Hydrol. Earth Syst. Sci. Discuss., 7, 5467-5496, 2010 _"\Hydrology and
www.hydrol-earth-syst-sci-discuss.net/7/5467/2010/ Earth System
doi:10.5194/hessd-7-5467-2010 G Sciences

© Author(s) 2010. CC Attribution 3.0 License. Discussions

This discussion paper is/has been under review for the journal Hydrology and Earth
System Sciences (HESS). Please refer to the corresponding final paper in HESS
if available.

On the sampling distribution of the
coefficient of L-variation for hydrological
applications

A. Viglione
Institut fiir Wasserbau und Ingenieurhydrologie, Technische Universitat Wien, Wien, Austria

Received: 27 July 2010 — Accepted: 3 August 2010 — Published: 10 August 2010
Correspondence to: A. Viglione (viglione @ hydro.tuwien.ac.at)

Published by Copernicus Publications on behalf of the European Geosciences Union.

5467

Jadeq uoissnosiq | Jadeq uoissnosiq | J4edeq uoissnosiq | Jaded uoissnosi(

HESSD
7, 5467-5496, 2010

Sampling distribution
of the coefficient of
L-variation

A. Viglione

: “““ “““


http://www.hydrol-earth-syst-sci-discuss.net
http://www.hydrol-earth-syst-sci-discuss.net/7/5467/2010/hessd-7-5467-2010-print.pdf
http://www.hydrol-earth-syst-sci-discuss.net/7/5467/2010/hessd-7-5467-2010-discussion.html
http://creativecommons.org/licenses/by/3.0/

10

15

20

25

Abstract

The coefficient of L-variation (L-CV) is commonly used in statistical hydrology, in par-
ticular in regional frequency analysis, as a measure of steepness of the frequency
curve. The aim of this work is to infer the full frequency distribution of the sample L-
CV (and, consequently, its confidence intervals) for small samples and without making
assumptions on the underlying parent distribution of the hydrological variable of inter-
est. Several two-parameters candidate distributions are compared for a wide range of
cases using Monte-Carlo simulations. A distribution-free method, recently proposed
to estimate the variance structure of sample L-moments, is used to provide the pa-
rameters for the candidate distributions. It is shown that the log-Student t distribution
approximates best, in most of the cases, the distribution of the sample L-CV and that
a simple correction of the bias for the sample L-CV and its variance improves the fit.
Also, the parametric method proposed here is demonstrated to perform better than the
non-parametric bootstrap. An example of how this result could be used in hydrology is
presented, namely in the comparison of methods for regional flood frequency analysis.

1 Introduction

It is well known that the sample coefficient of variation (CV), i.e., the ratio of stan-
dard deviation to the mean of a series of data, exhibits substantial bias and variance
when samples are small or belong to highly skewed populations (Vogel and Fennessey,
1993). This is the problem that is normally encountered in hydrology when dealing with
floods or extreme rainfall events. The coefficient of L-variation (L-CV) is another — more
efficient in many cases — measure of data dispersion introduced by Hosking (1990). It
has hence replaced the conventional CV in various applications of statistical hydrology.
In particular, the use of the L-CV as a measure of steepness of the flood frequency
curve has become a standard in regional flood frequency analysis (see e.g. Pearson,
1991; Hosking and Wallis, 1993; Stedinger and Lu, 1995; Fill and Stedinger, 1998;
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Hosking and Wallis, 1997; Robson and Reed, 1999; Castellarin et al., 2001). Many
statistical procedures of regionalization of floods are based on the hypothesis that the
L-CV is informative enough to represent the differences among the flood frequency
distributions at different sites. For example, the sample L-CV is used to designate
“homogeneous regions”, where it is assumed that the frequency distribution of flood
peaks for different sites is the same, except for a site-specific scale factor (Dalrymple,
1960, Index-Flood method). Other studies state that the slope of the flood frequency
curves (or, equivalently, their L-CV) should be taken as the statistical descriptor to be
related to catchment attributes such as area or mean elevation (see e.g. Robinson and
Sivapalan, 1997; Allamano et al., 2009).

In this work we are interested in the estimation of the sampling distribution of the
L-CV, i.e., the probability distribution of the sample L-CV. The possibility to infer this
distribution would allow one to know the range in which the L-CV of a sample is included
at a given level of probability (i.e., the confidence interval) rather than to represent it
by a single number. It would also provide a means to formulate homogeneity and
goodness-of-fit test statistics for regional frequency analysis.

In the asymptotic distribution theory, approximate estimates of the sampling distri-
bution of the L-CV are derived for relatively long samples and for particular underly-
ing parent distributions (see e.g. Hosking, 1986, 1990). In the hydrological literature
some attempts to extend the asymptotic results to shorter samples exist. For example,
Chowdhury et al. (1991) assume that the sample L-CV is normally distributed and use
a first-order estimate of its asymptotic variance corrected, for small samples, with co-
efficients obtained through a Monte-Carlo procedure. In their analysis a Generalized
Extreme Value parent distribution is assumed. Sankarasubramanian and Srinivasan
(1999) consider, in a similar work, the Generalized Normal, Log-Normal and Pearson
type Ill distributions.

