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Abstract

In a hydrological modelling scenario, often the modeller is confronted with external
data, such as remotely-sensed soil moisture observations, that become available to
update the model output. However, the scale triplet (spacing, extent and support) of
these data is often inconsistent with that of the model. Furthermore, the external data
can be cursed with epistemic uncertainty. Hence, a method is needed that not only in-
tegrates the external data into the model, but that also takes into account the difference
in scale and the uncertainty of the observations. In this paper, a synthetic hydrological
modelling scenario is set up in which a high-resolution distributed hydrological model
is run over an agricultural field. At regular time steps, coarse-scale field-averaged soil
moisture data, described by means of possibility distributions (epistemic uncertainty),
are retrieved by synthetic aperture radar and assimilated into the model. A method is
presented that allows to integrate the coarse-scale possibility distribution of soil mois-
ture content data with the fine-scale model-based soil moisture data. To this end, a
scaling relationship between field-averaged soil moisture content data and its corre-
sponding standard deviation is employed.

1 Introduction

Soil moisture, one of the leading actors in the hydrological cycle, influences consid-
erably evaporation, infiltration, and runoff processes. Other processes such as plant
growth and bio-geochemical fluxes in the terrestrial hydrosphere, are also largely de-
termined by soil moisture. Soil moisture is therefore a key variable in hydrological
models whose predictive capability can be improved through assimilating soil moisture
observations (e.g. Crow and Ryu, 2009; Brocca et al., 2009; De Lannoy et al., 2007a,b;
Merlin et al., 2006). However, acquiring in situ soil moisture measurements with a high
space-time resolution is often expensive and labour intensive. Therefore radar remote
sensing is often presented as an alternative to offer high spatial resolution soil moisture
data in hydrological data assimilation studies. Yet, soil moisture estimation from radar
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remote sensing as for instance from the Synthetic Aperture Radar (SAR) backscattered
signal is hampered by, among other things, the difficulty to correctly parameterize soil
roughness (Alvarez-Mozos et al., 2009; Lievens et al., 2009; Verhoest et al., 2008; Cal-
lens et al., 2006; Davidson et al., 2000; Oh and Kay, 1998), as a wide range of possible
parameter values can be obtained for a given roughness class. A solution to this pa-
rameterization problem is the use of a possibility distribution reflecting the possible soil
roughness parameter values for a particular roughness class or tillage state (Verhoest
et al., 2007). Using the possibility distribution of soil roughness in the soil moisture
retrieval procedure from SAR results in a possibility distribution of soil moisture con-
tent. Vernieuwe et al. (2011) further elaborated on the use of possibility distributions in
soil moisture estimation from SAR by taking into account the interactivity between the
roughness parameters as to reduce the non-specificity in the possibility distribution of
soil moisture content.

Generally, the soil moisture content estimation of an agricultural field on the basis of
high resolution SAR images is performed using field-averaged backscatter values. Ap-
plication of the possibilistic soil moisture retrieval technique as in Verhoest et al. (2007)
and Vernieuwe et al. (2011), using a field-averaged backscatter value hence leads to
a possibility distribution of soil moisture content reflecting its possible field-averaged
values. When this possibility distribution of soil moisture content is then assimilated
into a distributed hydrological model, some elementary difficulties arise. First, a scale
gap exists when the distributed model is employed at a finer resolution than the field
scale, for instance as to meet precise agricultural needs or to model rainfall/runoff in
a small hydrological catchment. The within-field variability of soil moisture may be
significant (Minet et al., 2011b; Hupet and Vanclooster, 2002; Western and Bloschl,
1999) and may have a significant impact on field-scale hydrological behaviour (Minet
et al., 2011a; Mallants et al., 1996), which justifies the spatial distribution of hydro-
logical parameters within a field plot for accurate hydrological modelling. Second, the
possibility distribution of soil moisture content represents the possible field-averaged
soil moisture contents for a given field, whereas an empirical probability distribution,
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reflecting the within-field soil moisture variability can be computed on the basis of the
fine-scale soil moisture content values predicted by the hydrological model. So, dif-
ferent uncertainty representations of the field-averaged soil moisture content are to be
considered. Therefore, in order to integrate a coarse-scale possibility distribution of
soil moisture content within a fine-scale modelling framework, a technique is needed
that can deal with the difference in scale and that can furthermore take into account
the different types of uncertainty incorporated in both data types.

