drawdowns in the saturated zone. Why have LZZL not attempted to do the same?

Response: Implemented. Please refer to our responses to the major comment 2 of
Reviewer#1 and your comment 4.

In summary, the LZZL solution is interesting in that it is the first to consider slanted wells in
the unconfined aquifer context. It however rests on a somewhat limited and outdated
conceptual-mathematical model of the system; would it be possible for the authors to remedy
this? In any case, the authors should show graphically how the unsaturated zone responds to
pumping and, if at all possible, use their model to analyze real (or at the least synthetically
generated) pumping test data.

Response: Implemented. Please refer to our responses to your above comments.
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Abstract

Conventional models of pumping tests in unconfined aquifers often neglect the unsaturated flow
process. This study concerns coupled unsaturated-saturated flow process induced by vertical,
horizontal, and slant wells positioned in an unconfined aquifer. A mathematical model is
established with special consideration of the coupled unsaturated-saturated flow process and well
orientation. Groundwater flow in the saturated zone is described by a three-dimensional
governing equation, and a linearized three-dimensional Richards’ equation in the unsaturated
zone. A solution in Laplace domain is derived by the Laplace-finite Fourier transform and the

method of separation of variables. and the semi-analytical solutions are obtained using a

numerical inverse Laplace method. The solution is swel-verified by a finite—element numerical

model. It is found that the effects of the unsaturated zone s-on the drawdown

of pumping test eensistexist in with-any angle of inclination of the pumping well, and this impact

is more significant for the case of a horizontal well. The effects of unsaturated zone on the

drawdown are independent of the length of the horizontal well screen. Eorthe-earlytimeof

largest water volume drained from the unsaturated zone (W-) value during the early time, and the

effects of the well orientation on J¥/ values become insignificant at the later time. The screen

(BmAM: 75 bR

length of the horizontal well does not affect /¥ for the whole pumping period. The proposed
solutions are useful for parameter identification of pumping tests with a general well orientation
(vertical, horizontal, and slant) in unconfined aquifers affected from above by the unsaturated

flow process.




45  Keywords: Horizontal well; Slant well; Coupled unsaturated-saturated flow; Drainage from the
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1. Introduction

In addition to conventional vertical wells, horizontal and slant pumping wells are broadly
used in the petroleum industry, environmental and hydrological applications in recent decades.
Horizontal and slant pumping wells are commonly installed in shallow aquifers to yield a large
amount of groundwater (Bear, 1979) or to remove a large amount of contaminant (Sawyer and
Lieuallen-Dulam, 1998). Horizontal and slant wells have some advantages over vertical wells
(Yeh and Chang, 2013;Zhan and Zlotnik, 2002), e.g., horizontal and slant wells yield smaller
drawdowns than the vertical wells with the same pumping rate per screen length. Horizontal and
slant wells have long screen sections which can extract a great volume of water in shallow or low
permeability aquifers without generating significant drawdowns-there.

Hantush and Papadopulos (1962) firstly investigated the problem of fluid flow to a horizontal
well in hydrologic sciences. Since then, this problem was not of great concern in the
hydrological science community because of the limitation of directional drilling techniques and
high drilling costs. With significant advances of the directional drilling technology over the last
20 years, the interest onf horizontal and/or slant wells was reignited. Until now flow to
horizontal and/or slant wells have been investigated in various aspects, including flow in
confined aquifers (Cleveland, 1994;Zhan, 1999;Zhan et al., 2001;Kompani-Zare et al., 2005),
unconfined aquifers (Huang et al., 2016;Rushton and Brassington, 2013;Zhan and Zlotnik,
2002;Huang et al., 2011;Mohamed and Rushton, 2006;Kawecki and Al-Subaikhy, 2005), leaky
confined aquifers (Zhan and Park, 2003;Sun and Zhan, 2006;Hunt, 2005), and fractured aquifers
(Nie et al., 2012;Park and Zhan, 2003;Zhao et al., 2016). The readers can consult Yeh and Chang
(2013) for a recent review of well hydraulics on various well types, including horizontal and

slant wells.
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As demonstrated in previous studies, horizontal and slant wells had significant advantages
over vertical wells in unconfined aquifers, thus they were largely used in unconfined aquifers for
pumping or drainage purposes. However, none of above-mentioned studies considered the effects
of an-unsaturated processes on groundwater flow to horizontal and slant wells in unconfined
aquifers. For the case of flow to vertical wells in saturated zones, the effects of above unsaturated
processes were investigated by several researchers (Kroszynski and Dagan, 1975;Mathias and
Butler, 2006;Tartakovsky and Neuman, 2007;Mishra and Neuman, 2010, 2011). For example,
Tartakovsky and Neuman (2007) considered axisymmetric saturatedunsaturated-
saturatedunsatarated flow for a pumping test in an unconfined aquifer and employed one
parameter that characterized both the water content and the hydraulic conductivity as functions
of pressure head, assuming an infinite thickness unsaturated zone. Mishra and Neuman (2010,
2011) extended the solution of Tartakovsky and Neuman (2007) using four parameters to
represent the unsaturated zone properties and considering a finite thickness for the unsaturated
zone (Mishra and Neuman, 2010), and considered the wellbore storage as well (Mishra and
Neuman, 2011). The main results from the studies concerning vertical wells indicated that the

unsaturated zone often had a major impact on the S-shaped drawdown type curves.

A following question to ask is that are these conclusions drawn for vertical wells also
applicable for horizontal and slant wells when coupled unsaturated-saturated flow is of concern?
Specifically, how important is the wellbore orientation on groundwater flow to a horizontal or

slant well considering the coupled unsaturated-saturated flow process?

In order to answer these questions, we establish a mathematical model for groundwater flow < (#sti: ol B4R 0.63 K

to a general well orientation (vertical, horizontal, and slant wells) considering the coupled

unsaturated-saturated flow process. We incorporate a three-dimensional linearized Richards’
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equation into a governing equation of groundwater flow in an unconfined aquifer. We employ the
Laplace-finite Fourier transform and the method of separation of variables to solve the coupled
unsaturated-saturated flow governing equations. This paper is organized as follows, we first
present the mathematical model and solution in sections 2 and 3, respectively, then describe the
results and discussion in section 4, and summarize this study and draw conclusions in section 5

finatly.
2. Mathematical Model

The schematic diagrams of flow to horizontal and slant wells in an unsaturated-saturated
system are represented in Fig. 1a. and 1b, respectively. Similar to the conceptual model used by
Zhan and Zlotnik (2002), the origin of the Cartesian coordinate is located at the bottom of the
saturated zone with the z axis along the upward vertical direction and the x and y axes along the
principal horizontal hydraulic conductivity directions. The horizontal and slant wells screens are
located in the saturated zone with a distance z,, from the center point of the screen (0, 0, z,,) to
the bottom of the saturated zone. The slant well has three inclined angles v, ¥y, and y, with the
x, y, and z axeis, respectively, and such three angles satisfying cos?(y,) + cosz(yy) +
cos?(y,) = 1. The horizontal well is a specific case of the slant well when y, = /2. The
saturated zone is assumed as an infinite lateral extent unconfined aquifer with a slightly
compressibility, and is spatially uniform and anisotropic (Tartakovsky and Neuman, 2007). The
saturated zone is below an initially horizontal water table at z = d, and the unsaturated zone is
above z = d with an initial thickness .

