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Abstract. The Turc-Budyko functionB,(@,) are dimensionless relationships relating the &t (actual evaporation over
precipitation) to the aridity indes, = E,/P (potential evaporation over precipitation). Theg &alid on long timescales at

10 catchment scale witle, generally defined by Penman’'s equation. The comefgary evaporation (CE) relationship
stipulates that a decreasing actual evaporatioarer@s potential evaporation through the drying posfethe air which
becomes higher. The Turc-Mezentsev function wilsitape parametéiis chosen as example among various Turc-Budyko
curves and the CE relationship is implemented enftrm of the Advection-Aridity model. First, we @l that there is a
functional dependence between the Turc-Budyko cangthe drying power of the air. Then, we exantireecase where

15 potential evaporatiofx, is calculated by means of the Priestley-Tayloragigm with a varying coefficient,. Introducing
the CE relationship into the Turc-Budyko functi@adls to a new transcendental form of the Turc-BadyhkctionB;'( &)
linking E/P to @, = E¢/P. The two functionsB,(®,) andB,'( &) are equivalent only it has a specified value which is
determined. The functional relationship betweenRhestley-Taylor coefficient, the Turc-Mezentséwage parameter and
the aridity index is specified and analysed.

20

1 Introduction

The Turc-Budyko curves are analytical formulatiafsthe functional dependence of actual evaporaBoon moisture
availability represented by precipitati®hand atmospheric water demand represented by temaiporatiorE,. They are
valid on long timescales at catchment scale. Maeeigely, the Turc-Budyko relationships relate #vaporation fraction
25 E/Pto an aridity index defined a8, = E,/P. Empirical formulations have been obtained by $niitting to observed values
(Turc, 1954; Budyko, 1974). Analytical derivatiohave also been developed (Mezentsev, 1955; Fu,; &&ing et al.,
2004; Yang et al., 2008). The Turc-Budyko relatlips have been extensively used in the scienttéedture up to now and
interpreted with physical models (Gerrits et aOp@) or thermodynamic approaches (Wang et al., 2003r some of the

formulations the shape of the curve is determined Iparameter linked to catchment characteristiderims of vegetation
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and soil water storagéi et al., 2013; Yang et al., 2007). The most esentative functions/P = B(®,) are shown in Table
1 (see Lebecherel et al. (2013) for an historiceraew) and one of them (Turc-Mezentsev) is repné=d in Fig. 1 for
different values of the shape parameter. Steadg-standitions are assumed, considering that alvtager consumed by
evaporatiorE comes from the precipitatidh and that the change in catchment water storagié iB-E = Q with Q the total

5 runoff. All the Turc-Budyko functions should necasly verify the following conditions: (i) = 0 if P = 0, (i) E <P
(water limit), (i) E< E, (energy limit), (iv)E — E, if P— +c0. These conditions define a physical domain whieeeTiurc-
Budyko curves are constrained (Fig. 1). It is ies#ing to note also that any Turc-Budyko funct®melatingE/P to @, can
be transformed into a corresponding functigrelatingE/E, to LZ?p'l: P/E, (Zhang et al., 2004, Yang et al., 2008). Indeed
we have

E _ E P _ _ 1

10 o B, (‘Dp ') = PE, By(®,)®, ! = &,'B, (a) . @)
Potential evaporation, which establishes an ugpet fo the evaporation process in a given envirentmis generally given
by a Penman-type equation (Lhomme, 1997a). ltdsstim of two terms: a first term depending on #wation loadR, and

a second term involving the drying power of the @mbatmospherg,

] Y
mRn'FmEa . (2)

Ep =

15 In Eq. (2)y is the psychrometric constant addthe slope of the saturated vapour pressure curegr demperatureE,
represents the capacity of the ambient air to extrater from the surface. It is an increasing fiomcof the vapour pressure
deficit of the airD, and of wind speed through a wind functiorfi(u): E; = f(u) D,. Contrary to precipitation, potential
evaporationE, is not a forcing variable independent of the stef&, is in fact coupled t&E by means of a functional
relationship known as the complementary evaporatielationship (Bouchet, 1963), which stipulatest tipatential

20 evaporation increases when actual evaporation @sese This complementary behaviour is made thr¢hughirying power
of the airE;: a decreasing actual evaporation makes the amaiedtier, which enhances, Bnd thus potential evaporation.
Eq. (2) takes into account this complementary bielm\through the drying powet,, which adjusts itself to the conditions
generated by the rate of actual evaporation. klse the case, for instance, whEpis calculated as a function of pan
evaporation.