A number of studies already dealt with the relationship between the averaged soil
moisture content and soil moisture variability (e.g. Ivanov et al., 2010; Famiglietti et al.,
2008; Vereecken et al., 2007; Western et al., 2003; Hupet and Vanclooster, 2002; West-
ern and Bloschl, 1999). Famiglietti et al. (2008) and Western and Bloschl (1999) noted
that soil moisture variability depends on the overall coverage or the extent within which
soil moisture is measured. In Famiglietti et al. (2008), an exponential-based relation-
ship that relates soil moisture variability, expressed as its standard deviation, and the
averaged soil moisture content value is introduced. Alternatively, Penna et al. (2009)
and lvanov et al. (2010) mention a parabolic relationship. Integrating an estimation of
the field-averaged soil moisture content value, represented by means of a possibility
distribution, on the one hand, and the within-field soil moisture variability, represented
by means of a probability distribution, on the other hand, both stemming from differ-
ent sources of information, should therefore take into account the existence of such a
relationship.

In addition, some papers already exist in which probabilistic and possibilistic un-
certainty are combined. Guyonnet et al. (2003) proposed a hybrid method in which
Monte Carlo random sampling of probability distributions is combined with fuzzy in-
terval analysis. They demonstrated their method in a risk assessment case study of
human exposure to the presence of cadmium. Baudrit et al. (2006) further elaborated
on this method. Baudrit et al. (2007) then compared different methods for the propa-
gation of probabilistic and possibilistic uncertainty in a risk assessment case study of
groundwater contamination.
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In this paper, a method is developed that integrates coarse-scale uncertain field-
averaged soil moisture content and fine-scale soil moisture variability. The method is
based on a scaling relationship reflecting the relationship between the within-field soil
moisture variability and its averaged soil moisture content. The scaling relationship is
identified on the basis of synthetically generated soil moisture data and the method is
demonstrated in a data assimilation framework by means of a twin experiment.

This paper is organised as follows. Section 2.1 provides some background on pos-
sibility theory and the possibilistic retrieval method to obtain the possibility distributions
of field-averaged soil moisture content. Section 2.2 describes the identification of the
relationship between mean soil moisture content and its variability. Section 3 then ex-
plains the method used to integrate the coarse-scale possibility distribution with the
fine-scale modelled soil moisture content values. The integration method is subdivided
into two steps. A first “disaggregation” step (Sect. 3.1) describes how the possibility
distribution of soil moisture content is combined with the relationship between field-
averaged soil moisture content and its standard deviation in order to establish a bundle
of cumulative normal distribution functions. A second “update” step (Sect. 3.2) then
demonstrates, by means of a data assimilation twin experiment how this bundle can be
further employed to update the soil moisture contents in a spatially distributed hydro-
logical model. Finally, Sect. 4 formulates the conclusions and a few perspectives for
future research.

2 Data
2.1 SAR-based soil moisture data

It is widely known that one of the advantages of Synthetic Aperture Radar (SAR) is its
potential to offer high resolution soil moisture content data at a regional extent. How-
ever, apart from the soil moisture content, the backscattered radar signal is also influ-
enced by the soil roughness state of the field under consideration. Numerous studies
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already reported the difficulty of determining the correct values of bare soil surface
roughness parameters, described as root mean square (rms) height and correlation
length (e.g. Alvarez-Mozos et al., 2009; Lievens et al., 2009; Verhoest et al., 2008;
Callens et al., 2006; Mattia et al., 2003; Davidson et al., 2000; Oh and Kay, 1998).
Consequently, obtaining accurate soil moisture values using backscatter models that
rely on this type of soil parameters, such as the widely used Integral Equation Model
(IEM) (Fung, 1994; Fung et al., 1992) remains a tedious task. As precise knowledge
of the correct roughness parameters of the field under consideration is not available, it
is natural to describe its roughness by means of possibility distributions as suggested
by Verhoest et al. (2007). In contrast to a probability distribution that represents uncer-
tainty originating from variability, a possibility distribution represents uncertainty stem-
ming from a lack of knowledge, also called epistemic uncertainty. It assigns possibility
degrees m,(x) € [0,1] to the values x of a variable v, for which unsurprising parameter
values receive a possibility degree equal to 1, whereas impossible parameter values
receive a possibility degree equal to 0. The set of values that have a possibility degree
greater than or equal to a, withO< a < 1:

(Mg ={x|n(x) 2 aj}, (1)

is called the a-cut of the possibility distribution. An example of a trapezoidal possibility
distribution in which an a-cut is indicated, is presented in Fig. 1. The possibilistic
retrieval method as described in Verhoest et al. (2007) uses trapezoidal possibility
distributions for rms height and correlation length, which are then propagated through
the inverse IEM as to obtain a possibility distribution of soil moisture content, following
Zadeh’s extension principle (Zadeh, 1975):