In order to solve the problem of groundwater flow to a horizontal or slant well, we first solve

the governing equation of the-groundwater flow to a point sink. The mathematical model for

(B Gl B4 0.63 K
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groundwater flow to a point sink (xg, ¥, Zo) in a homogeneously anisotropic saturated zone is

given by
a2 a2 a2 a
Kxa_x§+ Ky#-% Kzﬁ+ Q8(x —x0)8(y —¥0)6(z — zp) = Ssa—i, 0<z<d, (la)

s(x,y,2,0) =0,
as
g(xd’,z’ t)lz:O = 07

lim s(x,y,zt) = lim s(x,y,zt) =0,
x—too y—-too

where s is the drawdown (the change in hydraulic head from the initial level) in the saturated
zone [L]; Ky, Ky, and K,, are the saturated principal hydraulic conductivities in the x, y and z
directions, respectively [LT™']; Q is the pumping rate (positive for pumping and negative for
injecting) [L3T"!]; &(-) is the Dirac delta function [L™']; S is the specific storage [L']; d is the

saturated zone thickness [L]; f is time since start of pumping [T]. It is noteworthy that inthis

(1b)
(Ie)
(1d)

(HeRE: T iR

study-we-assumed-the aquifer areis assumed to be homogenous and spatially uniform in this

study. Despite the fact that a real-world aquifer is likely to be heterogeneous and/or non-uniform,

there are strene—cvidences whichthat sueh-a moderately heterogeneous aquifer may sometimes

behave as an averaged “homogeneous” system for pumping-induced groundwater flow

problems. This interesting phenomena may be due to the diffusive nature of groundwater flow

which can somewhat smooth out the effect of the heterogeneity to a certain degree (Pechstein et

al., 2016;Zech and Attinger, 2016).

Flow in the unsaturated zone induced by pumping in the unconfined aquifer is governed by
the Richards’ equation. Due to the nonlinear nature of the Richards’ equation, it is difficult to
analytically solve this equation except for some specific cases. Kroszynski and Dagan (1975)
proposed a first-order linearized unsaturated flow equation by expanding the dependent variable
in the Richards’ equation as a power-function series when the pumping rate was less than Kd?,

where K is the saturated hydraulic conductivity of a homogeneous mediuma. The readers can

7
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find the details of the linearized equation derivation in previous studies (Kroszynski and Dagan,
1975; Tartakovsky and Neuman, 2007). With such a linearized treatment, it becomes possible to
analytically solve the equation of flow in the unsaturated zone. The linearized three-dimensional

unsaturated flow equation is adopted in this study as follows,

92 92 a a e}
ko (DK 35 + ko (2)Ky 55 + Ky 5= (ko(2) a—“) =C(2)3:, d<z<d+b, ()

u(x,y,20) =0, (2b)
F
(%Y, Olz=asp =0, Q0)
lim u(x,y,zt) = lim u(x,y,zt) =0, (2d)
Xx—+too y—+too
ko(z) = k(8y), Co(2) =C(6,), (2e)

where u is the drawdown in the unsaturated zone [L]; the functions k((z) and Cy(z) are the
zero-order approximation of the relative hydraulic conductivity [dimensionless] and the soil
moisture capacity [L!] at the initial water content of 8, respectively; k is the relative hydraulic
conductivity and 0 < k < 1; C(= 0) is the specific moisture capacity [L!], and C = d8/d, 6
is the volumetric water content [dimensionless], and 1 is the pressure head [L]; b is the thickness
of the unsaturated zone [L]. Similar to Tartakovsky and Neuman (2007), the unsaturated sediuvm

zone properties are described with the two-parameters Gardner (1958) exponential constitutive

relationships,
ko(z) = e*(@=2), (3a)
Co(2) = Syre™@-2), (3b)
where Kk > 0 is the constitutive exponent [L™], S, is the specific yield [dimensionless]. As (BHRa: 7R Y

previously-mentioned in the introduction that this two-parameters model was extended to the

four-parameters model by Mishra and Neuman (2010, 2011). The four-parameters model may be [iﬁﬁEEEE&

more-closer to the realistic situation. However, a model with more parameters has its [‘rﬁ‘%iﬁﬂ‘]: TR Y




162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

disadvantage as well. Firstly, it is more difficult to determine the values of those parameters

precisely from a practical standpoint. Secondly, the predictive capability of a model with more

parameters may not be better than that of a model with less parameters. For the discussion of this

issue, one may consult the editorial messages of Voss (2011a, 2011b) and discussion by

Bredehoeft (2005),

i R LA N

this study, we focus on a question that how important is the wellbore orientation on groundwater

flow to a horizontal or slant well considering the coupled unsaturated-saturated flow process.2 To

focus on answering thisese questions, we prefer to use a simpler model with the balance that

keeping the most important physical processes in the model but at the same time ignoring the

secondaryly effects.

It shows in Eq. (3b) that at the water table (z=d) a smaller k leads to a smaller Cy(z) and a
larger retention capacity (Kroszynski and Dagan, 1975;Tartakovsky and Neuman, 2007), i.e.,
water in the unsaturated zone becomes more difficult to drain. In this study, we assume the upper
boundary of the unsaturated zone as a no-flow boundary condition in Eq. (2c) by neglecting the
effects of both infiltration and evaporation during the pumping. Because typical pumping tests
usually last over much shorter periods of time relative to the time-durations of infiltration and
evaporation processes, this assumption can hold for most field conditions, particularly for lands
with sparse vegetation where the influence of plant transpiration effeetis limited as well.

The saturated and unsaturated flows are coupled at their interface by continuities of pressure

and vertical flux across the water table which, following linearization, take the form

s—u=0,
ds  ou _
9z 8z

>

z=b,

z=h.

(4a)

(4b)

<
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Above linearized equations of (4a) and (4b) assume that the variation of water table is minor
in respect to the total saturated thickness. This assumption works better for horizontal wells and
slant wells as for vertical wells, provided that the same pumping rate is used. This is because
horizontal wells and slant wells will generate much less drawdowns over laterally broader regions;
while vertical wells tend to generate laterally more concentrated and much greater drawdown near

the pumping wells (Zhan and Zlotnik, 2002).