The objective of this work is to infer the sampling distribution of the L-CV for short
samples and independently of the underlying parent distribution. We exploit the results
of a distribution-free approach, recently proposed by the statistical community, to derive
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estimators for variances and covariances of sample L-moments (Elamir and Seheult,
2004). The estimators of the mean and variance of the sample L-CV are used to
fit several two-parameters candidate distributions (Sect. 2). They are compared for a
wide range of sample lengths and underlying parent distributions through goodness-of-
fit techniques. We use a graphical goodness-of-fit method that is able to evidence the
reasons for the lack of fit of the candidate distribution, in particular the effects of bias of
estimation of mean and variance of the sample L-CV, and a standard goodness-of-fit
measure, the Anderson-Darling test statistic (Sect. 3). The results are shown in Sect. 4
where, in addition: (i) a correction for the bias of estimation of mean and variance
of the sample L-CV is proposed (Sect. 4.1); (ii) the method is compared to the non-
parametric bootstrap, an appealing computer-based alternative method (Sect. 4.2);
and (iii) the goodness of estimation of the 90% confidence intervals for the sample
L-CV is checked.

The outcome of this study for hydrological applications is shown through an example
(Sect. 5) in which different regionalization techniques (the index-flood technique with
“fixed regions”, the “region of influence” approach and a “region-free” simple regression
method) are compared against a given data-set of flood peaks. Their performance is
assessed by counting how often the L-CV confidence interval actually includes the
regionally estimated L-CV.

2 Sampling distribution of the L-CV

L-moments were introduced by Hosking (1990) and are linear combinations of the
Probability Weighted Moments defined by Greenwood et al. (1979) (see also Sillitto,
1969). Sample Probability Weighted Moments, computed from the order statistics
Xi:n. Xop. .- Xy, @re given by

b= (NS ()X 1
k=n k z k jn ()
J=k+1
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where n is the sample length and k is the order of the probability weighted moment.
Sample L-moments are defined as

r-1
Ir= ZP7_1,kbk ’ )
k=0
where the coefficients
. wfr\(r+k
P (1) () @

are those of the “shifted Legendre polynomials” (see Hosking and Wallis, 1997). Since
L-moment estimators are linear functions of the sample values, they should be virtually
unbiased and have relatively small sampling variance.

The asymptotic variances and covariances of the sample L-moments /4,/5,...,/, were
derived by Hosking (1990), who also demonstrated that their distribution is asymptoti-
cally normal. Elamir and Seheult (2004) derive the exact variance structure of sample
L-moments in the non-asymptotic case without formulating assumptions on the under-
lying parent distributions. Observing that Eq. (2) can also be expressed as | = bC’,
where I=(/4,....1,), b=(by.....b,_1) and C is the n x n lower triangular matrix with en-
tries P:-1,k given in Eq. (3), the variance matrix of the L-moments is given by

var(l) = cec’ (4)

where © = var(b) is the variance matrix of the probability weighted moments with ele-
ments 6, = var(b,) and 8,, = cov(b,,b,). Elamir and Seheult (2004) demonstrate that
a distribution-free unbiased estimator of 6,, is

o 1 . .
Ok = byb, - ) 2 Mi=-10WG-k-2)"+

1<i<j<n

+(i = 1) -1-2)0NX, X, (5)
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where n) = n(n-=1)...(n=r+1). The matrix ®, obtained with ék, given in Eq. (5), is
then an unbiased estimator of the variance matrix ©. On these basis, it descends from
g. (4) that an unbiased estimator of var(l) is simply:

var(l) = COC” . (6)

The sample L-CV, i.e., the coefficient of L-variation, is defined by the ratio of the first
two sample L-moments,

t=/2//1 B (7)

where /, is the sample mean and /, is a measure of the dispersion around the mean
value. The variance of the L-moment ratio ¢ can be related to the variance structure of
sample L-moments given in Eqg. (6) using a Taylor-series-based approximation to the
variance of the ratio of two random variables (see e.g. Kendall and Stuart, 1961-1979):

var(/4) N var(12 cov (/4. /2)] [

/12 /22 Il

According to Hosking (1990), the L-moment ratio estimators are asymptotically nor-
mally distributed and have small bias and variance, specially if compared with the clas-
sical coefficients of variation, skewness and kurtosis (Hosking and Wallis, 1997). Keep-
ing the hypothesis of normality, formulated in the asymptotic theory, the first candidate
distribution for the sample L-CV considered here is

t+\/var(f)-N(0,1) , 9)

where N(0,1) is the standard normal distribution. Because for short samples the nor-
mal distribution could be too narrow, inspired by the definition of the distribution of the
mean of a sample when its real variance is unknown (see e.g. Kottegoda and Rosso,
1997), we also consider

t+\/var(t)-T,_; , (10)
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where T,,_, is a Student t distribution with n—1 degrees of freedom (being n the sample
length).