25 However, in most of Turc-Budyko functions encouatkin the literaturef, is not accurately defined. Choudhury (1999, p.
100) noted that “varied methods were used to cafefd, and these methods can give substantially differesults”. Many
formulae, in fact, can be used to calculate themal rate of evaporation, each one involvingetiht weather variables
and yielding different values. Some formulae arsedaupon temperature alone, others on temperanhderadiation
(Carmona et al., 2016). In the present study wenin@ the case whels, is estimated via a Priestley-Taylor type equation

30 (Priestley and Taylor, 1978) with a variable caaéinto,:

A
Ey = “omRn . (3)
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Soil heat flux is neglected on large timescale. @befficientao, generally named Priestley-Taylor coefficientsigmposed to
increase with climate aridity, from aroudd?5 up to1.75 (Shuttleworth, 2012), which can be seen as a tdaesequence
of the complementary evaporation relationship. Lh@m(1997b) made a thorough examination of the wefit oq by
means of a convective boundary layer model.

In the present paper, the behaviour of the dryiogegy of the ailE, will be examined, together with its physical boarids,
in relation to the actual rate of evaporation peestl by the Turc-Budyko functions. It will be alsbown that the coefficient
ao has a functional relationship with the shape patamef the Turc-Budyko curve and the aridity ind&khe standpoint
used in this study differs from various previou@ipts undertaken in the literature to examine fdifferent perspectives
the links between Bouchet and Turc-Budyko relatidps, investigating their apparent contradictoryhdgour. For
example, Zhang et al. (2004) established a pardlktiveen the assumptions underlying Fu's equatiod the
complementary relationship. In a study by Yangle{2006) concerning numerous catchments in Chima,consistency
between Bouchet, Penman and Turc-Budyko hypotheasstheoretically and empirically explained. Lintre al. (2015)
examined the Budyko and complementary relationshgsg an idealized prototype representing the iphysf large-scale
land-atmosphere coupling in order to evaluate tithrapogenic influences. Zhou et al. (2015) devetbp complementary
relationship for partial elasticities to generatarcdFBudyko functions, their relationship fundamdgtadiffering from
Bouchet's one. Carmona et al. (2016) proposed a&ptaw to overcome a physical inconsistency ofBuelyko curve in
humid environments, this new scaling approach icitbfiincorporating the complementary evaporatielationship.

The paper is organized as follows. First, the bagigations used in the development are detailedchivice of a particular
Turc-Budyko function is discussed and ttemplementary evaporation relationship, implementedugh the Advection-
Aridity model (Brutsaert and Stricker, 1979) is ggated Second, the feasible domain of the drying powethefairE, is
examined, together with the correspondence betlgamd actual evaporation in dimensionless form. d ithe functional
relationship linking the Priestley-Taylor coeffinien, to the shape parameter of the Turc-Budyko funcéind the aridity
index is inferred. In the following development, UfE-Budyko” will be abbreviated in TB and “complentary

evaporation” in CE.