3. Solutions

3.1 Solution for a point sink
The solution to Eq. (1a) is obtained by the Laplace and finite cosine Fourier transform. The
Laplace domain solution of Eq. (1a) subject to initial condition Eq. (1b) and boundary conditions

Egs. (1c) and (1d) is given as (Zhan and Zlotnik, 2002)

8 cos(wnzop)cos(wnzp)

5p(rp, zp, ) = Y=o Ko(Qplrp —ropl), (5)

p¥(wn)
where
Qn =+ w2 +p, P(w,) =2a, + sin(Rw,a,)/wp, (6)
where the subscript D denotes the dimensionless terms, the definition of all dimensionless < (R wih: B4 o0 EX

variables are presented in the supplementary material (S1); p is the Laplace transform parameter
in-with respect to the dimensionless time, and the overbar denotes a variable in the Laplace
domain; w,, is the n-th eigenvalue of the Fourier transform, and it will be determined later; K|, is
the modified second-kind Bessel function of zero-order; r, = (xp,yp) and rop = (Xgp, Yop) are
the dimensionless radial vectors of the observation point and the sink point, respectively.

The solution to Eq. (2a) is obtained by the Laplace transform and the method of separation of

variables (supplementary material, S2) and is given as

10
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8 cos(wnzop)

up (rp, 2p,P) = Y=o PP () Ko(Qnl|rp — rop|) Hn(2p,p) @)
where
(M+N) exp[2N(az+bp)+(M—N)zp]—(M—N) exp[(M+N)zp] .
( cos(wnay) (M+N) exp[2N (az+bp)+(M-N)az]-(M—N) exp[(M+N)a;]’ ifA>0
_ _ [N1 tan(Nl(aZHzD))fM] sin(leD)+[M tan(Nl(az+bD))+N1] cos(N1zp) .
Hy = COS((Un(ZZ) eXp(MZD MaZ) [Ny tan(Ny (az+bp))—M] sin(Nyaz)+[M tan(Ny(az+bp))+N ]| cos(Niaz) lf A<0 (8)
1+M(az+bp)—M. .
( cos(wpa,) exp(Mzp — MaZ)W' ifA=0

where M = kp/2; N = VAif A > 0; N; = V=AifA < 0; A = k3 /4 + Bp — Q2.

The eigenvalues of the finite cosine Fourier transform w,, can be obtained by substituting
Egs. (5) and (7) into the continuities of normal (vertical) flux equation (Eq. (S6b)). The detail can
be found in supplementary material (S3). On the basis of the method illustrated above, it is
straightforward to obtain the Laplace domain solutions 5, for the case of the unconfined aquifer
with a free water table boundary and without the unsaturated zone influence (Zhan and Zlotnik,
2002) (abbreviated as the ZZ solution hereinafter), and the case of the groundwater flow to a
horizontal well in an confined aquifer (Zhan et al., 2001) (abbreviated as the ZWP solution
hereinafter). The solutions S, for these two special cases require different w,, values. For the free
water table condition the w,, is the root of w,, tan(w,) = p/o (Zhan and Zlotnik, 2002). For the
confined aquifer case the w, = nm/a, ,n = 0,1,2, ... (Zhan et al., 2001).

3.2 Solution for a slant pumping well

Due to the linearity of the mathematical models Egs. (1) and (2). the principle of

superposition can be employed to extend the basic solutions of Egs. (5) and (7). Thus, ©on the

basis of the principle of superposition, the drawdown induced by a line sink in the saturated zone
can be obtained by integrating the solution Egs. (5) and (7) along the well axis, provided that the
pumping strength distribution along the well screen is known. Precise determination of the

pumping strength distribution along a horizontal or slant well involves complex, coupled aquifer-

pipe flow (Chen et al., 2003) in which the flow inside the wellbore (pipe flow) can experience

11
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different stages of flow schemes from laminar, transitional turbulent, to fully developed turbulent

(N I

flowfChen-etal52003). Such complex coupled well-aquifer flow is beyond the scope of this (#HR: 7 M
ERCEEL
study and one may consult some recent studies of Blumenthal and Zhan (2016) :\Wang-and-Zhan (BReRE: 78 MY
{2616jand Wang and Zhan (2016), for more details. However, often time one may adopt a first- [%ﬁéiﬂm AR R
R g n
order approximation of using a uniform flux distribution to treat the horizontal or slant wells, (#mR: 2 DI
particularly when the well screen lengths are not extremely long (like kilometers). Such an
approximation has been justified by Zhan and Zlotnik (2002). In this study, a uniform flux
distribution will be utilized for horizontal or slant wells hereinafter to obtain the solutions.
The drawdown in saturated and unsaturated zones due to a slant pumping well can be written
as:
_ _ voo 8cos(wnzp)
Sip(p) = Tir O—LDW(w 2 [ 3 008 [n (2wp + L cosy )| Kol@F 1AL (9)
and
= _ voo 8Hn(zpp) az
i (p) = Lo po 2 [ %, cos [wn (2 + 152 cos, )| Kol F D)L (10)
respectively, where §;p and U, are the Laplace transforms of s;p and u;p, respectively, and they
are defined in the same way as sp and up in Egs. (5) and (7), respectively; L = a,L/d is the
dimensionless length of the slant well screen (L); z,,p = a,2,,/d is the dimensionless elevation of
the center of the pumping well screen; [ is a dummy variable; F(l) =
. 2 ay . 2 — . .
(xp —Usiny,cosy,)” + (yD — 1 siny, cos yy) . §p and #;, will respectively reduce to
drawdowns in the saturated and unsaturated zones due to a horizontal well when y,, = /2. It is (R Tk N
(R : T Y
noteworthy that these solutions can be straightforwardly extended to situations of location- (BRI T A
dependent pumping rates as long as the flux rate distribution along the wellbore is known a priori, (sl w06 0, Hig
(BHeRa: 7 Y
To do so, one simply modifiesy Eqgs. (9) and (10) using a location-dependent flux function inside (R TR A
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the integration.

The drawdown in an observation (vertical) well located in the saturated zone that is screened
from z; to z,, (z,, > z;) can be calculated using the average of the point drawdown Eq. (9) along

the observation well screen (Zhan and Zlotnik, 2002):

. . Lp
5o (p) = Biimg “omn ) SOt (7% o5 [, (2 + 1 2 cOs Y, )| KolQuF(DNAL, (1)
2 X

Lp(Zup—2zip) wnp¥(wn)
where §,p is the Laplace transform of s,p, and s, is defined in the same way as sj, in Eq. (5);

Zup = azZu/da Zip = azzl/d~

It should be noted that our solutions do nota’t accounting for the wellbore effects of the ([ BEBRW: g W% 0.63 X

pumping and observation wells. Indeed, the wellbore effects have introduced additional (B 7

complexity to the solutions which are already substantially more complex than the solutions that

excludinge the unsaturated zeneflow process. To avoid the influence of wellbore storage effects, [‘ﬁ?*ﬁﬁﬂ‘]: N1
(BHRA: 7R Y

we make the following proposal that could be implemented in the future investigations of

coupled saturated-unsaturated flow process: using a-pack systems to insulate the screens of (BRI

pumping and the observation wells, thus wellbore storages will not be a concern. (BR8N