Mg(2) = sup min(my(x),me(y)). (2)
f(x,y)=z
with x, y and z values of rms height s [L], correlation length € [L] and soil moisture
content @ [-], respectively. The function f represents in this particular application the
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inverse IEM. By applying the extension principle, the couples (x,y) that are mapped
to z are selected and their joint possibility degree is calculated as min(mg(x),m,(y)).
The possibility degree of z is then obtained by taking the supremum of all joint pos-
sibility degrees of the respective couples (x,y). For a continuous function f and for
possibility distributions whose a-cuts are closed intervals, the extension principle can
be applied more practically on the basis of a-cuts (Nguyen, 1978). In a first step, a
level a is selected for which the a-cuts of the possibility distributions of the input vari-
ables are determined. Next, interval analysis is applied to identify the corresponding
a-cut of the possibility distribution of the output variable. By repeating the procedure for
different a-levels, the possibility distribution of the output variable can be established.
The minimum operator used in Eq. (2) furthermore indicates that the variables s and
¢ are treated as if they are separable or non-interactive. However, if the variables are
interactive, a joint possibility distribution can be defined, and directly used in Eq. (2)
instead of the minimum operator on the individual possibility distributions. Vernieuwe
et al. (2011) used the possibilistic Gustafson-Kessel fuzzy clustering algorithm (Krish-
napuram and Keller, 1993) to determine the joint possibility distribution of rms height
and correlation length as to take into account the interaction between both variables.
In this paper, the joint possibility distribution of soil roughness parameters, as deter-
mined in Vernieuwe et al. (2011), for the rotary tilled roughness class (corresponding
to seedbed) and a profile length of 4m is employed (see Fig. 2). All applications of
the possibilistic soil moisture retrieval procedure employed in this paper are performed
with the inverse IEM for a VV polarised, C-band (frequency of 5.3 GHz) radar config-
uration, an incidence angle of 17° and an agricultural field for which an exponential
correlation function is used. The soil characteristics of this agricultural field are listed in
Table 1. Furthermore, as the field-averaged backscatter values were used as input to
the possibilistic retrieval procedure, it is important to note that the obtained possibility
distribution of soil moisture content reflects the possible values of field-averaged soil
moisture content.
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2.2 Identification of the scaling relationship

Several studies have already confirmed the existence of a relationship between the
standard deviation of the soil moisture content values within a given extent and the
corresponding averaged value. However, if such a scaling relationship is to be used
within a modelling framework, the expected variability at the model resolution should
be related to the average soil moisture value at a coarser scale (e.g. the field level).
In order to establish such a scaling relatonship, a large number of detailed within-field
observations should be performed for very dry to very wet conditions. One way to ob-
tain such information is through detailed soil moisture monitoring campaigns, using for
instance nearby remote sensing platforms such as GPR platforms (e.g. Minet et al.,
2011b). Unfortunately, due to a lack of sufficient measured field data to cover the full
range of soil moisture conditions, modelled soil moisture content values are used in
the present work. Therefore, the TOPMODEL-based (Beven and Kirkby, 1979) land-
atmosphere transfer scheme (TOPLATS) (Famiglietti and Wood, 1994) was employed
to synthetically generate the scaling relationship between mean soil moisture content
8,, and its standard deviation & for the bare soil agricultural field under consideration
(with soil parameters listed in Table 1) for which heights range from 125m to 139m.
To this end, the topographic index for this field was determined at a 5m x 5m resolu-
tion, yielding values from 5 to 16. The other model parameters were obtained through a
lumped application of TOPLATS to the Zwalm catchment as described in Pauwels et al.
(2001), given the fact that this catchment has similar characteristics as the field that is
studied. The model was forced with a four and a half year spanning hourly meteoro-
logical data set containing air and dew point temperature (°C), solar radiation (W m'z),
wind speed (m 3‘1) and precipitation (m s ). Inorder to oblige the model to reach lower
field-averaged soil moisture contents, the model was further forced with the same me-
teorological data set except for the precipitation data that were decreased to 10% of
their original value. Figure 3 shows the obtained plot of field-averaged soil moisture
content values versus their corresponding standard deviation. A large variability of the
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standard deviation around the mean soil moisture content values is observed. Several
authors (e.g. lvanov et al., 2010; Teuling et al., 2007; Vereecken et al., 2007; Teuling
and Troch, 2005) already argued that different factors such as hysteresis, climate vari-
ability, topography, antecedent states and soil heterogeneity influence the spatial soil
moisture variability and lead to a non-unique relationship. In that respect, Western et al.
(2003) found a large variability of relationships between field-averaged and standard
deviation of soil moisture content when comparing a large number of studies based on
field measurements. lvanov et al. (2010) hypothesize the existence of an attractor in the
phase space of the hydrological system, explaining the existence of hysteresis in this
relationship. Still, in the remainder of this paper, as to simplify the method presented
hereafter, a unique relationship is fitted to the data in Fig. 3, therefore ignoring different
factors and processes underlying the non-uniqueness of this scaling relationship.