Both the normal and the Student t distribution are symmetric. On the other hand,
given that in hydrology random variables are typically non-negative (e.g. Koutsoyiannis,
2005) some sampling distributions should be asymmetric. Therefore, we consider here
also

2 —_—
ar(t
G k=‘1\1¢=v (1)

var(t) t
where G is a gamma distribution with shape parameter k and scale parameter ¢,
whose density function is

fo(x;k, @) =

(11)

_ 1 k1)
T (k)

Among the asymmetric distributions, we also consider the log-normal and the log-
Student t distributions, i.e., we check if the logarithm of the sample L-CV are approxi-
mately normally or Student t distributed. In the first case, the sampling distribution of
the logarithm of the L-CV can be approximated by

log(t) — %Iog <1 + ve;;(z‘)) +

var(?)
+\llog<1+ 2 >-N(0,1),

which follows from the definition of mean and variance of a log-normally distributed
random variable. Analogously, assuming that the same relationships hold for the log-
Student t distribution, which is a reasonable approximation,

log(t) - %Iog <1 + vez;(z‘)) +

(12)

(13)
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+ . |log <1 + va;rz(z‘)> Toq . (14)

The log-Student’s t distribution is a generalization of the log-normal distribution that
has heavier tails but approaches log-normality as the sample length n increases.

In the following we present the method used to verify how these approximations fit
for samples of length n and several underlying parent distributions.

3 Goodness-of-fit method

The goodness of estimation of the distribution of sample L-CV can be tested through
Monte-Carlo simulations. Given a parent distribution whose characteristics (and real
L-CV 1) are known, N = 10000 samples are randomly extracted from it. For each of
them, the estimates of the sample L-CV t and its variance v?r(\z‘) are calculated as
shown in Sect. 2. If the approximations of Egs. (9—14) are reasonable, the probability
of non-exceedance of 7 should be uniformly distributed between 0 and 1. Therefore
we test the uniformity of this probability, hereafter indicated as P(71).

Many goodness-of-fit tests for the uniform distribution exist (e.g. D’Agostino and
Stephens, 1986). As in Laio and Tamea (2007) we adopt here a less formal but
more revealing graphical method, based on a probability plot representation. Given,
for one candidate distribution, the sample P,(7), (1), P5(7), ..., Py(7) resulting from the
N Monte-Carlo simulations, the probability plot represents the P;(7) values versus their
empirical cumulative distribution function, R;/N. The shape of the resulting curve re-
veals if the sample of probabilities is approximately uniform, in which case the (P;(7),
R;/N) points are close to the bisector of the diagram. The graphical method allows to
investigate which are the reasons for a lack of fit of a candidate distribution, in particu-
lar evidencing the effects of biases of estimation for ¢ and vgr(\t). In fact, the shape of
the curves in the probability plot is suggestive of the encountered problem, since the
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steepness of the curves is larger where more P,(7) points concentrate (see Fig. 2 in
Laio and Tamea, 2007). If the curve is over the bisector in the left part of the graph
and under it in the right part, the P,(7) points are concentrated in the vicinity of the end
points 0 and 1, which corresponds to have the 7 value that falls, more frequently than
expected, on the tails of the distributions. The chosen variances of the distributions
are then too small. In the opposite case, when the curve has an S shape and crosses
the bisector in the middle of the graph, the chosen variances are too high because the
P;(1) points are concentrated in the vicinity of the middle value 0.5. When the curves
are always over or under the bisector, then the scale parameters of the distribution (in
this case t) have been overestimated or underestimated, respectively. In the first case
the real 7 value falls, more frequently than expected, on the low tail of the distributions,
then the estimated ¢ are too high, and viceversa.

In addition to the graphical method, we use the Anderson-Darling statistic in or-
der to synthetically quantify the discrepancy between the cumulative distribution func-
tion (CDF) of P;(7),Ps(7).P5(7).....Py(7) and the uniform distribution U between 0 and
1. The Anderson-Darling statistic is a measure of the mean squared difference be-
tween the empirical and hypothetical CDF, in practice estimated as (e.g. D’Agostino
and Stephens, 1986; Laio, 2004):

N
42 = —N—%Z[(zf'—nlnw[e(f)]w

+(2N +1-2/)In(1 -U[P(T)])] . (15)

The best fit corresponds to the minimum value of A2,

4 Results

To check the robustness of our approximations, many different situations are con-
sidered: we vary the length n of the samples, the underlying parent distribution and
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its parameters. The considered parent distributions are: GEV (Generalized Extreme
Value), P3 (Pearson type lll), LN (Log-Normal with 3 parameters), GP (Generalized
Pareto) and GL (Generalized Logistic). As in Viglione et al. (2007) we choose the
parameters of these distributions by reference to the L-CV - L-CA (coefficient of L-
skewness) space represented in Fig. 1 (the mean is taken equal to 1 without loss
of generality) that is a reasonable space where the majority of hydrological (extreme
value) samples falls (Vogel and Wilson, 1996; Viglione et al., 2007).