3.3 Total volume drained from the unsaturated zone for a slant well

The dimensionless total volume drained from the unsaturated zone to the saturated zone

(water flux across the water table) can be ebetated-obtained by

+°° 35p

Wp(p) = - f:r:f — la, dxpdyp =Z:=0

- 09zp

167 sin(wynaz) cos(wnzyp) sin(wn @)
p¥(wn)Q% ¢ ’

—(12)
— 3
where W), is the Laplace transform of Wy, and W, = W 4”%, W is the total volume drained from

the unsaturated zone; ¢ = Lpa, cos(y,) /(2ay,).
It is difficult to obtain closed-form solutions by analytically inverting the Laplace transforms

of Egs. (5), (7), (9), (10) and (12) and thus a numerical inverse Laplace method is employed in
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this study. There are several numerical inverse Laplace methods, such as Stehfest method
(Stehfest, 1970), Zakian method (Zakian, 1969), Fourier series method (Dubner and Abate,
1968), Talbot algorithm (Talbot, 1979), Crump technique (Crump, 1976), and de Hoog algorithm

(de Hoog et al., 1982), with each method best fitted for a particular type of problem

(Hassanzadeh and Pooladi-Darvish, 2007).

15)

J

How preblemstudied-here—Chen (1985), Zhan et al. (2009a;2009b), and Wang and Zhan (2013)

have successfully employed the Stehfest algorithm to obtain the solution in the time domainreal-

time-demain-selution for the-similar problems to this study. For references to different inverse

Laplace methods, one can consult the review of Kuhlman (2013) and Wang and Zhan (2015). In

this study we use the Stehfest method to invert the Laplace solutions into the solutions in the (BHeRay: 7R Y

time domainreal-time-solutions. In order to ensure the accuracy of the Stehfest method,

Extensive-several numerical exercises have been performed te-by-against the benchmark

solutions for several special cases of the investigated problem.-ef the-investigated-problem-te

4. Results and Discussion

4.1 Effect of unsaturated zone parameters

The main difference between the ZZ solution and present solution is the upper boundary
condition of the saturated zone. The ZZ solution considered linearized free surface (kinematic)
equation as the water table boundary that employed one parameter, i.e., specific yield (S,,) to
account for the gravity drainage after water table declining. The present solution represents
coupled water flow through both the unsaturated and saturated zones. The water table boundary

is replaced by coupled interface conditions between the unsaturated and the saturated zones.
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Thus the behavior of the drawdown in the saturated zone induced by the pumping wells will be
affected by the unsaturated zone. To investigate the manner #-how the dimensionless
constitutive exponent kj and the dimensionless unsaturated thickness b impact the drawdown
in the saturated zone induced by a horizontal pumping well, we plot the log-log graph of s;p
versus the-dimensionlesstime-t, /17 (the type curves) for different x, and by, in Figures 2a and
2b, respectively. We also compare our solution to the ZZ solution (unconfined aquifer) and the
ZWP solution (confined aquifer). For the-convenience we assume the horizontal well screen to
be situated along the x-direction, i.e., ¥, = 0 and y;, = y, = 7/2. The others parameter values in
Eq. (9) are =1x103, Lp=1, y=0, a,=1, x,=0.5, yp=0.05, z,=0.8, and z,,,=0.5.

Figure 2a presents the drawdown curves in the saturated zone for different values of xp
(1x10%, 1x1073, 1x107", 1x10" and 1x10%) with a fixed dimensionless thickness of the

unsaturated zone bp of 0.5. The dimensionless constitutive exponent kp, = kd/a, = ;ch;/ 32

where K}, is the anisotropic ratioe between the vertical hydraulic conductivity ¢K;)}-and the
horizontal hydraulic conductivity-£4).

The unsaturated flow has significant impact on drawdown curves in the saturated zone when

Kp_is less than 10 (the unsaturated-saturated system hasve a large retention capacity, thea small

initial saturated thickness, and/or a relatively small vertical hydraulic conductivity). The impact

of unsaturated flow decreases as kj, increases, becoming small or insignificant when x, close to
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+6-Our curve is almost the same as the curve of the ZZ solution when xp = 1X 103 (gray solid

curve), and gradually deviates from the ZZ solution but approaches the ZWP solution as kj,

decreases to 13107 (black solid curve). For a fixed initial saturated thickness, when kj, is

smaller, i.e., the unsaturated zone has larger retention capacity and/or both the unsaturated and
saturated zones have relatively smaller vertical hydraulic conductivity, water drainage from the
unsaturated zone is impeded, forcing more water to be released from compressible storage of the
saturated zone, leading to larger drawdown in the saturated zone. The opposite is true when kj, is
larger. It is consistent with the findings in the vertical pumping well case (Tartakovsky and

Neuman, 2007).

It also shows in Figure 2a that the drawdown have typical “S” pattern curves while x, = 0.1.
At early times, all curves are approximately identical due to response of the confined storage and
Little-minor effects of the upper boundary of the saturated zone; at intermediate times, the
drawdowns of the ZZ solution and our solutions increase slower than that of the ZWP solution
due to response of additional storage (watertable-boundaries-and-unsaturated-zone)-of the upper
boundary of the saturated zone; at later times, the drawdown increasing rates of the ZZ solution
and our solutions are nearly the same as that of the ZWP solution due to the combined effects of
both storage mechanisms.
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The unsaturated zone controls the effects of additional storage and upper boundary of the
saturated zone on drawdown curves. There are physical differences between the ZZ solution and
our solution. The ZZ solution uses the storage factor Sy, (specific yield) at upper boundary of the
saturated zone. Such a storage factor at the upper boundary is greater than the actual storage
capacity of the unsaturated zone when the unsaturated parameter x, <10, leading to a slower
water level decline for the ZZ solution, and such effect will become insignificant for a long
pumping time. Similar to xp, the dimensionless unsaturated thickness bp, also has-a

significantaeffects -impaet-onthe drawdown behaviors of the saturated zone, as shown in Figure

2b for different values of by (0.001, 0.01, 1, 10 and 100) with a fixed xp=0.1 and the same

parameters used as Figure 2a. Figure 2b shows that the impact of unsaturated flow increases

aswhen b;, decreases. The drawdown behavior eurselatien-approaches the ZWP solution when

bLp=0.001. For the-large by, (=100), however, our solution is significantly different from the ZZ
solution at intermediate times because the impact of unsaturated flow becomes significant at a

fixed xp of 0.1.

In order to further investigate the effects of the unsaturated zone.-we-present-the behaviorsof

—Figures 2¢ displays the

drawdown curves in the unsaturated zone (u;,) for different values of . (1x1073, 1x1073, 1x10°%,

1x10" and 1x10%) at z,=1.5 where the other parameters are the same as in Figure 2a. As kj,

increases, the retention capacity of the unsaturated zone decreases, and-thus the-more water

amountareis released from the unsaturated storage. It leads to smaller drawdown beth-in both the

unsaturated and saturated zones. Figures 2db depicts the drawdown curves in the unsaturated

zone for different values of the-dimensiontess-unsaturated-thickness-b;, (0.5, 1,2, 10 and 100).

