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Abstract

A novel approach to consider additional spatial information in flood frequency anal-
yses, especially for the estimation of discharges with recurrence intervals larger than
100 years, is presented. For this purpose, large flood quantiles, i.e. pairs of a discharge
and its corresponding recurrence interval, as well as an upper bound discharge, are5

combined within a mixed bounded distribution function. Large flood quantiles are de-
rived using probabilistic regional envelope curves (PRECs) for all sites of a pooling
group. These PREC flood quantiles are introduced into an at-site flood frequency anal-
ysis by assuming that they are representative for the range of recurrence intervals
which is covered by PREC flood quantiles. For recurrence intervals above a certain10

inflection point, a Generalised Extreme Value (GEV) distribution function with a posi-
tive shape parameter is used. This GEV asymptotically approaches an upper bound
derived from an empirical envelope curve. The resulting mixed distribution function is
composed of two distribution functions, which are connected at the inflection point.

This method is applied to 83 streamflow gauges in Saxony/Germany. Our analysis15

illustrates that the presented mixed bounded distribution function adequately considers
PREC flood quantiles as well as an upper bound discharge. The introduction of both
into an at-site flood frequency analysis improves the quantile estimation. A sensitivity
analysis reveals that, for the target recurrence interval of 1000 years, the flood quantile
estimation is less sensitive to the selection of an empirical envelope curve than to the20

selection of PREC discharges and of the inflection point between the mixed bounded
distribution function.

1 Introduction

Flood frequency analysis provides flood quantiles, i.e. discharges and their correspond-
ing recurrence intervals. Especially for recurrence intervals T>100 years, flood quantile25

estimates are very uncertain, due to the limited length of the measured flood series and
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the low number of representative data for extreme floods (e.g., Cohn and Stedinger,
1987; Merz and Thieken, 2005; Reis Jr. and Stedinger, 2005).

To reduce the estimation uncertainty of an at-site flood frequency analysis, it is rec-
ommended to use more information than the observed flood series (e.g., Hosking
and Wallis, 1986a; Stedinger and Cohn, 1986; Merz and Blöschl, 2008a,b; Merz and5

Thieken, 2009). Since the quantile estimates become less precise with higher recur-
rence intervals, additional information becomes increasingly important in these cases
(e.g., Hosking and Wallis, 1986a). Additional information can be classified into three
groups: causal, temporal (historic floods) and spatial (flood regionalisation) informa-
tion (Merz and Blöschl, 2008a,b). First, process understanding can be incorporated10

as causal information into a flood frequency analysis. For example, Merz and Blöschl
(2008a) illustrated that an investigation of event runoff coefficients helps to explain the
generation processes of extreme floods and therefore to describe the upper tail be-
haviour of a distribution function.

Second, systematic time series can be extended by integrating historic floods as15

non-systematic data (Stedinger and Cohn, 1986). These historic extreme floods lead
to more data for the estimation of large quantiles (e.g., England Jr. et al., 2003b; Benito
et al., 2004). Historic observations contain considerable measurement errors, but due
to the short systematic observation period, such additional information is useful (e.g.,
Hosking and Wallis, 1986b), and an increase of the effective record length leads to20

a better estimation of flood quantiles (Condie and Lee, 1982; Stedinger and Cohn,
1986; Cohn and Stedinger, 1987).

Third, flood regionalisation aims at improving flood quantile estimates by using in-
formation from gauges with similar hydrologic characteristics. In this way, the limited
length of flood series is compensated by using regional flood series, following the prin-25

ciple of “trading space for time” (Stedinger et al., 1993). Gutknecht et al. (2006) pro-
posed to combine local and regional methods within a “multi-pillar”-approach to reduce
the uncertainty of flood quantile estimates for large recurrence intervals.
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The selection of a distribution function which is suitable to estimate extreme floods is
difficult (e.g., Merz and Thieken, 2005; El Adlouni et al., 2008). Parameter estimation
methods mostly concentrate on the central parts of the distribution function. The upper
tail which is the most relevant for extreme events and is subject to the largest uncer-
tainty is often not adequately described (Moon et al., 1993). Hence, for the estimation5

of large flood quantiles, it is recommended to concentrate on extreme floods and to
derive as much information as possible from them (Naghettini et al., 1996).

Hydrological characteristics, e.g. generation mechanisms of extreme floods, might
be different compared to those of high-frequency floods (e.g., Chbab et al., 2006;
Gutknecht et al., 2006; Merz and Blöschl, 2008b). Therefore, the use of a single10

distribution function to represent the flood behaviour across the complete spectrum of
recurrence intervals is critical (England Jr. et al., 2003a), which is why, mixed distri-
bution functions are recommended. The two-component extreme value (TCEV) distri-
bution (Rossi et al., 1984) includes two different distribution functions for normal and
extreme events, respectively (e.g., Francés, 1998; Fernandes and Naghettini, 2008).15

The idea of mixed distribution functions is also the basis of the gradex approach (Guillot
and Duband, 1967), in which the traditional flood frequency curve is used up to a re-
currence interval, at which the corresponding discharge leads to catchment saturation.
Above that threshold, the flood frequency curve follows the rainfall frequency curve,
assuming that the rainfall records are longer and more precise than flood series (e.g.,20