2 Basic equations

Among the TB functions given in Table 1, one paiftc form is retained in our study: the one inigiadbtained by Turc
(1954) and Mezentsev (1955) through empirical aersitions and then analytically derived by Yangle{2008) through
the resolution of a Pfaffian differential equatiaith particular boundary conditions. Three reasguiled this choice: (i)
the function is one of the most commonly used;itiinvolves a model parametérwhich allows it to evolve within the
Turc-Budyko framework; (iii) it has a notable siraphathematical property expressedfd&/x) = F(x)/x This last property
means that the same mathematical expression id f@liB; and B, (Eq. 1). The so-called Turc-Mezentsev function is

expressed as:
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It is written here with an exponent noteéhstead of tha generally used (Yang et al., 2009). The slopéefdurve for@,

= 0 is 1. When the model parametérincreases frond to +oo, the curves grow from the x-axis (zero evaporgtionan
upper limit (water and energy limits), as showrFig. 1. In other words, whehincreases, actual evaporation gets closer to
its maximum rate and whed, tends to infiniteE/P tends tol. The intrinsic property of Eq. (4) allows it to ransformed
into a similar equation witE/E, replacingE/P and @, replacing®, (see Figs. 2a, b):

E A7 B

== By(@yt) = 0t [1 +(o51) ] = [1 +(o;1) ] : (5)

Fu (1981) and Zhang et al. (2004) derived a vemyjlar equation with a shape paramete(see Table 1) and Yang et al.
(2008) established a simple linear relationshipveen the two parameters = 1 + 0.72). In the rest of the paper, the
development and calculations are made with the -Mezentsev formulation. However, similar (but lessaightforward)
results can be obtained with the Fu-Zhang formute¢see the supplementary material S4).

The complementary evaporation (CE) relationshipresges that actual evaporatiEnand potential evaporatioB, are
related in a complementary way following

E + bE, = (1 + b)E,, . (6)

E. is the wet environment evaporation, which occunemE = E; andb is a proportionality coefficient (Han et al., 2012
Various forms of the CE relationship exist in titerfture (Xu et al., 2005). In our analysis, iinterpreted in the widely
accepted framework of the Advection-Aridity modBritsaert and Stricker, 1979), whdre= 1, potential evaporatiok, is

calculated using Penman’s equation (Eq. 2)Bpi expressed by the Priestley-Taylor equation

yi)
Ey=ay——Ry , (7
A+y

where the coefficient,, has an estimated and fixed valuelda26 E, only depends on net radiation and air temperature
through4. As already said in the introduction, the complatagty betweerE andE, is essentially made through the drying
power of the ailE,: a decrease in regional actual evaporation, camisecto a decrease in water availability, generate
drier air, which enhancés, and thuss,. The fact thak, (Eg. 3), as a substitute f&p, should also verify the CE relationship

implies thato,, < oo < Zay,.

3 Feasible domain of the drying power of the air and correspondence with the evaporation rate

As a consequence of the CE relationship, the drgimger of the aiE, is linked to the evaporation rate. Its feasiblendm
is examined hereafter by determining its boundimgntiers and its behaviour is assessed as a funofithe evaporation

rate. Inverting Eq. (2) and replacing its radiateem byE,, (Eqg. 7) yields to
A Ew
E,=(1 +;) (B, -22). 8)

aw
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Taking into account the CE relationship (Eq. 6 v#t1) and scaling b¥, leads to

2ol
Inserting Eq. (5) into Eq. (9) gives
=0(e") = (1+2) (1 — ﬁ{l + @, 1+ (251)" ]%}) : (10)

5 This means that the raty/E, can be also expressed and drawn as a functiaty bike the TB functions. Given that there
is a water limit expressed ifly< E < P and an energy limit expressed @y E < E, the functionE./E,= D(tDp'l) should
meet the following three conditions:

0] E > 0 implies thats, < E,«given by:

Eqx _ A 1

E_(1+;)(1—E). (11)
10 (i) E < P implies thats, > E, n;given by:

Ean1 _ A P £

B, (1 + y) [1 2ay (1 + Ep)] : 12)

(iii) E < E, implies thate, > E, nogiven by:
Eanz2 _ 4 _ 1
? - (1 + y) (1 aw) ’ (13)

With E, as scaling parameter, the feasible domaiB4E, in the dimensionless spac@* = P/E,, E/E,) is shown in Fig.