In order to identify a single scaling relationship to the data, presented in Fig. 3, four
models were tested in a 10-fold cross-validation strategy. To this end, the data set was
first randomly divided into 10 folds or groups. Each model was then identified using 9
folds, and its performance was then validated on the remaining fold. This procedure
was repeated ten times, such that each fold once served to validate the model. The
models identified on the data consist of the exponential-based relationship proposed
by Famiglietti et al. (2008) (modexp):

0 = k16,,exp(—k26,,), 3)

with k4 and k, the model parameters, two concave cubic spline models with 3 and 4
knots respectively (modg3 and modgyg), and a second order polynomial (modp). In
order to fit the splines, the Shape Language Modelling (SLM) toolkit for MATLAB® was
employed. For each model, its performance on the validation data was expressed us-
ing the relative root squared error (RRSE) (Witten and Frank, 2005), i.e.

the root mean squared error (RMSE) divided by the standard deviation of the valida-
tion data set, which hence compares the performance of the fitted model to a simple
“no-knowledge’s’ model that predicts the average of the actual values in the validation
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data. A value of 1 then indicates that the model behaves as good as the ‘no-knowledge’
model. Table 2 lists the minimal and maximal RRSE values obtained during the 10-fold
cross-validation for each model. These results clearly show that the exponential-based
model proposed by Famiglietti et al. (2008) is outperformed by the other three models.
In order to decide on the best model, a non-parametric Kruskal Wallis test (Kruskal
and Wallis, 1952) was carried out to test for significant differences between the per-
formance values of all models, followed by a non-parametric comparison of a control
group to other groups (Zar, 1999), to seek one-tailed significant differences between
one group, the control group and each of the other groups. As the lowest RRSE values
are obtained by the spline model with 4 knots it is assumed that this model fits the data
best. This group of RRSE values is therefore chosen as the control group. The results
of this latter test reveal that the spline model with 4 knots outperforms the exponential-
based model and the second order polynomial, yet no significant differences are found
between the two spline models. The spline model with 4 knots was chosen to be used
throughout the remainder of this paper.

3 Integration method
3.1 Disaggregation step

The first step in the integration method consists of disaggregating the field-averaged
soil moisture content to take into account the difference in scale between the model
extent (e.g. the field) and the model resolution. On the one hand, the modeller has
at his disposal a possibility distribution of soil moisture content obtained by the SAR
(see Fig. 4) that reflects the more or less possible field-averaged soil moisture content
values. On the other hand, a spline has been determined from TOPLATS simula-
tions (see Sect. 2.2) that relates field-averaged soil moisture content values with their
corresponding standard deviations. In order to integrate the information present in the
possibility distribution with the soil moisture values predicted by the hydrological model,
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a method is established that employs a scaling relationship. Ryu and Famiglietti (2005)
concluded that the soil moisture’s spatial variability within a satellite footprint can be
described by means of a normal distribution. Other authors (e.g. Nyberg, 1996; Wilson
et al., 2003) also reported that soil moisture content is approximately normally dis-
tributed. In this method, the simple assumption that a normal distribution can be used
to describe the within-field soil moisture variability is hence adopted. For each field-
averaged soil moisture content value with a given possibility degree, the corresponding
standard deviation is obtained through the scaling relationship and the corresponding
cumulative normal distribution is determined. As the possibility distribution of soil mois-
ture content has closed a-cuts, and the spline model is a continuous function, the a-cut
method, i.e. applying interval analysis to the a-cuts in the possibility distribution, can be
employed. In Vernieuwe et al. (2011), a residual uncertainty e = 0.025 was assigned to
the entire interval of soil moisture content values. The lowest possibility level to which
the disaggregation step is applied therefore corresponds to ap = €+ with 6 > 0 a small
value. Algorithm 1 describes this disaggregation step. 8,,, and 8, denote respectively
the left and right endpoints of the a-cuts, and A8,, the discretisation step.