Naghettini et al., 1996; Gutknecht et al., 2006; Merz et al., 2008).
Traditional distribution functions with three parameters, such as the Generalised Ex-

treme Value (GEV) or General Logistic (GL), are unbounded or only bounded in specific
cases (e.g. GEV with a shape parameter k>0). This implies that the increase of the
frequency curve is unlimited and that a non-zero exceedance probability for unrealistic25

large flood discharges is estimated (Enzel et al., 1993).
Distribution functions were developed which asymptotically approach an upper

bound (e.g. the extreme value distribution with four parameters (EV4), Kanda, 1981;
Francés and Botero, 2003). Francés and Botero (2003) combined non-systematic and
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systematic data with a bounded distribution function in their application of the EV4.
Upper bound discharges can be derived, on the one hand, by estimating a probable

maximum flood (PMF). To estimate a PMF, a probable maximum precipitation (PMP)
is transformed into a PMF. Therefore, the most extreme meteorological and hydrologi-
cal conditions for a given region are derived (e.g., Costa, 1987; Houghton-Carr, 1999;5

Fernandes et al., 2010). On the other hand, envelope curves provide upper bound
discharges. Envelope curves bound all regional unit floods of record, i.e. the maxi-
mum unit flood discharges, by relating them to their catchment sizes. The method of
empirical envelope curves (ECs) is a simple method which is not based on physical as-
sumptions (Crippen, 1982). ECs are traditionally constructed for an administrative re-10

gion (e.g., China and USA, Costa, 1987, Europe and the World, Herschy, 2002). Merz
and Thieken (2009) enlarged the European data set of Stanescu (2002) by German
floods of record from the last years and derived an EC which was used as additional
information to constraint the selection of distribution functions.

Castellarin et al. (2005) and Castellarin (2007) extended the traditional method of15

envelope curves. They introduced the method of probabilistic regional envelope curves
(PREC) which provides a large flood quantile, i.e. a pair consisting of a PREC discharge
and its corresponding recurrence interval, for each gauge of a homogeneous pooling
group of sites. In contrast to empirical envelope curves, probabilistic regional envelope
curves (PREC) assign a non-zero exceedance probability to the regional envelope20

curve.
This study aims at improving flood frequency estimates for large recurrence intervals

T by using additional information provided by empirical and probabilistic regional enve-
lope curves. Since this study aims at integrating both, a distribution function needs to
be selected which considers an upper bound discharge as well as large flood quantiles25

derived from PRECs. By doing so, for the first time, PREC flood quantiles are inserted
into a flood frequency curve.

This study is structured as follows: In Sect. 2, study area, Saxony/Germany, and data
are presented. The methods of empirical envelope curves and probabilistic regional
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envelope curves are briefly explained in Sect. 3. Here, we also present the results
of previous studies, in which PREC flood quantiles were derived for Saxon gauges
(Guse et al., 2009, 2010). The novel method to improve the flood frequency estimates
is described in Sect. 4. It is explained how large flood quantiles and an upper bound
discharge can be introduced into a suitable distribution function. In Sect. 5, we show the5

results of our method and evaluate the sensitivity of relevant choices when estimating
discharges with the presented mixed bounded distribution for a target T of 1000 years.

2 Study area and data

The study area is the federal state of Saxony which is located in South-Eastern Ger-
many. The south-western part is covered by the mountain range of the Erzgebirge,10

which has the largest altitudes in Saxony (Fig. 1). The Elbe is the largest river in the
investigation area.

The largest unit floods of record were observed at the western tributaries of the River
Elbe coming from the Erzgebirge (e.g. gauges 9 and 15 in Fig. 1) and at a tributary of
the Lausitzer Neisse (gauges 82 and 83). In the observation period, both local and15

regional floods are included which affected in particular the Erzgebirge (Pohl, 2004).
Extreme floods in Saxony belong to two flood types: small tributaries in the mountain
range of the Erzgebirge are affected by flash floods, while, riverine floods along the
River Elbe are characterised by a slow rise of the water level (Ulbrich et al., 2003;
Petrow et al., 2006). An extreme event in 2002 led to severe flood damages at almost20

all tributaries originating in the Erzgebirge and along the rivers Elbe and Mulde (e.g.,
Ulbrich et al., 2003; Thieken et al., 2005). Particularly due to this flood, several Saxon
flood time series are very skewed (Petrow et al., 2007). The 2002 flood led to large
modifications of the frequency curve and especially of the shape parameter at several
gauges in Saxony (Schumann, 2004, 2005), and revealed the uncertainty of at-site25

flood frequency estimates without additional information. This confirmed the need for
representative extreme events within the data series.
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The discharge gauges are distributed along all relevant rivers and tributaries in the
investigation area. We used 83 gauges, including two from Thuringia (gauges 61 and
62). We selected gauges with observation periods >29 years and catchment sizes
>10 km2 and without large effects due to mining activities or dams. The annual maxima
series (AMS) as well as the maximum observed discharge, i.e. the flood of record, were5

derived for all 83 gauges.

3 Envelope curves

We used upper bound discharges derived from empirical envelope curves (ECs) and
large flood quantiles provided by probabilistic regional envelope curves (PRECs). Both
methods are briefly introduced. Envelope curves bound the observed floods of record10

of regional sites. Therefore, the floods of record QFOR are normalised by their catch-
ment size A and then related to A in a double-logarithmic plot. Envelope curves are de-
termined by their slope b and intercept a (Eq. 1), adapted from Castellarin et al. (2005).

log
(
QFOR

A

)
=a+b∗ log(A) (1)

3.1 Empirical envelope curves15

Three empirical envelope curves were constructed (Fig. 2). First, an envelope curve
based on the Saxon floods of record only was derived. Second, the envelope curve
for Germany ECG from Stanescu (2002) was selected. Third, the European envelope
curve ECE of Herschy (2002) was used.