Some of the uniform probability plots of P(7) are shown in Fig. 2, where the log-
Student t distribution of Eq. (14) is the candidate distribution for f. In panel (a) samples
are extracted from a GEV distribution with increasing asymmetry (from point A to point
D of Fig. 1). It is evident that the log-Student t approximation works better for mod-
erate asymmetry of the parent distribution than in the highly asymmetric cases. The
approximation is good when the parent distribution is quasi-symmetric (point A) but not
for very asymmetrical parent distributions (point C and D). In all cases the curve lie
below the bisector, meaning that the estimate ¢ is too low, specially in the right part of
the graph, meaning that the upper tail of the distribution is too narrow. In panel (b) the
parent distribution is Pearson Type Il (P3). The goodness of the log-Student t approxi-
mation for the distribution of the L-CV is much less affected by the shape of the parent
distribution when this is a P3. In this case, the approximation fits much better than in
panel (a).

Similar conclusions can be derived from panels (c) and (d), that present the sensi-
tivity of the log-Student t approximation to the length n of the samples (the parent dis-
tributions have, in this case, the same asymmetry, correspondent to point C of Fig. 1).
As expected, for high n the goodness-of-fit of the candidate distribution increases. For
very short samples (n = 10), in some few cases, the estimate vgr(\t) of Elamir and
Seheult (2004) is negative. In those cases, the Monte-Carlo simulations have been
discarded when producing the curves in Fig. 2c and d. Therefore, the result for very
short samples can be even worse than what shown in the figure.
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Panels (e) and (f) show the uniform probability plots for different parent distributions
in points A (low asymmetry) and D (high asymmetry). The behavior of the curves,
specially in D, strongly depends on the underlying parent distribution. Considering
high asymmetries (point D), the approximation of the sample L-CV distribution with
moments ¢ and v?r(\z‘) is particularly bad for the GEV and GL distributions.

Similar plots (not shown here) have been produced for the other candidate distribu-
tions. The Normal and Student t distributions perform slightly better in the central part
of the graph for small asymmetry (point A) and for the P3 parent distribution. Anyway
the underestimation of the width of the upper tail is more marked than in the case
of the asymmetric candidate distributions (gamma, log-Normal and log-Student). For
all candidate distributions the shape of the curves are similar (below the bisector, spe-
cially for the upper right corner of the uniformity plots), meaning that, particularly for the
GEV aEi\GL parent distributions and for large asymmetries (point D), the estimators

t and var(t) underestimate the true values. We consider this problem in the following
subsection, where a distribution-free correction of these biases is proposed.

4.1 Bias correction

A simple bias correction for t and s; = vEr(\z‘) can be obtained from Monte-Carlo simu-
lations. Samples are generated for each combination of 7 and 75 (gray points in Fig. 1),
for each parent distribution (GEV, P3, LN, GP and GL) and for different sample lengths
(n=10,15,20,25,30,40,50,70,100). Given one simulation (N = 1000 samples), the
bias of t is estimated as t — 7, where t is the arithmetic mean over N values of t and T
is the known L-CV of the parent distribution. In panel (a) of Fig. 3, we show how the bias
of ¢, opportunely scaled with n (see e.g. Kendall and Stuart, 1961-1979, Sect. 17.10),
increases for increasing asymmetry of the samples ({5 is the mean of the N sample
L-skewness). Analogous results are obtained for the standard deviation of the sample
L-CV (panel (b) of Fig. 3). The bias of s, is evaluated as (s; - 6;)/5;, where we as-

— N (+ _7)2 iati -
— / -
sume o; = \/(2,_1(1‘ t)2)/N as the true standard deviations of the sample L-CV. In
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both cases, the bias depends on the type of distribution: the P3 distribution shows the
lowest bias and the GL distribution the largest, confirming the behavior in Fig. 2. Given
one distribution, the scatter of the estimated biases for a fixed 5 is mostly determined
by the variability of the considered L-CV (grey points on vertical lines in Fig. 1) while
the influence of the variability of sample lengths is highly reduced by the aforemen-
tioned scaling with n. Despite this effect of the variance of the parent distribution, we
deem that the biases of  and s; are substantially functions of n and ¢, along with the
distribution type.

Using these Monte Carlo results in a pragmatic way, we propose the following simple
corrections for the sample L-CV and its standard deviation:

25 .
(C)= t+3‘t3 /n,lfl‘3>0 1
! {t ,iftg<0 ~ (16)
and
59 =s,-(1+35-12/n) , (17)

that are obtained with a non-linear regression approach (non linear least-squares). The
curves corresponding to these corrections are represented in Fig. 3 as solid black lines.
These corrections intentionally do not take into account the type of distribution because
it is unknown in operational applications. It is important to stress again that the objec-
tive of this study is to approximate the sample distribution of the L-CV independently of
the underlying (and unknown) parent distribution of the original variable, so to provide
an operational tool.