As expected, the drawdown in the unsaturated zone decreases with b, increasinges due to the

[‘%ﬁ'ﬁﬁg: FAk: (BRIA) Times New Roman
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363  fact that more ameunt-efwater is stored in the unsaturated zone forlarge-for larger by, #These HHERM: 7 (BRIA) Times New Roman,
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HRRAN: 7k (BRA) Times New Roman
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|

364  results areis consistent with the resultsfindings of Mishra and Neuman (2010, 2011). \ [‘%%iﬂﬂ‘]: FAR: (BRIN) Times New Roman
(

365 4.2 Effect of well orientation and well screen length E

BRBEER

I A

366 In this section, we first investigate the effect of the inclined angle of the slant well on the type
367  curves. Figure 3 shows the comparison between the ZZ solution and our solution with k, = 10
368  for three different angles of a slant well (y,= 0, m/4, and 1t/2) at two observation points (z, =
369 0.9 for Figure 3a and zp = 0.1 for Figure 3b) where the other parameters are the same as in

370  Figure 2. Obviously the smaller angle creates the larger drawdown at both observation points.
371 For the horizontal well (y, = m/2) the discrepancy between the ZZ solution and our solution is
372 larger than that for the vertical well (y, = 0) at upper observation point (Figure 3a). Such a

373 discrepancy is-alse-feunddiminishes at the lower observation point (Figure 3b). It reveals that the

374  effects of the unsaturated zone ‘ects-on the drawdown existeensist in for-any

375  angle of inclination of a slant well for the upper part of the aquifer, and this impact is more

376  significant for the case of the horizontal well. The impacts of the unsaturated zone decreases

377  withwhen the observation point moves downward, becoming further away from the unsaturated

378  zone, as expected. {(far-awayfrom-the-unsaturatedzone

379 Here we investigate the effect of the horizontal well screen length on the drawdown. Figure
380 4 illustrates the comparison between the ZZ solution and our solution for three different lengths
381  of well screen (Lp= 0.1, 1, and 10) at two observation points where the other parameters are the
382  same as in Figure 3. It indicates that the longer well screen leads to the-the a-smaller drawdown
383  at both upper and lower observation points. The discrepancy between the ZZ solutions and our
384  solutions are-is identical for different well screen lengths. It reveals that the effects of the

385  unsaturated zone on the drawdown are insensitive to the length of the horizontal well screen.
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In order to mere-furtherclearly illustrate the drawdown pattern in the unsaturated-saturated

zonesystem.- {The prefile-ef-drawdown_profiles -in vertical cross-sections for three different

angles of a slant well (y,= 0, /4, and 1/2) at different dimensionless times (tp= 1x10?, 1x10%,
and 1x10°) are presented in Figure 5. The other parameter values in Eqgs. (9) and (10) are
0=1x107, kp=1x10°, Lp,=0.5, a,=1, bp=1, yp=0.05, 2,,p=0.75, y,, = 0, and y,, = /2. As time
increases, the effect of pumping gradually propagates into the unsaturated zone (zp>1). The
vertical well leads to larger drawdown in the unsaturated zone than the slant and horizontal
wells. The reason is that the vertical well screen is more-closecloser to the unsaturated zone.

The water flux across the water table (Eq. (12)) is the volume drained from the unsaturated
zone to the saturated zone. It is somewhat related to the concept of specific yield when the
coupled unsaturated-saturated zone flow process is simplified into a saturated zone flow process
with water table served as a free upper boundary. Thus, Eq. (12) reflects the impacts of the
unsaturated zone on the water flow in the saturated zone. Figure 6 shows the changes of the
dimensionless water flux across water table, Wy, with tj of the ZZ solution and our solution at
three angles of a slant well screen (y,= 0, m/4, and t/2) (Figure 6a), and at three screen lengths
of a horizontal well (Lp= 0.1, 1.0, and 10) (Figure 6b), where the other parameters are the same
as in Figure 3.

Atthelor early times of pumping, W, increases with time, and at the later time W,
approaches an asymptotic value that is dependent on the unsaturated parameter k. Wp decreases
with kj, decreasing. The small k, reflects the large retention capacity of the unsaturated zone,
and thus it impedes mere-water draining from the unsaturated zone during pumping. - This
results in more water releaseding from the saturated zone storage and the larger drawdown in the

saturated zone (Figure 2a). The ZZ solution overestimates W), due to the fact that it neglects the
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effects of above unsaturated flow (Figure 6a). The Wp~t), curves deviate from each other
considerably for different angles of a slant well, particularly at the early time. One can see from
Figure 6a that W, of the vertical well (y,= 0) is the largest at early time, and_the Wp~t|, curves
of three angles eventually approach the same asymptotic value at late time. It means that the
vertical well leads to the greatest water drainage from the unsaturated zone at early time, and the
effects of the well orientation are insignificant with time increasing. Very different from the
angle of a slant well, the screen length of a horizontal well appears to have almost no impact on
W), for the whole pumping period (Figure 6b). Similar with Figure 6a, the magnitude of W}, in
Figure 6b is only dependent on the unsaturated parameter ip.

4.3 Synthetic pumping test

In order to further verify our solutions and to explore the capability of our solution eafor

interpreting explanatien-efpumping test results ewrves-in the unsaturated-saturated system, we

have conducted a synthetic numerical simulation. The synthetic case considers a pumping test in

an unconfined aquifer with a slant pumping well (y,=m/4. y,=0, and )/yi‘l'[/z ). The

paramtersaquifer parameter values are as follows.: Tthe unconfined aquifer thickness d is=10 m, (#rRe: 5 R
the above unsaturated zone thickness p is =5 m, the horizontal conductivity K, = K,=0.06 (R ik iR
m/min, the vertical conductivity K,#=0.5K,, the specific storage Sg=1X 10"4 m’!, and the (ke b

(#mR: Lix

specific yield S,=0.3. The unsaturated flow is deseripteddescribed by Egs. (2) and (3) with the

constitutive exponent k= 0.1 m'!. The discharge rate of the pumping well O=1 m>/min, the length [‘ﬁ?i@i’.ﬁ‘]: T ARBIR
o (AR T iR
of the pumping well screen L is =5 m, and the center of well screen locates at (x=0, y=0, z=5 m). { iz S

(mpmesRmg: 6 iR

The coupleding equations (1) -(4) of the unsaturated-saturated system are numerically solved WA Tk R

WA TR R

WA TR R

|

by COMSOL Multiphysics. a robust Galerkin finite-element software package that includes a (R TR bR
(
(

partial differential equation (PDE) paekagesolver for modeling the type of governing equations WK T B

O 0 U
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of this study. Fig. 7a shows the spatial discretization of our COMSOL model, in which the

tetrahedrons are used as the-elements for the three-dimensional 3B-model, and the elements near

both the pumping well and the unsaturated-saturated interface are refined. The number of

tetrahedral elements is 328358. The time step increases exponentially, and the total number of

time steps is 100, with a total simulation time of 220 min. Fig. 7b presents an example for the

vertical profiles (the xz-planes) of the drawdown in the unsaturated-saturated system enat /=210

(B

R fBUR

min. #Fig. 7b indicates that the COMSOL model well reproduces the drawdown in the

unsaturated-saturated system induced by a slant pumping well.