In this study, an upper bound with an exceedance probability of zero for Saxony20

needs to be considered. The Saxon envelope curve was determined by the largest
unit flood of record in Saxony. The floods of record of several gauges are close to
this EC. Thus, it is inconsistent to assume that the Saxon envelope curve has an ex-
ceedance probability of zero with respect to TPREC between 150 and 1500 years which
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were estimated by PRECs for this study region in Guse et al. (2010) (see Sect. 3.4).
For a few gauging stations, the discharges provided from PRECs were close to or even
larger than the Stanescu envelope curve for Germany. Since it was advisable to take
an envelope curve which is certain to be the upper bound of Saxon flood discharges,
we used the European envelope curve by Herschy (2002). This envelope curve is5

expected to be an upper bound which might not be exceeded in Saxony, since it is de-
termined by significantly larger floods from the Mediterranean region. Stanescu (2002)
and recently Gaume et al. (2009) compared ECs of European countries and deter-
mined the largest magnitude for Mediterranean countries. Stanescu (2002) concluded
that larger floods are possible around the Mediterranean Sea than in Central European10

countries, owing to the warmer temperature and resulting larger humidity contained in
the air masses. The Stanescu envelope curve was used only to investigate the sensi-
tivity of the selection of the empirical envelope curve (see Sect. 4.3).

3.2 Probabilistic regional envelope curves

Probabilistic regional envelope curves (PRECs) (Castellarin et al., 2005; Castellarin,15

2007) estimate an exceedance probability for a regional envelope curve (REC). PRECs
can be derived for homogeneous regions as indicated in the index flood method (Dal-
rymple, 1960; Robson and Reed, 1999). In the case of regional homogeneity, the index
flood (mean of the annual maxima series) is a function of the catchment size. The slope
b of REC (Eq. 1) is determined by a regression through all index flood values of the20

pooling group (Fig. 3). The intercept a is estimated by shifting the regression line up
to the largest unit flood of record. Hence, the intercept a of REC is determined by the
largest unit flood of record in the pooling group (Castellarin et al., 2005).

To estimate the exceedance probability of REC, the overall sample years of all re-
gional annual maxima series (AMS) are reduced to the effective sample years of data.25

The intersite dependence among the AMS is examined by considering the reduction of
the regional information content due to cross-correlated sites. Castellarin (2007) pre-
sented an empirical relationship for this case. The cross-correlation function of Tasker
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and Stedinger (1989) was used, which describes the decrease of the cross-correlation
between the AMS with increasing distance between the catchment centroids. Because
of the higher correlation among nested pairs of catchments, different parameter sets for
nested and unnested pairs of catchments are used, as proposed by Guse et al. (2009),
instead of the initial approach with one parameter set for all pairs of catchments.5

The exceedance probability is calculated for the pair of the unit flood of record and
its corresponding catchment size, which governs the REC (Castellarin, 2007). The
PREC provides a discharge QPREC for each gauge of the pooling group with the same
recurrence interval TPREC.

3.3 Application of probabilistic regional envelope curves in Saxony10

In previous studies, several PRECs were derived for Saxony (Guse et al., 2009, 2010).
A major step in the PREC concept is the determination of the pooling group of sites.
Guse et al. (2010) used cluster analysis and the Region of Influence (RoI) approach
(Burn, 1990) to construct several pooling groups using twenty candidate sets of two or
three catchment descriptors. An own PREC was constructed for each pooling group,15

which fulfils the homogeneity criteria of the heterogeneity measure (H1<2) of Hosk-
ing and Wallis (1993). Hence, the constitution of the homogeneous regions and thus
PRECs differed depending on the grouping procedure.

The suitability of both pooling methods to derive PREC flood quantiles was assessed
by comparing the PREC method with the index flood method. To this end, a leave-one-20

out jackknifing approach was used to calculate the PREC flood quantiles for ungauged
conditions, denoted as QPREC-JK(TPREC-JK) (Castellarin, 2007; Castellarin et al., 2007;
Guse et al., 2010). The relative error between QPREC-JK and QIF, the estimated dis-
charge for TPREC-JK with the index flood method, was estimated for each gauge of
the pooling group. The comparison of the relative errors for cluster analysis and RoI25

showed that both pooling methods lead to similar performance (Guse et al., 2010).
Therefore, PREC flood quantiles of both pooling methods were used. In this study,
PREC flood quantiles with a relative error <2 were used only. By doing so, PREC real-
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isations that deviated strongly from the index flood method were not considered. This
means that PREC flood quantiles of a site which were more than three times larger for
ungauged conditions than the index flood estimates for the same TPREC were excluded.

The number of PREC realisations varied among the gauges between 0 and 127.
A site had a lower number of PREC flood quantiles when it belonged more often to5

heterogeneous regions due to the specific characteristics of this gauge. Of the 89
gauges available in the previous studies, only the 83 gauges with at least one PREC
realisation were used for this study (see Fig. 1). In the previous study, TPREC varied
between 150 and 1500 years with a mean value of 650 years (Guse et al., 2009).