As can be seen in Fig. 4, that is analogous to Fig. 2 but considers the adjustments of
Egs. (16) and (17), the corrections generally improve the results of the uniformity tests
for highly asymmetric distributions. Some problems remain for very short samples
(n =10) and some parent distributions, but they are generally reduced. Similar results
are obtained for the other candidate distributions. A synthetic comparison of these
results is shown in Table 1, where the values of the Anderson-Darling statistic is shown
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for the cases of Fig. 4. In most of the cases, the A? statistic is lower when the log-
Student t distribution is assumed. Therefore, among the considered candidates, we
select the log-Student t as the best approximation of the distribution of the sample
L-CV.

4.2 The bootstrap approach

The parametric strategy is not the only possibility. As an alternative, the non-parametric
bootstrap procedure can be used to make inference on t (estimating for example its
confidence intervals) without making assumption on its distribution.

The bootstrap is a computer-based method for assigning measures of accuracy to
statistical estimates. It was first introduced in the context of non parametric analysis
of independent and identically distributed samples (Efron, 1979), but much research
into its use in more complicated settings followed (see e.g. Davison and Hinkley, 1997,
as a reference). The basic idea behind the non-parametric bootstrap is very simple.
Given a sample and a statistic estimated on it (for example t), a bootstrap sample of
the same size is drawn “with replacement” from the original one. Corresponding to a
bootstrap sample is a bootstrap replication t* of the statistic ¢. The bootstrap algorithm
works by drawing many independent bootstrap samples (say R =2000), evaluating
the corresponding bootstrap replications, and estimating the standard error of ¢ by the
empirical standard deviation of the replications.

Many aspects of the behavior of the selected statistic can be measured with boot-
strap, for example its confidence intervals. The standard method consists in using
the standard normal confidence intervals, or the Student t confidence intervals, with
the standard deviation obtained with the bootstrap. This method rely on the hypothe-
ses that the distribution of the bootstrap replications (i.e., t*) is unbiased and nearly
normal. These hypotheses can be relaxed using the percentile method: obtaining
the confidence intervals of ¢t from the empirical percentiles of the sample of bootstrap
replications t*. This method can be improved further with the bias-corrected and accel-
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erated (BC,) bootstrap method. The BC, intervals are more complicated to define than
the percentile intervals (see e.g. Efron and Tibshirani, 1993, for a formal definition), but
almost as easy to use.

Naturally, if one can obtain the confidence intervals of the estimate ¢ for every level
of probability, its sampling distribution is automatically defined. Given the definition of
BC, intervals in Efron and Tibshirani (1993, pages 184-188), the derivation of a non-
parametric distribution of ¢t can be performed quite easily. If P*(7) is the probability of
non exceedance of 7 on the bootstrap distribution of ¢, according to the BC, method
the corrected probability is

4-22+(-a-®7 '[P (1)]-2)- 2o+ D[P ()]

P(1)=® —
a-2p—-a-o-1P*(1)] -1

(18)

where @[] is the standard normal cumulative distribution function, CD‘1[.] is the per-
centile point on a standard normal distribution and the values of the bias correction Z,
and the acceleration & can be computed as indicated in Efron and Tibshirani (1993,
page 186).

The uniformity plot introduced in Sect. 3 has been applied to check if t approximately
follows the calculated BC, distribution of Eq. (18). As shown in Fig. 5, the bias of the
central part of the curves indicates a significant overestimation of the mean value of the
distribution of the sample L-CV. Moreover some of the curves, specially those corre-
spondent to high asymmetry and small sample length, are “reverse S” shaped, mean-
ing that the variance of the distribution is underestimated. The comparison between
Figs. 5 and 4 confirms the better performance of our parametric method.

4.3 Confidence intervals

As was shown in Table 1, in most of the cases the log-Student t distribution gives the
best approximation of the distribution of the sample L-CV. Since the Anderson-Darling
statistic gives more weight to the tails of the distribution than to the central part of it,
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the log-Student t distribution is expected to be the best choice when calculating the
confidence intervals for the sample L-CV. Here we check the goodness of the 90%
confidence intervals of ¢ using different candidate distributions in the corrected case,
where the corrections of Egs. (16) and (17) are applied to t and s;, and using the BC,
non-parametric bootstrap. Table 2 shows the percentage of trials (which are 10000) in
which the true value 7 was not comprised into the confidence interval of ¢ on the left or
right side. The target miscoverage is 5% on each side: P,; and Py are the probabilities
that 7 is lower than the 0.05 or greater than the 0.95 quantiles of the distribution of ¢ (we
expect that both Ay and Fy5 equal 5%). Among all the considered situations, Table 2
shows the cases considered already in Table 1 and Figs. 2, 4 and 5.

When using the parametric method, Fys is often slightly lower than 5% and Py is
almost often slightly higher than 5%, which means that the confidence intervals esti-
mated in this way are a little too large for the left tail and too narrow for the right tail
of the distribution of . This problem is particularly evident for large asymmetries of
the parent distribution and for small sample sizes, as was already evident in Fig. 4.
The log-Student t approximation generally outperforms the others, i.e., the confidence
intervals are better centered (both Fy5 and Py are close to the ideal value 5%). The
BC, intervals for t (R =2000 has been used) have a different behavior: Py is always
higher than 5% and in many cases higher than Pys, which is a consequence of the over-
estimation of the mean value of the distribution of the sample L-CV shown in Fig. 5.
Despite its great time demand, the bootstrap performs in most of the cases worse than
the corrected parametric method.