Data: Possibility distribution of soil moisture content
Scaling relationship (spline)
Result: Bundle of cumulative normal distributions
fora=¢+96,..., 1 do
Determine the corresponding a-cut (7, ), of the possibility distribution of 6,,
forg,=6.,06,+A68,,....6, do
Use the spline to calculate the corresponding standard deviation 6,
Compute the cumulative normal distribution, N(8,,,6.)
end
end
Algorithm 1: Outline of the disaggregation step

Figure 5 illustrates the cumulative normal distributions obtained when the disag-
gregation step is carried out for the a-cut (m)y . It can be seen that the cumulative
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normal distributions have been cut off at higher soil moisture content values than
the saturated soil moisture content value (0.46). The bundle of cumulative nor-
mal distributions obtained after performing the procedure for 11 possibility levels, i.e.
ap=€+6,a;,=01,0,=02,,..., a0 =1 is presented in Fig. 6. In this figure, distribu-
tions given in solid lines have a mean value that corresponds to the endpoints of the a-
cuts. The mean value of the central distribution, given in bold corresponds to the single
field-averaged soil moisture content value in (7). As the mean value of each cumula-
tive normal distribution originates from the possibility distribution and therefore has a
possibility degree, this degree is transferred to the cumulative distribution. Therefore, a
third dimension, reflecting the possibility degree of the cumulative normal distributions,
is associated with the bundle. This indicates that, if a cross-section of the bundle is
taken at a particular probability degree, a possibility distribution of soil moisture con-
tent values is obtained (see Fig. 7).

3.2 Update step

The second step in the integration method demonstrates the applicability of the bundle
of cumulative normal distribution functions to update the modelled soil moisture content
values. To this end, a synthetic data assimilation twin experiment is set up, in which a
modelling scenario employing a distributed hydrological model is mimicked. At certain
time steps in this experiment, SAR measurements of soil moisture content become
available, yet are represented by means of a possibility distribution of field-averaged
soil moisture content. At these time steps, the disaggregation step is then first used
to establish a bundle of cumulative normal distributions, followed by the update step to
modify the modelled soil moisture content values using the information present in the
bundle.

For the twin experiment, TOPLATS (Famiglietti and Wood, 1994) was run on the
agricultural field under consideration on a fine-scale basis of 5m x5m. The refer-
ence or further referred to as the truth was obtained with the same parameter values
used to generate the scaling relationship between field-averaged soil moisture content
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values and the corresponding standard deviations. The model was forced with an
hourly time series of meteorological data spanning half a year, different from the one
used in Sect. 2.2, containing information about air and dew point temperature (°C),
solar radiation (W m‘2), wind speed (m s'1) and precipitation (m s'1). In a next step,
field-averaged soil moisture values were sampled from this model run at four different
time steps (DOY42, DOY105, DOY117 and DOY162) that were not directly followed
by a rain event and converted into a corresponding backscatter value by means of
the IEM. To this end, the radar configuration described in Sect. 2.1 together with the
roughness parameters corresponding to the centre of the joint possibility distribution
were used. Subsequently, by applying the possibilistic soil moisture retrieval proce-
dure with the joint possibility distribution (see Fig. 2) of soil roughness parameters to
these backscatter values, the corresponding possibility distributions of field-averaged
soil moisture content were obtained.

Next, a model scenario was obtained by modifying the values of two model param-
eters of TOPLATS, i.e. the exponential coefficient of the topmodel baseflow equation
and the water table depth, as to allow the model output to deviate from the soil moisture
content values obtained by the truth. The soil moisture content values of this model
run (further referred to as the baseline run) were then obtained by forcing the model
with the same meteorological data as used in the truth, however with these modified
model parameters. At the time steps corresponding to the sampling time steps (DOY
42, DOY 105, DOY 117 and DQOY 162) at which the SAR-retrieved possibility distribu-
tions were acquired the disaggregation step (see Sect. 3.1) was employed to establish
a bundle of cumulative normal distributions. According to the information present in
this bundle, i.e. the cumulative normal distributions and their possibility degrees, the
soil moisture content values predicted by the model with the modified parameters at
the considered time step, can be updated, i.e. the external data of soil moisture con-
tent values are assimilated into the model (the so-called assimilated run). To this end,
an empirical cumulative distribution function (cdf) of modelled soil moisture content val-
ues for the agricultural field, F“@(e;em,es) having mean 6, and standard deviation 6,
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is first established (the green distribution in Fig. 8). This empirical distribution func-
tion is then optimised according to the information present in the bundle following an
iterative optimisation procedure. Therefore, the empirical mean value is shifted and
the corresponding standard deviation calculated according to the scaling relationship.
The empirical distribution is then recomputed such that its mean value and standard
deviation correspond to these new values. At each probability level of the modified
empirical distribution, a cross section of the bundle similar to the ones shown in Fig. 7
can be taken such that a possibility distribution is obtained. For each soil moisture
content value in the modified empirical distribution, a possibility degree can then be
determined from the possibility distribution of the cross section corresponding to the
probability level of that soil moisture content value. The ‘optimal’ empirical distribution
is then the one that is located as good as possible in the bundle i.e. the one for which
the minimum of all these possibility degrees is maximized:

O = argmax[min[pos(Fo(8;6,,, 6,1, (4)
Om

with lfe, the cdf of modelled soil moisture content values to be optimised, and pos the
possibility degrees of /3@ in the bundle. It is important to note that, by using this method,
the field-averaged soil moisture value, given by the SAR, and present in the bundle is,
fully trusted. Yet, the soil moisture pattern as predicted by the hydrological model is pre-
served. The optimisation procedure was performed in this experiment using the golden
section search combined with the parabolic interpolation method (Forsythe et al., 1976;
Brent, 1973) (available in Matlab®). The search interval was bounded by the mean
values of the outer left and right distributions in the bundle, i.e. the distributions with
possibility degree € + §. In order to enhance the sensitivity of the optimization proce-
dure, only possibility degrees higher than e were taken into account and intermediate
possibility degrees were interpolated on the basis of the original 11 possibility levels
obtained from the SAR-retrieved possibility distribution of field-averaged soil moisture
content values. In this way, a new empirical cdf is obtained (the red cdf in Fig. 8)
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according to which the modelled soil moisture content values are updated. In order to
insert these soil moisture content values into the hydrological model along the different
soil layers, a nudging procedure was carried out as follows. In this experiment, the
soil was divided into four soil layers, a root zone of 0.05 m, two soil layers of 0.1 m and
0.2m and a bottom layer. It was furthermore presumed that soil moisture was uniformly
distributed along each soil layer. The change in soil moisture content for each soil layer
was interpolated, according to the soil depth at the beginning of the soil layer, between
a maximum soil moisture change in the root zone and a zero soil moisture change in
the bottom layer.

The results of this experiment are shown in Fig. 9 as a time series of root zone field-
averaged soil moisture content values. The truth, baseline and assimilated run are
given. From this figure, it can be seen that applying the integration method and Eq. (4)
in this twin experiment to update the modelled soil moisture content values, results in
a shift of the baseline values towards the truth. This effect slightly persists after the
third assimilation time step (DOY 117) at the lower soil moisture content values. This
can also be noticed in a small improvement of the value of the RMSE calculated on
a seven days time window starting at the assimilation time steps. Table 3 lists these
RMSE values in which RMSE bundle and RMSE baseline respectively compare the
assimilated and baseline run with the truth. Figure 9b,c,d and e also show a more
detailed view of the soil moisture assimilation. Each subfigure shows the soil moisture
time series 7 days before and after the assimilation time steps. In Fig. 9b, it is observed
that the field-averaged soil moisture content value at the assimilation time step exceeds
the truth. This is due to the optimisation procedure in which the empirical cdf has
been optimised instead of only its mean value. Furthermore, it has been assumed
that the within-field soil moisture variability is normally distributed, cumulative normal
distributions were therefore used in the establishment of the bundle. However, it can
be seen in Fig. 8 that a difference in shape exists between the cumulative normal
distributions in the bundle and the empirical cdf.
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In order to check whether there is an added value of optimising the empirical cdf by
taking into account the possibility levels in the bundle, a second optimisation procedure
was carried out. At the assimilation time steps (DOY 42, DOY 105, DOY 117, DOY
162), the empirical cdfs were not optimised according to Eq. (4), but according to the
minimum distance to the cumulative normal distribution with possibility degree equal
to 1, i.e. the distribution corresponding to the mode of the possibility distribution. This
distribution is shown in boldface in Fig. 8. The soil moisture content values were then
updated according to this optimised distribution and inserted into the model. In the
latter optimisation approach, the Wasserstein distance (Gibbs and Su, 2002) between
two cdfs F and G, with F~'and G their corresponding inverse functions, is employed:

1
dy = /0 F(t) -G~ (dt. (5)