15 2c: when evaporation is niE,= E, x is maximum (upper boundary in Fig. 2c); when evapon is maximalE, is minimal
(lower boundary in Fig. 2c). The maximum dimensims! differenc®* between the upper boundafy (/E;) and the lower
boundary is obtained by subtracting Eq. (13) fraqm @&1):

D= (1+3). (14)
There is a correspondence between the TB cUfffes= B,(®,) andE/Ep =Bz(¢p'1) drawn into Figs. 2a, b and the one of
20 EJE~ D(wp'l) drawn in Fig. 2c. Figs. 2a, b, ¢ show this coroesfence for a particular case definediby1 andT = 15°C
(4 = 110 Pa °CY). When the TB curves reach their upper limit, i.evéry evaporative environments, the corresponding
curve E//E, reaches its lower limit. Conversely, when the TiBves reach their lower limit, i.e. the x-axis (ewaporative
environment), the correspondifig/E,, curve reaches its upper limit.
It is interesting to note that the parametef the Turc-Mezentsev functidras a clear graphical expression. Denotingiby
25 the maximum difference between the Turc-Mezentsavec and its upper limit (Fig. 2a), this differenf@® < d* <1)

obviously occurring fo®, = P/E, = 1, we have from Eq. (4)

1
d*=1-2"7, (15)
which leads to
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When d* varies from1 to 0, the parametef varies fromO to +o. The value corresponding @* in the graphical
representation dt,/E,;= D( wp'l) (Fig. 2c) is the differencé* between thé&,/E, curve (Eq. 10) and its lower boundary (Eq.
13) forP/E,= 1. It is given by

y=(1+9;t@—2%)=DWh an

This simple relationship shows that the dimensissidifferencesl* andJ* vary simultaneously in the same direction with a
proportionality coefficient equal tb*, whose value is close o It is a direct consequence of the CE relationsiWpend*
decreases, i.e. the dimensionless evaporation(E#eeor E/E,) increasesg* decreases, i.e. the drying power of theRir
decreases: for a constant wind speed, the air becomtter.

In the next section, another consequence of theeGHonship will be examined in relation to thdueaof the Priestley-

Taylor coefficient and its dependence on the ragctual evaporation.

4 Linking the Priestley-Taylor coefficient to the TB functions

Using the CE relationship as a basis, this seaticamines the link existing between the Priestleyldracoefficientag
defined by Eq. (3) and the Turc-Mezentsev shaparpeteri (Eq. 4). Combining Egs. (3), (6) and (7) potengighporation
can be written as

@:2%%—5. (18)

Substituting Ein Eq. (4) by its value given by Eq. (18) and mgt#, = E¢/P gives

£ (o) [1+ (0,5 | )

Eq. (19) can be rewritten as

o= ()= (071 v @)

Eq. (20) represents a transcendental form of thec-Wezentsev function (Eq. 4) issued from the campntary
relationship and written with®, = E(/P instead of@, = E,/P. Calling B, this new functionE/P = B/'( %), Eq. (20)
represents in fact its inverse functia = B, "%(E/P). The functionE/P = B,'( @) has properties similar to the Turc-
Mezentsev function (Eq. 4) (see the demonstratiorthe supplementary materials S1): i) wh@ntends to zeroB;'( @)
tends to zero with a slope equabige, (< 1); i) when @ytends to infinite E/P tends tol. A transcendental form of Eg. (5),

calledB,’, can be obtained by expresskfi, as a function ofty! = PIE,
7!