5 An application

The possibility to provide information on the distribution of the sample L-CV is relevant
for hydrological applications. Here we show, in a simplified way, how confidence inter-
vals for the sample L-CV could be used to analyse and compare the outcome of differ-
ent regionalization methods. Following Hosking and Wallis (1997) cluster analysis can
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be used to define homogeneous disjoint regions whose samples should have the same
L-CV. On the other hand one can use the region of influence (ROI) approach (Burn,
1990), or allow the continuous variability of L-CV (Robinson and Sivapalan, 1997), by
estimating it with linear or non-linear regressions. All these different approaches can
be compared using confidence intervals in an intuitive way.

Here we use the UK data available with the Flood Estimation Handbook (Robson and
Reed, 1999). For every regionalization technique, morphoclimatic variables should be
used to pool the sites. For simplicity, we suppose that the mean annual rainfall alone
(indicated as SAAR) may explain the difference of the at-site flood frequency distribu-
tions, and that this difference is completely reflected in the coefficient of L-variation.
Fig. 6 shows in a simple way how four methods of estimation of the regional L-CV can
be compared. Mean annual precipitation is plotted against the bias-corrected L-CV.
Gray circles have confidence intervals that contain the modeled regional L-CV while
black crosses do not (the significance level is @ = 0.10; the assumed distribution for
the sample L-CV is log-Student t with moments corrected using Egs. (16) and (17). In
panel (a) only one region is considered with a unique regional L-CV, here called tR,
given by the sample mean of all the sample-corrected £, If the confidence intervals
are correctly estimated, the percentage P, of sites for which the modeled t7 is below
the confidence intervals of ¢ should be equal to 5%, as well as Py, i.e., the percentage
of sites for which the modeled ¢ is above the confidence intervals of ¢. In panel (a)
Pos = 15% and Pyg = 27%, i.e., Py + Pys = 42% > a, which means that the model is
inappropriate and/or the chosen parameter (SAAR) does not explain completely the
variability of the L-CV.

If one subdivides the sites in 3 regions using a clustering method, as in panel (b),
the values of Fy; and Py decrease (Fys = 12% and Fys = 25%). This means that the
model is more appropriate than the previous one. With a region of influence approach
(panel c), one obtains Fy; = 12% and Pys = 23%. In this case, for simplicity, a simplified
ROI approach has been used, that assigns to each site the average of the L-CV of
the most similar 20 sites in terms of SAAR. Finally, in panel (d) a linear regression
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between ©) and SAAR is shown. The result (Pos = 12% and Pys = 24%) is very similar
to the three regions and ROI clustering methods. It is important to note that the high
discordance between F,5 and Py and the theoretical value of 5% is not due to the
approximation of the confidence intervals, for which we would expect uncertainties of
the order of those in Table 2. This discordance is due to the fact that the data are
not uniform, that SAAR is not sufficient to explain the regional variability of L-CV, that
the regional methods are approximate, etc. Lower values of Fy; and Py would be
obtained by using more catchment descriptors (not only SAAR) and more sophisticated
techniques. The simple examples provided here intend to illustrate the method. They
show that L-CV confidence intervals allow to analyse in a consistent way very different
approaches as those based on site grouping and those that allow continuous variability
of L-CV, for which standard techniques as homogeneity tests would be meaningless.
Also, they provide a way to identify those sites that are “problematic” for the validity of
the assumptions made (in the examples looking at the position of crosses and circles)
and that should be further checked.

6 Conclusions

One of the most important concerns of Flood Frequency Analysis is the underly-
ing distribution (or the lack of knowledge on its form, to be more precise) and the
desire to lose the “distribution fetters” among hydrologists is really strong. Any-
way the distribution-dependent methodologies dominate in practical hydrology, where
distribution-free methods are seldom used. Recently Elamir and Seheult (2004) have
provided a method to estimate the variance of sample L-moments and L-moment ratios
without formulating assumptions on their parent distributions. This result is important
and can prove to be very helpful in statistical hydrology, as the L-moments are exten-
sively used. We use the estimators of Elamir and Seheult (2004) in this study. The
focus is addressed to the coefficient of L-variation, which gives a measure of the dis-
persion of samples, and to its sampling distribution. We show that the log-Student t
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distribution is a valid candidate to represent the sampling distribution of the L-CV and,
therefore, to derive its confidence intervals. A bias correction of the mean and variance
of the sample L-CV substantially improves the fit of the log-Student t distribution to the
simulated empirical distributions, particularly when the parent distribution of the sam-
ples is highly skewed. Even if the goodness-of-fit of this approximation still somewhat
depends on the underlying parent distribution type (along with its asymmetry and the
sample size), we deem that the good results shown in this paper demonstrate that the
method can be very useful in practice, in particular for hydrological applications.