3.4 Comparison of empirical and probabilistic regional envelope curves10

When comparing the traditional empirical envelope curves with the probabilistic re-
gional envelope curves, one has to take note of the differences between the two ap-
proaches.

Several studies have illustrated the slope values of empirical envelope curves. On
average, a slope of −0.5 is estimated with a variability between −0.2 and −0.7 (e.g.,15

Herschy, 2002; Castellarin et al., 2005; Castellarin, 2007; Gaume et al., 2009). In our
study, the slopes of the empirical envelope curves are close to −0.4. In contrast, the
slope in the PREC approach has a lower negative value. Here, the slope b is about
−0.2. This means that the effect of the catchment size is smaller in the PREC concept.

Since the intercept of the empirical envelope curve is larger than those of the PREC20

realisations in this study, it follows that the discharge of EC is larger than in the PREC
concept. This result is understandable given that the EC has an exceedance probability
of zero, while that of the PREC lies between 6.7×10−4 and 6.7×10−3 for this study
region.

The PREC discharges should be lower than the upper bound discharge from EC25

in all cases. Hence, the consistency of PREC discharges was checked for all sites
of each PREC realisation. Since the slopes of the PRECs are in the majority of the
cases smaller than those of the ECs, PRECs approach the ECs with increasing catch-
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ment size. PREC discharges which were larger than the upper bound derived by the
Stanescu envelope curve sites were removed. These cases were detected for sites
with a large catchment size. It is assumed that the estimation of the empirical envelope
curve was better than those of PREC in these cases with a large catchment size. In
this way, consistency among both methods was ensured.5

4 Methods

This study aims at inserting large flood quantiles and upper bound discharges as ad-
ditional information into a distribution function to improve the flood quantile estimates
for T>100 years. For this purpose, a distribution function is requested, into which large
flood quantiles derived by PRECs, i.e. QPREC and corresponding TPREC, as well as an10

upper bound discharge QMAX, provided by an empirical envelope curve, can be inte-
grated. The method consists of two steps:

(1) Integration of the PREC flood quantiles into the observed flood series (Sect. 4.1)

(2) Application of a mixed bounded distribution function including PREC flood quan-
tiles and an empirical envelope curve discharge as upper bound (Sect. 4.2)15

Figure 4 gives an overview about our approach, including the most relevant variables.
The core idea is an improvement of discharge estimates for a target recurrence interval
Tt of 1000 years (orange line in Fig. 4). As additional information, PREC flood quantiles
with recurrence intervals between 150 (lower value Tl) and 1500 (upper value Tu) years
are used (dashed cyan lines) and combined with the observed flood series in a distri-20

bution function (GEVsim-prec). As second additional information, an upper bound dis-
charge (QMAX) (purple line) derived from an empirical envelope curve is integrated into
a distribution function. The resulting mixed bounded distribution (GEVbound) consists
of two distribution functions, connected at the inflection point (TX ) (dashed magenta
line) and approaching the upper bound (QMAX) asymptotically. The mixed distribution25
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function is identical with GEVsim-prec up to the inflection point. From this point on, the
bounded GEV is used.

4.1 Integration of PREC flood quantiles

In the first step, PREC flood quantiles were combined with the observed AMS. In a tra-
ditional regional flood frequency analysis, flood data from the site itself and from neigh-5

bouring sites are available. Since a PREC flood quantile comprises of a QPREC and
its corresponding TPREC, it was impossible to add a QPREC value directly to the AMS
as one additional flood value. The additional information of the corresponding TPREC
needs to be considered to use the maximum information from PRECs. Hence, a novel
method was developed.10

The Generalised Extreme Value (GEV) distribution was fitted to the observed AMS
of each gauge using L-moments (Hosking and Wallis, 1997), denoted as GEVobs. The
adequacy of the GEV for the flood series in this study was proven by L-moment ratio
diagrams (see e.g., Vogel and Fennessey, 1993; Peel et al., 2001).

The three at-site GEVobs parameters (ξ, α, k) were used to generate synthetic flood15

series. For this, Tu random numbers between 0 and 1 (psim) were generated. Tu was
selected, since it was the maximum of TPREC for the study region. These psim values
were inserted into the GEV (Eq. 2) resulting in Tu simulated discharge values, denoted
as Q.

Q= ξ+
α
k
∗
[
1− (−ln(psim))k

]
with k 6=0 (2)20

Subsequently, the GEV was fitted to Q, denoted as GEVsim with a new parameter set
(ξsim, αsim, ksim).

To ensure consistency between GEVsim and GEVobs, the two should not differ con-
siderably. For this, the flood quantiles for T=Tu years of both GEV functions were
compared. It was decided that the discharge estimates of both functions should not25

vary more than 1% for Tu. If Qsim(Tu) varied more than 1% from Qobs(Tu), the random
selection of psim and the estimation of Q were repeated.
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A second constraint was that there had to be nine or ten values, denoted as nx,
larger than pE=0.9933(=1− 1

150 ). This value was selected, because the TPREC values
were larger than 150 years (Tl=150). It was therefore assumed that the PREC flood
quantiles were representative for T>Tl years. A binomial function showed that the
largest probability was estimated when assuming that nine or ten floods with T>Tl5

were expected to occur within Tu years. This constraint was considered to prevent an
influence of a randomly selected number of PREC flood quantiles. Then, GEVsim and
GEVobs were assumed as sufficiently similar for using the Tu simulated flood series
instead of the shorter measured time series.