ot =t () =) -2 @
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FunctionB,’ has the following properties at its limits (see tupplementary materials S2): i) wheg' tends to zero,
B, (®Y) tends to zero with a slope equal to 1; i) wieyt tends to infinite E/E, tends tam/ag (< 1).
For a given value of the exponenta fixed value ofy and witha,,= 1.26, the relationship betwedf/P and @, (or between
E/E, and @) can be obtained by using numerical methods tolvesEqgs. (20) and (21). Similar calculations, mordess
5 complicated, could be made with any Turc-Budykocfion. These results show that a Turc-Mezentsevec(or any TB
curve) generates a different curve when potentiaperation is given b¥, instead ofg,. This new curve is represented in
Fig. 3 by comparison with the original ofoe two values of the shape parametgp.5 and2) assumingy, = a,,= 1.26. The
new curve has a form similar to the original onghwhe same limits & and+o, but itis higher or lower depending on the
value ofay. It is worthwhile noting also thd&,' is different fromB,’, contrary toB, (Eq. 5) which is identical t8, (Eq. 4).
10 Nevertheless the two curves are very close, asmsiowig. 4, and it is easy to verify they have saene value fo, = @y
=1,
We have now two sets of TB functior®’; andB’, (Egs. 20 and 21) involvings, = Ey/P and their corresponding original
formulationsB, andB, (Egs. 4 and 5) as a function @} = E//P. The question now is to find out the valueogfwhich
allowsB’; to be equivalent (or the closest) to the origihatc-Mezentsev function B Both equations expressigP as a
15 function of an aridity index® (@, or &), the expression af, can be inferred by matching Eq. (20) and Eq. f@gha given

value of the aridity index®, B; andB;’ should give the same value ®fP. This leads to

Mg = —— (22)

1+(1+07)
The same relationship (Eq. 22) is obtained by matrB’, with B,. It is worthwhile noting that whew, is expressed by Eq.
(22) and @, tends to zero (o®,™ tends to infinite)mao in Egs. (20) and (21) tends 1o This means that these equations
20 have the same limits as their original equatiorgs(E and 5). Putting the value @f defined by Eq. (22) int®," andB,’
(Egs. 20 and 21) leads to new transcendental emsalinkingE/P and &, (or E/E, and &) which are exactly equivalent to

the original Turc-Mezentsev functions (Egs. 4 apd=binctionB,’ transforms into
—1/2

] e ey, @
andB,’ into
25 {1+[1+ (@) - Eio}ﬁ1 = (Eio)d1 — (@), (24)

In the supplementary material (S3) we show that dhiginal Turc-Mezentsev functions are the solwioof these

transcendental equations.

For every value of and @, a unique value af, can be calculated by means of Eq. (22)being fixed. In this equatiom, =

f(1, @), @represents climate aridity anidcatchments characteristics in relation to itsigbib evaporate (the greatérthe
30 higher its evaporation capability). The Priestlegylbr coefficientay appears to be an increasing function®fand a

decreasing function of. Fig. 5ashows the relationship between and A for different values of®. a4 tends to2a,, when

7
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tends to zero (non-evaporative catchment) whaté¢hvervalue of @ When 1 tends to infinity (i.e. very evaporating
catchment), the limit o, depends on the value df For @ < 1 the limit isa,, and for@ > 1 the limit is the branch of the
hyperbole2a,, @ (1+ @). Fig. 5b shows the relationship betwesnand @ for different values of. When @tends to+w
(very arid catchment), the coefficieng tends to2a,,. When @ tends to0 (very humid catchmenty, tends toa,. These

5 results illustrate the simple functional relatioipséxisting between the Priestley-Taylor coeffitighe TB shape parameter
and the aridity index. Similar results are obtaimétbn the Fu-Zhang formulation is used, as detariettie supplementary
material S4.