Acknowledgements. Financial support for the project “Mountain floods — regional joint proba-
bility estimation of extreme events” from the Austrian Academy of Sciences is acknowledged.
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Table 1. Anderson-Darling statistic of discrepancy between the CDF of 10000 values of P(1)
from a Monte-Carlo experiment for five candidate distributions and the uniform distribution U.
The corrections of Egs. (16) and (17) are applied. The best fit is indicated by the bold font. Dif-
ferent situations are considered: (a) GEV parent distributions with different asymmetry (point
A, B, C, D of Fig. 1); (b) P3 parent distributions with different asymmetry; (¢) GEV parent
distributions and samples of different length n; (d) P3 parent distributions and samples of differ-
ent length n; (e) different parent distributions with low asymmetry (point A); (f) different parent
distributions with high asymmetry (point D).

(a) GEV, n=30

\ normal Studentt gamma log-normal log-Studentt
A 33.2 23.6 21.9 23.2 16.6
B 53.8 42.3 43.7 46.6 39.6
C 91.6 75.4 79.0 83.1 73.4
D 226.2 191.4 209.2 212.9 189.8
(b) P3,n=30

\ normal Studentt gamma log-normal log-Studentt
A 21.3 16.0 14.0 16.7 13.3
B 31.1 22.0 15.9 14.0 7.9
C 27.9 214 10.6 5.9 25
D 50.6 41.2 29.3 16.3 10.4
(c) GEV,C

| normal  Studentt gamma log-normal log-Student t
n=100 | 66.5 62.1 60.9 60.3 56.7
n=>50 95.1 84.0 85.4 85.5 77.5
n=30 91.6 75.4 79.0 83.1 73.4
n=10 296.8 154.7 226.5 243.5 171.1
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Table 1. Continued

(d) P3,C

| normal Studentt gamma log-normal log-Studentt
n=100 7.3 6.5 3.2 23 1.7
n=50 19.5 16.1 8.3 4.5 2.2
n=30 27.9 214 10.6 5.9 25
n=10 134.9 52.0 95.2 98.3 47.9
(e) n=30,A

| normal Studentt gamma log-normal log-Student t
GEV 33.2 23.6 21.9 23.2 16.6
P3 21.3 16.0 14.0 16.7 13.3
LN 34.0 26.4 26.9 30.2 25.2
GP 45.5 39.2 40.2 39.2 314
GL 140.4 115.4 122.2 124.2 107.8
(f) n=30,D

| normal Studentt gamma log-normal log-Studentt
GEV 226.2 191.4 209.2 212.9 189.8
P3 50.6 41.2 29.3 16.3 104
LN 85.5 67.4 70.4 70.4 59.4
GP 46.3 33.4 28.6 23.3 15.7
GL 328.2 283.9 309.9 315.9 286.0
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Table 2. Goodness of confidence intervals of ¢ for the following candidate distributions: cor-
rected parametric model with normal, Student t, gamma, log-normal and log-Student t distri-
bution, bootstrap BC, model with R =2000. P,5 and Py are the percentage of trials (that are
10000) that the indicated interval missed the true value 7 on the left or right side of the confi-
dence interval. Different situations are considered: (a) GEV parent distributions with different
asymmetry (point A, B, C, D of Fig. 1); (b) P3 parent distributions with different asymmetry;
(c) GEV parent distributions and samples of different length n; (d) P3 parent distributions and
samples of different length n; (e) different parent distributions with low asymmetry (point A); (f)
different parent distributions with high asymmetry (point D).

(@) GEV,n=30
normal Student t gamma | log-normal | log-Studentt | bootstrap BC,
P05 P95 P05 P95 P05 P95 P05 P95 P05 P95 POS P95
A 42 80 |37 75 |49 73 |52 70 |48 6.5 8.6 5.2
B 35 86 |31 80 |42 78 |45 75 |40 6.9 8.8 5.8
C 32 93 |28 88 |39 86 |40 83 |36 7.7 8.2 7.9
D 31 11927 112|139 11.0|39 106 | 34 9.9 7.7 9.4
(b) P3,n=30
normal Student t gamma | log-normal | log-Studentt | bootstrap BC,
P05 P95 POS P95 P05 P95 P05 P95 POS P95 P05 P95
A 40 72 |35 66 |48 64 |51 6.1 |46 5.5 8.5 4.9
B 44 79 |39 72 |50 71 |53 6.7 |47 6.2 9.5 5.0
C 47 74 |41 68 |53 67 |53 63 |48 5.8 9.8 5.8
D 58 71 |51 66 |64 65 |62 62 |56 5.6 10.5 71
(c) GEV,C
normal Student t gamma | log-normal | log-Studentt | bootstrap BC,
POS P95 POS P95 P05 P95 P05 P95 P05 P95 POS P95
n=100 | 3.7 89 |35 86 |42 83 |44 81 |42 7.9 7.0 6.8
n=50 |32 98 |29 95 38 92 |40 88 |37 8.5 7.5 6.7
n=30 |32 93 |28 88 (39 86 |40 83 |36 7.7 8.2 7.9
n=10 |34 124 |24 105 |41 112 |40 106 |32 8.5 11.8 122
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Table 2. Continued.