In a next step, PREC flood quantiles were integrated into the simulated flood series10

Qsim. The random numbers psim were sorted in increasing order. Among psim, the nx
values larger than pE were removed from the simulated flood series Qsim and replaced
by nx QPREC values.

This approach implicitly assumed that the observed flood series is appropriate up to
Tl. However, the PREC discharges also influenced the combined function of observed15

and PREC discharges for T<Tl.
Since the previous studies provided more than nx PREC flood quantiles for most of

the gauges (see Sect. 3.3) (Guse et al., 2010), it was necessary to select nx PREC
flood quantiles among the PREC realisations of a given gauge. The nx PREC flood
quantiles were selected in a random process whereas the discharges were weighted20

according to their TPREC. We considered the recurrence intervals using a binomial func-
tion B (Eq. 3). This approach was used to estimate the mean occurrence of a specific
QPREC with a recurrence interval TPREC within Tu years.

P (X =m)=BTu; 1
TPREC

(X =m) with m=1,2,...,20 (3)

We checked m for one to twenty occurrences. Among these twenty results, we selected25

the m with the largest probability Pmax, i.e. the maximum likelihood, denoted as mmax.
The QPREC of this PREC realisation was assigned mmax times to a vector VPREC. This
implies that PREC discharges with a smaller T were assigned more often to VPREC. In
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this way, the recurrence interval of the PREC realisations was evidently considered,
since a PREC flood quantile with a smaller TPREC was expected to occur more often
than a PREC flood quantile with a larger one. This procedure was repeated for all
PREC realisations of this gauge.

The nx PREC values were then randomly selected without replacement from VPREC.5

In order to adequately represent TPREC, a specific QPREC could be selected as many
times as it was included in VPREC. The nx discharges derived from PREC were as-
signed to the reduced simulated flood series of Tu−nx values, so that the new flood
series comprised Tu values again.

In the majority of cases, the length of VPREC was larger than nx, which required10

the random selection of PREC discharges. In the other cases, for sites with a lower
number of PREC realisations in VPREC than nx, nx values were removed from the sim-
ulated flood series as well. Then all values from VPREC were added. In order to obtain
Tu values again, the remaining discharges to Tu were selected randomly from the nx
discharges with T>Tl years.15

The GEV was fitted to the new flood series, denoted as GEVsim-prec, using L-
moments. This approach allowed an integration of PREC flood quantiles in flood fre-
quency estimations. Due to the random process, there might be differences in the
magnitude of the selected PREC discharges, and therefore also in the final distribu-
tion function. Hence, we repeated the selection of QPREC one hundred times and20

estimated one hundred GEV parameter sets. The GEV parameter sets which esti-
mated the median discharge for Tt were used for the next steps. The corresponding
GEV distribution was denoted as GEVsim-prec 50. The influence of the PREC selection
on the discharge estimates was expressed by showing the 5%- and 95%-quantiles of
GEVsim-prec for Tt, denoted as GEVsim-prec 05 and GEVsim-prec 95, respectively. A com-25

parison of GEVsim-prec with GEVsim illustrated the effect of using PREC flood quantiles
as additional information.
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4.2 Mixed bounded distribution function

We used a mixed bounded distribution function which was developed in storm research
(Hofherr et al., 2008). The use of this distribution function enables us to integrate an
upper bound discharge as further additional information besides of the PREC flood
quantiles.5

In this mixed bounded distribution function, flood quantiles up to a recurrence in-
terval threshold of TX (inflection point) are estimated by an unbounded distribution
function (here: GEVsim-prec with k<0), and quantiles above the inflection point TX are
estimated by a bounded distribution (here: GEVbound). A higher TX was used, as it
would be representative for the observed flood series only. GEVsim-prec includes the10

PREC discharges which were representative for T between 150 and 1500 years and
this additional information enables us to use the higher TX . To adequately represent
the PREC discharges, we selected an inflection point TX=500 years. The sensitivity of
this inflection point was analysed in Sect. 4.3.

GEVbound has a positive shape parameter k and, hence, asymptotically approaches15

an upper bound. The three parameters of GEVbound (ξbound, αbound, kbound) were de-
termined in an optimisation process by three constraints using Eqs. (4)–(6). First, the
upper bound QMAX which was provided by an empirical envelope curve was inserted
into the GEV upper bound function (Eq. 4).

QMAX = ξbound+
αbound

kbound
(4)20

Second, both GEV functions (GEVsim-prec, GEVbound) had to be identical at the inflection
point to avoid inconsistencies. Therefore, both functions were equated at the inflection
point (Eq. 5).

GEVsim-prec(T = Tx)=GEVbound(T = Tx) (5)

The third constraint was that both GEV functions had the same slope at the inflection25
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point. Therefore, their derivates were equated (Eq. 6).

GEV′
sim-prec(T = Tx)=GEV′

bound(T = Tx) (6)

In the case of a successful optimisation, GEVbound was fully defined, increasing mono-
tonically.

The mixed bounded distribution function was not applied for sites with a positive5

k of GEVsim-prec. In these cases, the GEVsim-prec was already bounded. The main
advantage of a bounded distribution function is that it avoids an unlimited increase up
to unrealistic discharge values, which was already prevented by the positive k values
in these cases.