Figure 9 shows the time series of the field-averaged soil moisture content values as
obtained by the truth, the baseline run, the assimilated run when Eq. (4) is used and the
assimilated run when the Wasserstein distance (Eq. 5) is minimised. Figure 9b, ¢, d and
e show a more detailed view of these assimilations. From these figures, it can be seen
that no major differences exist between both optimisation methods, which is confirmed
by the RMSE values, RMSE bundle vs. RMSE distance in Table 3 for the first and the
second optimisation procedure, respectively. Slightly lower RMSE values are obtained
with the first optimisation method for the first two assimilation time steps, whereas
slightly lower RMSE values are obtained with the second optimisation method for the
other two assimilation time steps. Figure 10 shows the different cdfs for the four time
steps. This figure shows that both optimised distribution functions only slightly differ for
the assimilation dates DOY 105 and DOY 117, whereas a somewhat larger difference
exists at the other two assimilation dates. Table 4 lists the values of the Wasserstein
distance between the cdf of the truth and the cdfs optimised according to Eq. (4) and
Eq. (5). In addition, the values of the Jaccard Similarity Index between the updated
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soil moisture images and the images of the truth were also calculated (De Baets et al.,
2009; De Baets and De Meyer, 2005):

N  min(6!,6")

N t gy’
i—ymax(é,.6;)

J= (6)

with N the number of pixels, 6" the soil moisture content value [-] in the image of the
truth, and 8" the updated soil moisture content value [-]. The values of the Wasserstein
distances and the Jaccard Similarity Indices show that, apart from the distance and
value of the similarity index at DOY 42, the cdfs and the corresponding soil moisture
images that were optimised using Eq. (4), slightly better resemble the cdfs and images
of the truth. Yet, although taking into account the information present in the bundle, i.e.
the possibility degrees of all cumulative normal distributions, is more informative from
a mathematical point of view, no large difference is observed when the more practical
procedure of optimising the empirical cumulative distribution according to the distance
between two cumulative distribution functions, is employed.

4 Conclusions

In a hydrological modelling scenario, often the problem arises that soil moisture content
measurements become available at a certain time step. However, this information is
not necessarily provided at the same scale at which the hydrological model is run.
Furthermore, if field-averaged SAR-retrieved backscatter values are inverted using the
possibilistic retrieval method (Verhoest et al., 2007; Vernieuwe et al., 2011), only a
possibility distribution of field-averaged soil moisture content values can be obtained.
In order to meet this modelling issue, a method has been introduced in this paper that
integrates soil moisture measured at a coarse scale (field scale) and represented by
means of a possibility distribution, with modelled soil moisture contents at a fine scale.
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To this end, a scaling relationship between the field-averaged soil moisture content and
its corresponding standard deviation is employed.

In the first step of the method, a unique scaling relationship was fitted to the soil
moisture data as to obtain a mathematical expression for the scaling relationship. To
this end, four different models were tested, out of which the splines yielded the best
results. The integration method, in which a possibility distribution of field-averaged soil
moisture content values is combined with the unique scaling relationship as to obtain a
bundle of cumulative normal distributions, was then demonstrated by means of a twin
experiment in which TOPLATS was employed at a fine scale (5m x 5m). At certain time
steps in the modelling scenario, the situation was mimicked in which possibilistic SAR-
retrieved soil moisture data became available: field-averaged soil moisture content
values were sampled from the truth and converted into possibility distributions of soil
moisture content by means of the possibilistic retrieval method. By combining the
possibility distributions of soil moisture content with the spline, a bundle of cumulative
normal distributions was established, according to which the empirical cdf as obtained
by TOPLATS, was optimised. The modelled soil moisture content values at the fine
scale were then changed following the optimised cdf.

Two procedures were compared for the optimisation of the empirical cdf. In the first
optimisation procedure, the empirical cdf was changed such that its minimum possibility
degree in the bundle is maximised, whereas the second procedure only minimises its
Wasserstein distance to the central cumulative normal distribution in the bundle, i.e.
the cumulative normal distribution with a possibility degree of 1.

The results showed that for both methods, soil moisture content values were shifted
towards the truth after assimilation, and that this effect slightly persists after the third
assimilation time step at the lower soil moisture content values. This improvement
only resulted in a small improvement of the RMSE values, calculated on a seven days
time window starting at the assimilation time steps. It was furthermore observed that
no major differences between both optimisation procedures exist. This indicates that,
although using the entire information present in the bundle is more correct from a
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mathematical point of view, no clear effect can be observed if one would only take into
account the cumulative normal distribution corresponding to the mode of the possibility
distribution.