(d) P3,C
normal Student t gamma | log-normal | log-Studentt | bootstrap BC,
P05 P95 P05 P95 P05 P95 P05 P95 POS P95 P05 P95
n=100 |45 6.2 |42 6.0 |47 58 |48 57 |47 5.5 7.7 4.8
n=50 |46 67 |43 64 |53 62 |53 59 |50 5.6 8.6 5.0
n=30 |47 74 |41 68 |53 6.7 |53 63 |48 5.8 9.8 5.8
n=10 |56 101 |46 84 |65 90 |61 85 |5.0 6.6 13.2 8.7
(e) n=30,A
normal Student t gamma | log-normal | log-Studentt | bootstrap BC,
P05 P95 P05 P95 P05 P95 P05 P95 POS P95 P05 P95
GEV 42 80 |37 75 |49 73 |52 70 |48 6.5 8.6 5.2
P3 40 72 |35 66 |48 64 |51 6.1 |46 5.5 8.5 4.9
LN 39 76 |35 71 |45 70 |48 66 |44 6.1 8.5 5.5
GP 70 47 |64 42 |76 41 |80 40 |72 3.5 10.1 3.2
GL 28 10525 99 |37 97 |40 93 |36 8.7 7.9 6.6
(f) n=30,D
normal Student t gamma | log-normal | log-Studentt | bootstrap BC,
Pos Pos | Pos Pos | Fos Pos | Fos  Pos | Fos Pos Fos Fos
GEV 31 119|127 112|39 11.0|39 106 | 3.4 9.9 7.7 9.4
P3 58 71 |51 66 |64 65 |62 6.2 |56 5.6 10.5 7.1
LN 36 97 |31 92 |42 91 |41 86 |37 7.9 8.3 8.9
GP 43 85 (38 80 |49 79 |48 75 |43 7.0 9.2 7.7
GL 30 13.0 |27 123|387 12137 115 |33 10.6 7.1 10.2
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Fig. 1. L-CV - L-CA diagram. Lines are: (a) numerical constraint given by Hosking and Wallis
(1997); (b) bisector band identified using Vogel and Wilson (1996) samples (see Viglione et al.,
2007). Points A, B, C and D have L-CV = 0.2, 0.3, 0.4, 0.5 and L-CA = 0.1, 0.2, 0.3, 0.4
respectively.
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Fig. 2. Probability plot representation of P(7) when assuming the log-Student t sampling dis-
tribution of Eq. (14) for ¢. Different situations are considered: (a) GEV parent distributions with
different asymmetry (point A, B, C, D of Fig. 1); (b) P3 parent distributions with different asym-
metry; (¢) GEV parent distributions and samples of different length n; (d) P3 parent distributions
and samples of different length n; (e) different parent distributions with low asymmetry (point
A); (f) different parent distributions with high asymmetry (point D).
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Fig. 3. Biases of f and s;: (a) n-(1-t) vs the sample L-CA t5; (b) n-(o; — 3;)/3; vs. the sample
L-CA t;. Every point rises from 1000 simulated samples and corresponds to a gray point in
Fig. 1. With continuous lines the proposed corrections of Egs. (16) and (17) are indicated.
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Fig. 4. Probability plot representation of P(7) when assuming the log-Student t sampling distri-
bution of Eqg. (14) for t and applying the corrections of Egs. (16) and (17). Different situations
are considered: (a) GEV parent distributions with different asymmetry (point A, B, C, D of
Fig. 1); (b) P3 parent distributions with different asymmetry; (¢) GEV parent distributions and
samples of different length n; (d) P3 parent distributions and samples of different length n; (e)
different parent distributions with low asymmetry (point A); (f) different parent distributions with
high asymmetry (point D).
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Fig. 5. Probability plot representation of P(7) for different situations if the BC, distribution is
used (Eq. 18): (a) GEV parent distributions with different asymmetry (point A, B, C, D of Fig. 1);
(b) P3 parent distributions with different asymmetry; (¢) GEV parent distributions and samples
of different length n; (d) P3 parent distributions and samples of different length n; (e) different
parent distributions with low asymmetry (point A); (f) different parent distributions with high
asymmetry (point D).
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Fig. 6. Corrected L-CV 1 (Eq. 16) versus mean annual precipitation SAAR in UK (data from
the Flood Estimation Handbook, Robson and Reed, 1999). The black continuous line is the
modeled regional value t7; gray circles (o) are sites for which the modeled t" is inside the
confidence interval of the sample L-CV with 10% significance level, when assuming the log-
Student t sampling distribution of Eq. (14) for ¢ and applying the corrections of Egs. (16) and
(17); black crosses (+) are sites for which it is outside of it. Four models are considered: (a)
one unique region where t* = #©); (b) three regions with different SAAR; (c) regions obtained
with a simplified ROI approach; (d) linear regression model.
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