Firstly, we verify our solutions by comparing the drawdowns beth-in both the saturated and

unsaturated zones generating-by-oursolutions-with thesethe seneratingby-numerical solutions

for the same aquifer parameter values A _and

$5=03. Figs. 8a and 8b show the drawdown curves in the saturated zone at ef-an observation

point of (x=0, y=1 m, z=9 m)-inthe saturated zone usinsthe numerical solutions(triangles)and

(R

A iR

(R

AR

oursolutions{solid-eurves); and the drawdown curves in the unsaturated zone at an observation

point of (x=0, y=1 m, z=11sm m), respectively, using the numerical solution (triangles) and our

solution (solid curves). KThese figures indicates that in general our solutions satisfactorily

generally-well-fittedfits with-the numerical solution ins both #n-the saturated and unsaturated

zones, although the agreement becomes is-less geedsatisfactorily (but acceptable) at late times.

The sizes of the tetrahedral elements will affect the accuracy of the numerical solutions.

especially near the pumping well and the unsaturated-saturated interface. Although we refined

the mesh at these places, the sizes of these elements may be insufficiently small to completely

remove the numerical errors near those places-forthis-smedel. Our numerical exercises show that

Thea finer morerefined-eclement discretization for this model wil-leads to substantially greater
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computational cost, probably due to the three-dimensional nature of the modelextra-hich

computational-burden.

TFheSecondlyn, we investigate the errors whilefor using the ZWP and ZZ solutions to explain

the drawdown curves in the unsaturated-saturated system induced by the slant pumping well.

Fig. 8a shows a least squares fit of the ZWP (dashed curves) and ZZ (dotted curves) solutions to

the numerical solution, yielding parameter estimates K, = K,,=0.13 m/min, Sg=1.1X 10’2‘m’l

YT

TR

ARt

(for the ZWP solution), and K, = Ky:0.03 Am/min, S¢=2.3X 10'4p1'1, and Sy:O.32 (for the Z7Z

(R

TR

ARfA

T

T

ARt

solution), respectively. Obviously, the ZWP solution fails to fit the numerical solution

tetallyentirely and significantly overestimates the horizontal hydraulic conductivity and the

specific storage with one or two orders of magnitude due to the fact that it is thea confined-

aquifer solution-efthe-confinedaguifer. The ZZ solution dramatically deviates from the

numerical solution #aat the early and intermediate times and it fine-agrees with the numerical

solution at late time. The ZZ solution underestimates the horizontal hydraulic conductivity and

overestimates the specific storage and the specific yields.

As-has beennotedthat Aa major disadvantage of the two older models (the ZWP and ZZ

models) is that thetheyy doid not consider the unsaturated flow process-{of-ceourse-notforZWP

confined-meodel), thus they cannot be used to characterize the parameters of the unsaturated zone.

Theis newer model developed in this studyby-us, however, is capable of characterizing

parameters of both the saturated and unsaturated zones. As far as we know, this represents a

significant improvement over the older models. Furthermore, as the older models doid not

consider the unsaturated flow process that-was-proven to be important for producing the

drawdown-time curves in the saturated zone, they often cannot satisfactorily reproduce the

observed drawdown-time curves in the saturated zone in an-actual real-world aquifer pumping
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tests. The newer model has resolved this issue successfully because the used conceptual model is

closer to the physical reality of flow in an saturatedunsaturated-saturated unsaturated-system.

5. Summary and Conclusions

The coupled unsaturated-saturated flow process induced by vertical, horizontal, and slant
pumping wells is investigated in this study. A mathematical model for such a coupled
unsaturated-saturated flow process is presented. The flow in the saturated zone is described by a
three-dimensional governing equation, and the flow in the unsaturated zone is described by a
three-dimensional Richards’ equation. The unsaturated medium-zone properties are represented
by the Gardner (1958) exponential relationships. The Laplace domain solutions are derived using
Laplace transform and the method of separation of variables, and the semi-analytiealtime domain
solutions are obtained using the Stehfest method (Stehfest, 1970). The solution is compared with
the solutions proposed by Zhan et al. (2001) (confined aquifer, the ZWP solution) and Zhan and

Zlotnik (2002) (unconfined aquifer, the ZZ solution) and is verified using the finite--element

numerical solution. The conclusions of this study can be summarized as follows:
1) The unsaturated flow has significant impact on drawdown in unconfined aquifers induced by

the horizontal pumping well when dimensionless constitutive exponent i is less than 10 (the

large retention capacity of the unsaturated zone, the small initial saturated thickness, and/or the

small vertical hydraulic conductivity). For the large kp (=1 x 10%), the drawdown curves

approach the solution of the unconfined aquifer with the linearized free water table boundary
(the ZZ solution).
sbensom e e e ool For the small dissemionles oo

exponentip(=1x1075)
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3)

, the drawdown

For the small dimensionless unsaturated thickness bp(= 0.001), the drawdown curves

approach the ZWP solution. For the large unsaturated thickness by (= 100), the drawdown
curves do not approach the ZZ solution because the impact of the unsaturated flow becomes
significant at a fixed xp of 0.1.

The effects of the unsaturated zone on the drawdown eensistexist in any angle of inclination

testwith-any-angle-of inelination-ofa-slant-well, and this impact is more significant for the

case of the horizontal well. The effects of the unsaturated zone on the drawdown are insensitive

to the length of the horizontal well screen.

4) For the early time of pumping, the water volume drained from the unsaturated zone () to the

5)

saturated zone increases with time, and with time progressing, W approaches an asymptotic
value that is dependent on the unsaturated parameter k. The vertical well leads to the largest
W value during the early time of pumping, and the effects of the well orientation become
insignificant at the later time. The screen length of the horizontal well does not affect ¥ for the
whole pumping period.

By comparison with synthetic pumping test data generated by the finite-element numerical

model of COMSOL, seftware—shows one can see that our solution well reproduces the

drawdown curves beth-in both the saturated and unsaturated zones while both the ZWP and

77 solutions fail to fit the drawdown curves and they either underestimate andfor overestimate
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the horizontal hydraulic conductivity, the specific storage, and the specific yields-duete-its

4-) -

Acknowledgement

This study was partially supported with the research grants from the National Nature Science

Foundation of China (NSEC-41330314, : NSEC-41272260.; NSEC-41302180,41521001

41372253), the National Key project “Water Pollution Control” of China (20152X07204-007),

and the Natural Science Foundation of Jiangsu Province (BK20130571). We thank Dr. Shlomo P.