4.3 Sensitivity analysis10

The effect of three choices in this method was investigated for a target recurrence
interval Tt=1000 years in a combined sensitivity analysis. The sensitivity of each choice
was tested as follows:

1. the magnitude of the empirical envelope curve discharge: German EC (ECG)
(Stanescu, 2002) vs. European EC (ECE) (Herschy, 2002),15

2. the selection of PREC discharges: 5% vs. 95% of the GEVsim-prec estimates for
Tt,

3. and the magnitude of the recurrence interval threshold (inflection point): TX=200
vs. 500 years.

For each choice, the four possible combinations of the two other choices were checked.20

The comparison of Qbound(Tt=1000) between all possible combinations of these three
choices allowed us to evaluate their effect on the discharge estimations of GEVbound for
Tt. The relative deviations are calculated for each choice (Eqs. 7–9). This procedure
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enabled us to determine the most sensitive choice of the discharge estimates for Tt.

EEC =
Qbound(QMAX =ECE)−Qbound(QMAX =ECG)

Qbound(QMAX =ECG)
(7)

EPREC =
Qbound(GEVsim-prec,95)−Qbound(GEVsim-prec,5)

Qbound(GEVsim-prec,5)
(8)

ETX =
Qbound(TX =500)−Qbound(TX =200)

Qbound(TX =200)
(9)

5 Results5

5.1 Integration of PREC flood quantiles

Figure 5 illustrates exemplarily for the gauge Lauenstein (site 14 in Fig. 1) that GEVsim
agrees well with GEVobs (orange and black lines in Fig. 5). The blue-coloured circles
symbolise the PREC discharges which were selected for GEVsim-prec 50. Most of the
QPREC(TPREC) are smaller than the QGEV(TPREC). Hence, the integration of the PREC10

flood quantiles leads to a higher k (shape parameter of GEV) and a lower skewness
of GEVsim-prec compared to GEVsim. Therefore, Qsim-prec for a given T is smaller than
Qsim.

The PREC flood quantiles indicate that the skewness of the GEV might be too large
when using the observed data only. The recurrence interval of the flood of record (flood15

discharge of 2002) might be larger than the at-site estimate. The effect of the flood of
record on the estimation of large quantiles within the at-site flood frequency analysis
seems to be too high. The smallest PREC discharge is identical with the flood of record
of Lauenstein. This means that the intercept of this REC was determined by the at-site
flood of record.20
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The shape parameter k of GEVsim-prec was positive for seven sites. Since they al-
ready approach an upper bound, even after integrating PREC discharges, the number
of sites for which the mixed bounded distribution function was applied was reduced to
76.

5.2 Mixed bounded distribution function5

GEVsim-prec was used to estimate the flood quantiles up to TX=500 years in the mixed
bounded distribution approach. From TX on, GEVbound was used, which asymptotically
approaches the upper bound discharge derived from the empirical envelope curve by
Herschy (2002). Considering GEVsim and GEVbound for all gauges, three cases can
be distinguished, which are shown in Fig. 6a–c. The variability due to the selection10

of PREC flood quantiles is demonstrated by adding the 5%- and 95%-quantiles (cyan
dashed line).

In the first case (gauge Lauenstein, Fig. 6a), GEVbound estimates lower discharges
than GEVsim for all values of T . To give an example, GEVbound estimates a discharge
of 200 m3/s for Tt, whereas the GEVsim discharge is about 300 m3/s. GEVsim increases15

unlimitedly, whereas the gradient of GEVbound decreases and approaches the upper
bound.

Figure 6b shows an example (gauge Niederschlema, site 33 in Fig. 1) where several
PREC discharges are larger than the GEV discharge estimates for the same recur-
rence interval. However, there are also various smaller PREC flood quantiles. On20

average, QPREC(TPREC) is similar to QGEV(TPREC), and therefore Qsim-prec is similar to
Qsim. The PREC flood quantiles support the GEV estimations, and the effect of the
inclusion of PREC discharges is low.

In the third case, the PREC flood quantiles are larger than the GEV discharge esti-
mates (gauge Gera in Fig. 6c, site 62 in Fig. 1). Here, Qbound is about 1.5 times larger25

than Qsim for Tt. Despite the asymptotical approach towards the upper bound, Qbound is
larger than Qsim even for T=10 000 years. There are gauges within the pooling groups
of this site with significantly larger unit floods of record than those of Gera. The re-
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gional envelope curve has a considerably higher flood magnitude than the observed
discharges. The PREC flood quantiles indicate that a flood larger than the current
flood of record might occur.

5.3 Comparison of the three distribution functions

First, we compared GEVsim and GEVsim-prec. After that, we examined the differences5

between GEVsim and GEVbound. In both cases, discharge estimates for Tt were com-
pared and we used the median of the hundred GEV estimations for GEVsim-prec and
GEVbound.

The comparison of GEVsim and GEVsim-prec 50 shows how strongly GEVsim-prec 50 is
affected by PREC flood quantiles. Figure 7 illustrates that the GEVsim-prec 50 estimates10

larger discharges for almost all gauges. This result can be explained by the PREC
flood quantiles. For the majority of the sites, the QPREC(TPREC) values are larger than
the corresponding QGEV(TPREC) estimates. Hence, GEVsim-prec 50 also estimates larger
values than GEVsim (see Gera, see Fig. 6c).