5 Summary and conclusion

The TB curves have two different and equivalentetisionless expressior3; whereE/P is a function of the aridity index
10 @,= E/P, andB, whereE/E, is a function of®," = P/E,; anyB, curve can be transformed into an equiva@nturve and
conversely. Among various TB type curves, the TMezentsev one (Eg. 4) with the shape paranieteas chosen because
it is commonly used and has the remarkable promgrhaving the same mathematical expression in teghesentationB,
or B,. Using Penman’s equation (Eq. 2) to express paieaaporation and introducing the complementargperation
relationship in the form of the Advection-Aridity adel with its parametes,, (Eqs. 6 and 7), it was shown that the
15 dimensionless drying power of the &ir= E,/E, expressed as a function ;™ has upper and lower boundaries and that
there is a functional correspondence between tharfd® curves. Next, we examined the case where potentadoration
is expressed by the Priestley-Taylor equatiBp given by Eqg. 3) with a varying coefficiemt instead of the sounder
Penman’s equation. Introducing the CE relationshighe form of the Advection-Aridity model showsaththe Turc-
Mezentsev function linking/P to @,= E,/P (Eq. 4) transforms into a new transcendental fofihe Turc-Budyko function
20 By linking E/P to @, = E¢/P (Eq. 20), only numerically resolvable. The PriegtTaylor coefficientay should have a
specified value as a function af, 4 and @ = @, so that the two curveB, andB,’ be equivalent. This means that the
coefficientag (aw < a0 < Zay) is intrinsically linked to the shape parametesf the Turc-Mezentsev function and to the
aridity index.

6 List of symbols

25 B function linkingE/P to @,= E,/P.
By function linkingE/P to @, = Eo/P given by Eq. (20).
B, function linkingE/Es to &, = P/E,.
B, function linkingE/E, to @, = P/E, given by Eq. (21).
D function linkingE4/E;, to P/E,.
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D* difference between the upper and lower boundaifi&s[-].
d* maximum difference between the Turc-Budyko cume igs upper limit [-].
E actual evaporation [L].
E, potential evaporation expressed by Penman'’s esufit™.
5 E potential evaporation expressed by Priestley-Tagtpiation [LT].
Ey wet environment evaporation in the CE relationghip™].
P precipitation [LTY.

E, drying power of the air [LT].

E... lower limit of E, given by Eq. (12) [LT].
10 E... lower limit of E, given by Eq. (13) [LT].

Eax  upper limit ofE, given by Eq. (11) [LT.

R, net radiation [LT].
ag coefficient of the Priestley-Taylor equation [-].
O =1.26 [-].
15 y psychrometric constant [M1T2°CY].
4 slope of the saturated vapour pressure curvie traperature [M T2 °C7].
o* maximum difference between tBg/E, curve and its lower boundary [-].
A shape parameter of the Turc-Mezentsev equakienQ) [-].

@, aridity index calculated witkq (@ = Eo/P) [].
20 @, aridity index calculated witk, (@, = E/P) [-].
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Figure 1: The Turc-Mezentsev relationship Eq. (4) between the ratio E/P and the aridity index @, = E/P for four values of the
10 parameter A (0.3, 0.5, land 3). The bold lineindicates the upper limit of the feasible domain.
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Figure 2: Correspondence between the two forms of the Turc-Mezentsev functions (E/P = By(@®,), given by Eq. (4) and E/E, =

15 Bz(wp‘l) given by Eq. (5)) and the function defining the drying power of the air EJ/E, = D(¢p'1) given by Eg. (10). The calculations
are made with a shape parameter A = 1and atemperature of 15°C. E, JE, = 1.59 E, nJE,= 0.54 d* = 0.5Q D* = 1.05and & = 0.52
Thebold linesindicate the upper limit of the feasible domain.
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Figure 5: Variation of the Priestley-Taylor coefficient aq: (a) as a function of the aridity index @ for different values of the shape
parameter A of the Turc-Mezentsev function; (b) as a function of A for different values of the aridity index @ (Eq. (22) with a,, =

1.26). Thebold linesindicate the upper and lower limits of the feasible domain.

Table 1: Different expressionsfor the Turc-Budyko curvesasa function of the aridity index @,

Equation Reference

1 1/2 Budyko (1974)
E/P = {cbotanh(a)[l - eXp(—d’p)]}
P

E/P = b, [1+(2,)" ]_%

s Fu (1981), Zhang et al. (2004
E/P =1+, [1+(2,)" | (1981) g etal. (2009)

1+wo, Zhang et al. (2001)
Efp=——"F —
1+wd, + @,
k i/n Zhou et al. (2015)
E/P = <1+k<bp">

Turc (1954) withl = 2, Mezentsev (1955), Yang et al. (2008)
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