Neuman and another anonymous reviewer for their constructive comments for us to revise the

manuscript.

25

R gk oM 0.63 DK, TREUH S B4
5




534  References

535 Bear, J.: Hydraulics of groundwater, McGraw-Hill series in water resources and environmental - (BHRAy: TR Y )
536 engineering, McGraw-Hill International Book Co., London ; New York, xiii, 567 p. pp., L BRI S RALAL: 3,53 T, A 128 ¥ J
537 1979. ¥, EiT4REE. -3.53 FIF
538 Blumenthal, B. J., and Zhan, H. B.: Rapid computation of directional wellbore drawdown in a

539 confined aquifer via Poisson resummation, Adv Water Resour, 94, 238-250,

540 10.1016/j.advwatres.2016.05.014, 2016.

541 Bredehoeft, J.: The conceptualization model problem--surprise, Hydrogeol J, 13, 37-46,

542 10.1007/s10040-004-0430-5, 2005.

543 Chen, C. S.: Analytical and Approximate Solutions to Radial Dispersion from an Injection Well to a
544 Geological Unit with Simultaneous Diffusion into Adjacent Strata, Water Resour Res, 21,
545 1069-1076, Doi 10.1029/Wr021i008p01069, 1985.

546 Chen, C. X., Wan, J. W., and Zhan, H. B.: Theoretical and experimental studies of coupled seepage-
547 pipe flow to a horizontal well, J Hydrol, 281, 159-171, 10.1016/s0022-1694(03)00207-5,
548 2003.

549 Cleveland, T. G.: Recovery Performance for Vertical and Horizontal Wells Using Semianalytical
550 Simulation, Ground Water, 32, 103-107, 10.1111/j.1745-6584.1994.tb00617.x, 1994.

551 Crump, K. S.: Numerical Inversion of Laplace Transforms Using a Fourier-Series Approximation, J
552 Acm, 23, 89-96, Doi 10.1145/321921.321931, 1976.

553 de Hoog, F. R., Knight, J. H., and Stokes, A. N.: An Improved Method for Numerical Inversion of
554 Laplace Transforms, Siam J Sci Stat Comp, 3, 357-366, Doi 10.1137/0903022, 1982.

555 Dubner, H., and Abate, J.: Numerical Inversion of Laplace Transforms by Relating Them to Finite
556 Fourier Cosine Transform, J Acm, 15, 115-&, Doi 10.1145/321439.321446, 1968.

557 Gardner, W. R.: Some steady state solutions of unsaturated moisture flow equations with application
558 to evaporation from a water table, Soil Sci., 85, 228-232, doi:10.1097/00010694-

559 195804000-00006, 1958.

560 Hassanzadeh, H., and Pooladi-Darvish, M.: Comparison of different numerical Laplace inversion
561 methods for engineering applications, Appl Math Comput, 189, 1966-1981, DOI

562 10.1016/j.amc.2006.12.072, 2007.

563 Huang, C. S., Chen, Y. L., and Yeh, H. D.: A general analytical solution for flow to a single

564 horizontal well by Fourier and Laplace transforms, Adv Water Resour, 34, 640-648,

565 10.1016/j.advwatres.2011.02.015, 2011.

566 Huang, C. S., Chen, J. J., and Yeh, H. D.: Approximate analysis of three-dimensional groundwater
567 flow toward a radial collector well in a finite-extent unconfined aquifer, Hydrol Earth Syst
568 Sc, 20, 55-71, 10.5194/hess-20-55-2016, 2016.

569 Hunt, B.: Flow to vertical and nonvertical wells in leaky aquifers, J Hydrol Eng, 10, 477-484,

570 10.1061/(asce)1084-0699(2005)10:6(477), 2005.

571 Kawecki, M. W., and Al-Subaikhy, H. N.: Unconfined linear flow to a horizontal well, Ground

572 Water, 43, 606-610, 2005.

573 Kompani-Zare, M., Zhan, H. B., and Samani, N.: Analytical study of capture zone of a horizontal
574 well in a confined aquifer, J Hydrol, 307, 48-59, 10.1016/j.hydrol.2004.09.021, 2005.

575 Kroszynski, U. 1., and Dagan, G.: WELL PUMPING IN UNCONFINED AQUIFERS -

576 INFLUENCE OF UNSATURATED ZONE, Water Resour Res, 11, 479-490,

577 10.1029/WRO011i003p00479, 1975.

578 Kuhlman, K. L.: Review of inverse Laplace transform algorithms for Laplace-space numerical

579 approaches, Numer Algorithms, 63, 339-355, 10.1007/s11075-012-9625-3, 2013.

26



580 Mathias, S. A., and Butler, A. P.: Linearized Richards' equation approach to pumping test analysis in

581 compressible aquifers, Water Resour Res, 42, 10.1029/2005wr004680, 2006.

582 Mishra, P. K., and Neuman, S. P.: Improved forward and inverse analyses of saturated-unsaturated
583 flow toward a well in a compressible unconfined aquifer, Water Resour Res, 46,

584 10.1029/2009WR008899, 2010.

585 Mishra, P. K., and Neuman, S. P.: Saturated-unsaturated flow to a well with storage in a

586 compressible unconfined aquifer, Water Resour Res, 47, 10.1029/2010WR010177, 2011.
587 Mohamed, A., and Rushton, K.: Horizontal wells in shallow aquifers: Field experiment and

588 numerical model, ] Hydrol, 329, 98-109, 10.1016/j.jhydrol.2006.02.006, 2006.

589 Nie, R. S., Meng, Y. F., Jia, Y. L., Zhang, F. X., Yang, X. T., and Niu, X. N.: Dual Porosity and Dual
590 Permeability Modeling of Horizontal Well in Naturally Fractured Reservoir, Transport
591 Porous Med, 92, 213-235, 10.1007/s11242-011-9898-3, 2012.

592 Park, E., and Zhan, H. B.: Hydraulics of horizontal wells in fractured shallow aquifer systems, J
593 Hydrol, 281, 147-158, 10.1016/s0022-1694(03)00206-3, 2003.

594 Pechstein, A., Attinger, S., Krieg, R., and Copty, N. K.: Estimating transmissivity from single-well
595 pumping tests in heterogeneous aquifers, Water Resour Res, 52, 495-510,

596 10.1002/2015wr017845, 2016.

597 Rushton, K. R., and Brassington, F. C.: Hydraulic behaviour and regional impact of a horizontal
598 well in a shallow aquifer: example from the Sefton Coast, northwest England (UK),

599 Hydrogeol J, 21, 1117-1128, 10.1007/s10040-013-0985-0, 2013.

600 Sawyer, C. S., and Lieuallen-Dulam, K. K.: Productivity comparison of horizontal and vertical
601 ground water remediation well scenarios, Ground Water, 36, 98-103, 10.1111/5.1745-

602 6584.1998.tb01069.x, 1998.