In a further step, Qsim and Qbound 50 are compared (Fig. 8). A positive relative de-15

viation indicates that Qbound 50 is larger than Qsim despite the asymptotic behaviour
towards the upper bound. The Qbound 50 exceeds Qsim, because QPREC(TPREC) values
are mostly larger in comparison to the corresponding QGEV(TPREC) (see example of
Gera, Fig. 6c). This implies that the PREC discharges enormously affect the GEV and
lead to larger discharges of GEVbound 50 than GEVsim for the same recurrence interval.20

Figure 8b shows that even for T=10 000 years a positive relative deviation is estimated
for the half of the sites. Due to the asymptotic behaviour of GEVbound 50, there are more
sites with a negative relative deviation for T=10 000 than for T=1000 years.

5.4 Sensitivity analysis

With a combined sensitivity analysis, the effect of the upper bound derived by the25

empirical envelope curve, the QPREC-selection and the inflection point is investigated.
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Figure 9a–c illustrate that the largest relative deviation is found when comparing the
5%- and 95%-quantiles of GEVsim-prec and emphasise that it is necessary to consider
different PREC selections. This variation occurs due to the random selection of the
PREC discharges.

The selection of the empirical envelope curve has the lowest relative deviation. There5

are only small differences in Fig. 9a. Its effect is slightly larger for TX=200. The smaller
TX , the smaller is the point at which GEVbound asymptotically approaches to the up-
per bound and the stronger GEVbound is influenced by the empirical envelope curve
discharge.

The relative deviation due to the PREC selection is similar when varying the empiri-10

cal envelope curve or the inflection point (Fig. 9b). Here, there is the inverse situation
compared to the selection of the empirical envelope curve. The largest relative devia-
tion is found for TX=500. This can be explained by the fact that, GEVbound is affected
from TX on also by the asymptotic behaviour and not only by the selection of QPREC.

In Fig. 9c, the largest deviation was estimated for the different TX values when15

using the 95%-quantile of GEVsim-prec. The GEVsim-prec 95 is higher skewed than
GEVsim-prec 05, because of the inclusion of larger QPREC values. Thus, the difference
between the two GEVbound estimates with different TX values is larger when using the
95%-quantile due to the higher skewness.

The relative importance of the three choices is shown for all 76 gauges (Fig. 10).20

The gauges are ordered by the distance between their unit floods of record and EEC.
Figure 10 shows that the effect of the selection of the PREC flood discharges increases
with larger distance to the REC, whereas the effect of the inflection point and of the
empirical envelope curve decreases. This pattern can be explained when considering
the three choices in detail.25

The effect of the choice of the empirical envelope curve considerably influences the
discharge estimates for Tt only for sites with a small distance to the largest unit flood
of record, i.e. the sites which are close to the empirical envelope curve. The closer
they are to the European one, the larger is the fraction of the empirical envelope curve
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selection.
The intercept of a REC is defined by the largest unit flood of record in the pooling

group. The site which determines in all its PREC realisations the intercept of REC
(Neundorf, site 9 in Fig. 1) has a relative deviation of zero related to the QPREC selection
(site 3 in Fig. 10), because QPREC is always equal to the at-site flood of record. The5

smaller the at-site unit flood of record, the larger the distance to the largest unit flood of
record of a pooling group could be within a REC. Because of that, the possible range
of PREC discharges increases along with the distance between the at-site unit flood of
record and the largest regional unit flood of record.

In addition, the effect of TX is larger for sites with a high skewness. The larger the10

skewness, the larger are the differences between the discharge estimates for T=200
vs. T=500 years. Therefore, the influence of the choice of TX also increases. Especially
the sites with a large flood of record are characterised by a high skewness. Thus, the
largest influence of the TX selection is found for sites with floods of record close to EC.
The fraction of the inflection point is highly correlated with the shape parameter k. The15

effect of the inflection point is negligible for sites with a small negative k, whereas its
effect predominates when k is highly negative.

6 Discussion

A novel method to integrate additional regional information about upper tail behaviour
into at-site flood frequency analyses was presented. This study aimed at improving20

the discharge estimates for large T . The core ideas were to combine PREC flood
quantiles with traditional flood frequency approaches and to introduce a mixed bounded
distribution function which considers large flood quantiles as well as an upper bound
discharge. It is interesting to compare this method with the integration of historical
events and to discuss the selection of PREC flood quantiles and the results of the25

sensitivity analysis.
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There are some similarities between our method to integrate PREC flood quantiles
and the use of historical floods as additional information in flood frequency studies.
Historical floods are combined as non-systematic data with measured flood series.
Generally, a threshold is fixed and the number of floods above this threshold in the his-
torical period is determined (Stedinger and Cohn, 1986; Reis Jr. and Stedinger, 2005).5

The integration of historical information is based on the assumption that all extreme
floods above the threshold are recorded because of the large amount of damages they
have caused. However, in this approach discharge values are used only. The prob-
abilities of the historic floods are unknown and are not considered (e.g., Martins and
Stedinger, 2001). This is the largest difference to our method, which considers besides10

the discharge values also the recurrence interval of PRECs. Furthermore, whereas the
use of historical data extends the time series, the integration of PREC flood quantiles
is based on substituting the time period with spatial information.