In order to simplify the method, some assumptions were made that can be addressed
in future research. First, it was assumed that a unique scaling relationship exists be-
tween field-averaged soil moisture content and its corresponding standard deviation.
Several effects such as hysteresis and antecedent soil moisture conditions, however,
cause this relationship to be not unique. These effects and their importance could be
taken into account in the identification of a scaling model. Second, it was assumed that
the within-field variability can be represented by means of a normal probability distri-
bution function. However, a clear difference in shape could be observed between the
empirical cdf and those in the bundle. Subsequently, the part of the method in which
the modelled soil moisture content values are updated according to the information
present in the bundle fully relies on the field-averaged soil moisture content value as
provided by the SAR, whereas the modelled soil moisture pattern is preserved. Future
research can therefore extend the method as to meet these shortcomings.
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Table 1. Soil characteristics of the agricultural field considered. S
g
Soil characteristic value @ _
Clay fraction 12.0% —
Sand fraction 3.75% o ! !
Bulk density 1.285gcm™ - Conclusions  References
Residual moisture content 3.9355 % =
(7]
Saturated moisture content 46.3645 % S ! !
=)
=
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o Bek ks
.
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(2}
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Table 2. Minimal and maximal RRSE values obtained during the cross-validation for the differ-
ent models: the exponential-based function proposed by Famiglietti et al. (2008) (modexp), two
spline functions with 3 and 4 knots respectively (modgzand modg4), and a second order poly-
nomial (modp). The results of the Kruskal-Wallis (KW) statistical test and the nonparametric
comparison (NC) of a control group to other groups for a significance level a = 0.05 are given
as well.

modexp ~ Modgg  modgqg  modp

min RRSE 0.9738 0.5843 0.5538 0.6460

max RRSE 0.9772 0.6052 05733 0.6675

KW p=5.6312-10"°<0.05

NC (Q, =-2.242) -57382 -1.9127 0 -3.8255
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Table 3. RMSE values when comparing to the truth calculated on a seven days time window S
starting at the assimilation time steps. The optimisation in the assimilated runs was performed Y
w.r.t. the information present in the bundle (bundle) or w.r.t. the Wasserstein distance between S
the empirical and the central cumulative normal distribution in the bundle (distance). - _é
bOY42 DOY105 DOY 117 DOY 162 ~ N =
RMSE bundle [-]  0.0255  0.0258  0.0170  0.0102 g ! !
RMSE distance [-] 0.0291 0.0261 0.0160 0.0063 7
RMSE baseline [-] 0.0432 0.0362 0.0268 0.0162 ) ! !
=
s [
. N EEN
(7]
Q
:
A
2
- IR
5
QO
o
g
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Table 4. Values of the Wasserstein distance d,, between the cdf of the truth and the optimised
cdfs. Values of the Jaccard similarity index J between the soil moisture image of the truth and
the images corresponding to the optimised cdfs. The optimisation is performed w.r.t. the infor-
mation present in the bundle (bundle) or w.r.t. the Wasserstein distance between the empirical
and the central cumulative normal distribution in the bundle (distance).

DOY 42 DOY 105 DOY 117 DOQY 162

dy, bundle 90.7607 42.1535 21.1509 15.9738
dy distance 63.7962 48.7142 28.1939 24.7573

J bundle 0.8997 0.9530 0.9757 0.9813
J distance 0.9260 0.9463 0.9681 0.9729
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Fig. 2. Contours of the joint possibility distribution for rms height and correlation length for the
rotary tilled roughness class (Vernieuwe et al., 2011).
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Fig. 3. Fitted spline with 4 knots (red), between mean soil moisture content values and their
standard deviation (black dots) for the agricultural field considered.
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Fig. 5. Cumulative normal distributions obtained on the basis of field-averaged soil moisture
content values in (), ¢. Solid lines indicate distributions corresponding to the endpoints of the

a-cut.
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Fig. 8. Modelled empirical cdf (green dashed line) and its optimisation (red solid line) according
to the information present in the bundle (cumulative normal distributions originating from the
endpoints of the possibility distribution are given in black solid lines).
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Fig. 9. Field averaged soil moisture content modelled in different model runs (truth, base-
line run and assimilated run). Time steps at which SAR data is acquired are also indicated.
(a) Overview of the entire time series, (b) detail of assimilation at DOY 42, (c) detail of assim-
ilation at DOY 105, (d) detail of assimilation at DOY 117 and (e) detail of assimilation at DOY
162. The optimisation in the assimilated runs was performed w.r.t. the information present in
the bundle (bundle ) or w.r.t. the Wasserstein distance between the empiricial and the central
cumulative normal distribution in the bundle (distance).
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Fig. 10. Cdfs at the different assimilation time steps, (a) at DOY42, (b) at DOY 105, (¢) at DOY

117 and (d) at DOY 162.
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