603 Stehfest, H.: Numerical Inversion of Laplace Transforms, Commun Acm, 13, 47-&, Doi

604 10.1145/361953.361969, 1970.

605 Sun, D. M., and Zhan, H. B.: Flow to a horizontal well in an aquitard-aquifer system, J Hydrol, 321,
606 364-376, 10.1016/j.jhydrol.2005.08.008, 2006.

607 Talbot, A.: Accurate Numerical Inversion of Laplace Transforms, J I Math Appl, 23, 97-120, 1979.
608 Tartakovsky, G. D., and Neuman, S. P.: Three-dimensional saturated-unsaturated flow with axial

609 symmetry to a partially penetrating well in a compressible unconfined aquifer, Water

610 Resour Res, 43, 10.1029/2006WR005153, 2007.

611 Voss, C. I.: Editor's message: Groundwater modeling fantasies-part 2, down to earth, Hydrogeol J,
612 19, 1455-1458, 10.1007/s10040-011-0790-6, 2011a.

613 Voss, C. I.: Editor's message: Groundwater modeling fantasies -part 1, adrift in the details,

614 Hydrogeol J, 19, 1281-1284, 10.1007/s10040-011-0789-z, 2011b.

615 Wang, Q., and Zhan, H.: Intra-wellbore kinematic and frictional losses in a horizontal well in a
616 bounded confined aquifer, Water Resour Res, n/a-n/a, 10.1002/2015WR018252, 2016.
617 Wang, Q. R., and Zhan, H. B.: Radial reactive solute transport in an aquifer-aquitard system, Adv
618 Water Resour, 61, 51-61, DOI 10.1016/j.advwatres.2013.08.013, 2013.

619 Wang, Q. R., and Zhan, H. B.: On different numerical inverse Laplace methods for solute transport
620 problems, Adv Water Resour, 75, 80-92, 10.1016/j.advwatres.2014.11.001, 2015.

621 Yeh, H. D., and Chang, Y. C.: Recent advances in modeling of well hydraulics, Adv Water Resour,
622 51,27-51, 10.1016/j.advwatres.2012.03.006, 2013.

623 Zakian, V.: Numerical Inversion of Laplace Transform, Electron Lett, 5, 120-&, Doi
624 10.1049/E1:19690090, 1969.

27



625 Zech, A., and Attinger, S.: Technical note: Analytical drawdown solution for steady-state pumping

626 tests in two-dimensional isotropic heterogeneous aquifers, Hydrol Earth Syst Sc, 20, 1655-
627 1667, 10.5194/hess-20-1655-2016, 2016.

628 Zhan, H. B.: Analytical study of capture time to a horizontal well, J Hydrol, 217, 46-54,

629 10.1016/s0022-1694(99)00013-x, 1999.

630 Zhan, H. B., Wang, L. V., and Park, E.: On the horizontal-well pumping tests in anisotropic

631 confined aquifers, J Hydrol, 252, 37-50, 10.1016/s0022-1694(01)00453-x, 2001.

632 Zhan, H. B., and Zlotnik, V. A.: Groundwater flow to a horizontal or slanted well in an unconfined
633 aquifer, Water Resour Res, 38, Artn 1108

634 Doi 10.1029/2001wr000401, 2002.
635 Zhan, H. B., and Park, E.: Horizontal well hydraulics in leaky aquifers, J Hydrol, 281, 129-146, Doi

636 10.1016/S0022-1694(03)00205-1, 2003.
637 Zhan, H. B., Wen, Z., and Gao, G. Y.: An analytical solution of two-dimensional reactive solute
638 transport in an aquifer-aquitard system, Water Resour Res, 45, Artn W10501

639 Doi 10.1029/2008wr007479, 2009a.
640 Zhan, H. B., Wen, Z., Huang, G. H., and Sun, D. M.: Analytical solution of two-dimensional solute

641 transport in an aquifer-aquitard system, J Contam Hydrol, 107, 162-174, DOI

642 10.1016/j.jconhyd.2009.04.010, 2009b.

643 Zhao, Y. Q., Zhang, Y. K., and Liang, X. Y.: Analytical solutions of three-dimensional groundwater
644 flow to a well in a leaky sloping fault-zone aquifer, J Hydrol, 539, 204-213,

645 10.1016/j.jhydrol.2016.05.029, 2016.

646

28



647

Well casing

b

648

649
650

651  Figure 1 The schematic diagram of groundwater flow to a horizontal well (a) and a slant well (b) in an
652  unsaturated-saturated system.
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Figure 2 a) log-log plot of 5,5, against t,, /72 _for different values of the dimensionless unsaturated
parameter k., the ZWP solution (confined aquifer) and the ZZ solution (unconfined aquifer), and-b) log-
log plot of s;;, against tp, /v for different values of the dimensionless unsaturated thickness by,, the ZWP

solution (confined aguifer) and the ZZ solution (unconfined aquifer), ¢) log-log plot of u;, against tp, /77
for different values of the dimensionless unsaturated parameter kp, and d) log-log plot of u;, against
tp/r$ for different values of the dimensionless unsaturated thickness bp.
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Figure 3 log-log plot of s, against t;, /1 for different angles of well screen and comparison with the ZZ

solution for a) dimensionless piezometer location (0, 0.05, 0.9), and b) dimensionless

(0,0.05.0.1).
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Figure 4 log-log plot of s, against t;, /72 for different dimensionless lengths of horizontal well screen
and comparison with the ZZ solution for a) dimensionless piezometer location (0, 0.05, 0.9), and b)
dimensionless piezometer location (0, 0.05, 0.1).
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693 Figare s

694

34



695

696
697
698

699
700

701

702
703
704

705

= 10° ) -
A — iy =1x107 —rp=1x10"
— iy =1x1072 —rp=1x1072
ol 7/AAY I ZZsoluton | | k. 77 solution
107 1072 10° 102 10 1072 10° 10°

b

Figure 6 log-log plot of W), against tj, for different values of the dimensionless unsaturated parameter

Kp_and the ZZ solution with a) three angles of the slant well screen (y, = 0, /4, and /2), and b) three

dimensionless lengths of the horizontal well screen (Lp = 0.1, 1.0, and 10).

- (g B

Drawdown (m)

Figure 7 a) The grid mesh of the unsaturated-saturated system used in the Galerkin finite element

COMSOL Multiphasic program, and b) the vertical profiles (xz-planes) of the drawdown in the

unsaturated-saturated system on /=210 min for the synthetic case.
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Figure 8 a) Comparison of synthetic drawdown in saturated zone generating from numerical solution
with fitted analytical solutions using ZZ solution, ZWP solution and our solution, and b) Comparison of
synthetic drawdown in unsaturated zone generating from numerical solution with our solution.
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