Because of that, a different approach than for the integration of historic data was
chosen, which enabled us to use the additional information in terms of TPREC and15

to integrate several QPREC values. For this, we extended the flood series by using
simulated flood series and replaced the simulated discharges above Tl by randomly
selected QPREC values. The largest relative deviation between GEVsim-prec, the flood
series which includes the PREC discharges and GEVsim which is based on the simu-
lated flood series only, is calculated for sites with a large QPREC(TPREC) in comparison20

to QGEV(TPREC).
The selection of the PREC flood quantiles is the most sensitive step for Tt. As indi-

cated, it was necessary to select PREC flood quantiles randomly, because more PREC
realisations were provided from Guse et al. (2010) than are to be expected for T>Tl in
a Tu year flood series. The influence of the random process depends on two aspects.25

First, it is affected by the number of PREC realisations. The more PREC realisations,
the more combinations of randomly selected PREC discharges are possible. Second,
the results are influenced by the variation of the PREC flood quantiles in QPREC as well
as in its corresponding TPREC. Small differences between the PREC flood quantiles
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lead to low differences in GEVsim-prec independently of the number of PREC realisa-
tions.

As illustrated in Fig. 2, both empirical envelope curves differ strongly. However, the
sensitivity analysis shows that the effect of the envelope curve selection on a discharge
with T=1000 years is smaller than those of the random selection of PREC discharges5

or of the inflection point. In this context, it is worth noting that we predefined a target
recurrence interval of 1000 years. Since the envelope curve governs the asymptotical
approach towards the upper bound, the influence of the envelope curve selection will
be larger for increasing T .

7 Conclusions10

A novel method to improve the quantile estimation for recurrence intervals larger than
100 years by using additional information was presented. Large flood quantiles were
derived by probabilistic regional envelope curves (PREC). These PREC flood quantiles
were combined with the measured flood series. A mixed bounded distribution function
was presented which considers in addition to the PREC flood quantiles also an upper15

bound discharge derived by an empirical envelope curve. The mixed bounded dis-
tribution function avoids an increase up to unrealistic large discharges. Whereas the
combination of PREC discharges and a simulated flood series based on at-site pa-
rameters was used for recurrence intervals of up to 500 years, a bounded distribution
function was applied for larger T .20

The main outcomes of this study are:

1. The use of the additional information of PREC flood quantiles and empirical en-
velope curves supports the estimation of large quantiles.

2. The effect of PREC flood quantiles on the quantile estimation is especially relevant
when the PREC discharge varies largely from the at-site GEV estimate for the25

same recurrence interval.
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3. The sensitivity of the flood quantile of 1000 years to the selection of empiri-
cal envelope curves providing the upper bound discharge on a flood quantile
of 1000 years is smaller than the selection of PREC flood quantiles and of the
inflection point between both functions of the mixed bounded distribution.
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are additionally shown.
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Fig. 3. Example of Regional Envelope Curve (REC) (from Guse et al., 2010).
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Fig. 4. Scheme of the proposed method including the most relevant variable names. The
upper bound is illustrated in purple right of the legend. GEVsim-prec is the combined distribution
function of the observed flood series and the PREC flood quantiles. GEVbound is a bounded
distribution function which includes PREC flood quantiles as well as an upper bound discharge.
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Fig. 5. Effect of integrating PREC flood quantiles into the at-site flood frequency analysis.
GEVobs, GEVsim and GEVsim-prec are compared for the site Lauenstein. The observed flood
series is illustrated as Hazen plotting position (PLP Hazen). The PREC flood quantiles which
were selected for GEVsim-prec 50 are coloured in blue.
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Fig. 6. The mixed bounded distribution function GEVbound vs. the traditional GEV (GEVsim) and
the GEVsim-prec for the gauges (a) Lauenstein, (b) Niederschlema, (c) Gera. The blue-coloured
PREC results show the selected PREC discharges which yielded a median discharge for the
target recurrence interval of 1000 years among the hundred repetitions. The upper bound is
illustrated in purple right of the legend.

4286

http://www.hydrol-earth-syst-sci-discuss.net
http://www.hydrol-earth-syst-sci-discuss.net/7/4253/2010/hessd-7-4253-2010-print.pdf
http://www.hydrol-earth-syst-sci-discuss.net/7/4253/2010/hessd-7-4253-2010-discussion.html
http://creativecommons.org/licenses/by/3.0/


HESSD
7, 4253–4290, 2010

Introducing envelope
curves into a

distribution function

B. Guse et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

0 10 20 30 40 50 60 70 80
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Site

R
el

.
de

vi
at

io
n

Lauenstein

Niederschlema
Gera

Fig. 7. Comparison of discharges estimated by GEVsim and GEVsim-prec 50 for the target recur-
rence interval of 1000 years for 83 gauges. The three sites shown in Fig. 6 are marked.
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Fig. 8. Comparison of discharges estimated by GEVsim and GEVbound 50 for recurrence intervals
of (a) 1000 and (b) 10 000 years. The three sites shown in Fig. 6 are marked. The seven sites
with a positive k are not shown.
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Fig. 9. Relative deviation between the quantile estimate of GEVbound for T=1000 years when
varying three choices. The boxplots show the results for the 76 sites which were used in the
sensitivity analysis. (a) Empirical envelope curves (ECG=Germany (Stanescu), ECE=Europe
(Herschy)), (b) PREC flood discharges (95-, 5-quantiles) and (c) inflection point (TX ).
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Fig. 10. Fraction of the three choices to the overall absolute relative deviation. The sites
are ordered by the distance of the unit flood of record to the unit discharge of the European
envelope curve. EC=selection of the empirical envelope curve (ECG vs. ECE); PREC=selection
of PREC flood discharges (95- vs. 5-quantiles); TX=selection of the inflection point (TX=200 vs.
500).
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