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Abstract

In order to obtain meaningful predictions of contaminant transport, an accurate way
of quantifying dispersivity needs to be developed. Results from the theoretical studies
suggest that dispersion and the associated dispersivity is non-fickian near the source
of contaminant and it grows with travel time and distance. In most tests of a limited5

duration it is quite probable that the asymptotic regime is not reached, and a proper
interpretation of the test should be based on the time-dependent results due to the dif-
ficulty associated with the expensive experimental setups added to the marked scarcity
of field data. An attempt has been made using spatial moment analysis to evaluate the
time dependent dispersivity for a system of parallel fractures with matrix diffusion. The10

study is limited to non-reactive solutes, having a constant continuous source. An em-
pirical relation to evaluate the dispersivity was developed by us based on the sensitivity
analysis, when distinct parallel fractures have constant aperture width and is found to
be functions of matrix porosity, matrix diffusion coefficient and injected fracture veloc-
ity at pre-asymptotic stage. The system becomes more complex when the aperture15

widths of the distinct parallel fractures are varied, as it appears that the initial develop-
ment period of non-fickian behavior may be long due to the continuous lateral mixing
of the solute body. It is found that dispersivity at pre-asymptotic regime increases with
the coefficient of variation for distinct parallel fractures with varying aperture widths.

1 Introduction20

The movement and mixing of solutes in fractured media is of particular interest in an en-
vironmental context because of the possibility of very rapid and extensive movement of
contaminants through fractures, cracks, or fissures in otherwise low-permeability rock
(Gelhar, 1993). Analysis of flow and solute transport in a single fracture provides a
basis for understanding contaminant migration in fractured porous media. Such knowl-25

edge is required when studying a radioactive waste repository in a rock formation or
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assessing the characteristics of a fractured aquitard in ground-water remediation or
protection work. Dispersivity is established as one of the key uncertain parameters
that influence the concentration at accessible-environment compliance points.

Generally, measurement of transport properties in a complex geologic media be-
comes a challenging task. Many experimental investigations of solute transport in sin-5

gle fractures have been conducted in the laboratory (Sharp, 1970; Iwai, 1976; Grisak
et al., 1980; Moreno et al., 1985; Schrauf and Evans, 1985; Abelin, 1986; Raven
et al., 1988; Rudolph et al., 1991). These investigations have produced measure-
ments of fracture properties and have provided an understanding of the processes
controlling solute migration, notably fracture dispersion, matrix diffusion, and chan-10

neling. Since, matrix diffusion influences the resultant dispersion along the fracture,
significantly, at the scale of a single fracture, the measurement of dispersivity result-
ing from a fracture-matrix coupled system has become a difficult target. Also since,
dispersivity is a measure of the variability in the fluid velocity affecting the advection of
dissolved constituents in ground water (Gelhar et al., 1992), and matrix diffusion is usu-15

ally described as the process by which dissolved constituents diffuse into or out of the
primary porosity of the rock-matrix, the resulting spreading of solutes, arising from the
simultaneous influences of both longitudinal dispersion (along the fracture), and matrix
diffusion (across the fracture) is important to performance assessment and must be
captured in the transport models. Only the largest heterogeneities are represented ex-20

plicitly in the site-scale model; all dispersion caused by smaller-scale features must be
represented through the use of a dispersion model. Numerous groundwater transport
studies have been conducted at a variety of scales, and the results are compiled using
the dispersivity as the correlating parameter. There have been significant studies of
heterogeneous field scale media leading to a time-dependent dispersivity (e.g. Gelhar25

and Axeness, 1983, among others) with the assumption of an infinite domain. The
temporal effects imply that the dispersive flux has cumulative effects of previous times,
which is typical for a non-Fickian model (Scheidegger, 1960).

Earlier studies pertaining to the evaluation of dispersivity in a fractured media does
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not include the coupling effect between fracture and matrix. For example, Horne and
Rodriguez (1983) used a method similar to Taylor and Geoffrey (1953) to derive an
expression for the net longitudinal dispersivity, for flow in a fracture. It is to be noted
that the dispersivity was related as a function of fracture aperture, flow velocity and
molecular diffusion, while the influence of the rock matrix was not considered (Gilardi,5

1984). McKay et al. (1993) had to choose the values of dispersivity for a limited range
between 0.2–1.2 m. In general, for single-phase flow, the dispersivity of a fracture is
deduced from the statistics of the aperture distribution, using stochastic theory (Keller,
1997). Thus, no attention has been provided to the dispersivity behavior resulting from
the coupled effect of fracture and rock matrix.10

Analytical solutions have been developed for solute transport through an idealized
fracture in a homogeneous porous matrix by reducing the transport equation in a two-
dimensional domain to two coupled one-dimensional problems (Tang et al., 1981;
Grisak and Pickens, 1980). Neretnieks et al. (1982) derived a solution assuming
negligible dispersion in the fracture. This effect was added in the solution of Tang15

et al. (1981), which is widely used for model comparison.
The matrix diffusion concept of transport of fractured geologic media has been the

basis of numerous mathematical models. The most widely used model involves ad-
vective and dispersive transport in the fracture coupled with diffusive transport into the
porous matrix (Tang et al., 1981; Maloszewski and Zuber, 1985; Moench, 1995). This20

model and its successors have been used successfully to fit a number of field tracer
tests in fractured rock (e.g., Malozewski and Zuber, 1993; Moench, 1995). In fact these
models have achieved such acceptance that it has been suggested that an extended
breakthrough tail indicates that matrix diffusion has influenced transport (Tsang, 1995;
Meigs et al., 1997). The model of Tang et al. (1981) was later extended to a system of25

parallel fractures. To mention a few, Grisak and Pickens (1980), Kennedy and Lennox
(1995), Jardine et al. (1999), Hara et al. (2000), Becker and Shapiro (2000), Callahan
et al. (2000) have used the conceptual model developed by Sudicky and Frind (1982)
and Tang et al. (1981) for the purpose of their model development and validation of
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their model outcomes.
There are several mechanisms giving dispersion or spreading of a concentration

pulse injected into a fractured porous system: (1) molecular diffusion in the fluid, (2)
velocity variations in the fluid within individual fracture (microscopic dispersion), (3) ve-
locity variations between different fractures (macroscopic dispersion), and (4) chemical5

and physical interactions with the associated solid matrix (Rasmuson, 1985). In the
present paper we concentrate on the dispersivity behavior caused by the macroscopic
dispersion and the physical interaction with the solid matrix as it is one of the less
understood physical parameters in the modeling of contaminant transport. The study
of this parameter has been the subject of considerable research over the past several10

years (Gelhar, 1993; Woodbury, 1997; Stafford et al., 1998). The difficulty associated
with these studies had been the high cost of conducting the required experimental
tests and the marked scarcity of the field data (Al-Suwaiyan, 1998). Also, in most
experiments of a limited duration it is quite probable that the asymptotic regime is not
reached, and a proper interpretation of the test should be based on the time-dependent15

results (Neretnieks et al., 1982; Moreno et al., 1985; Dagan, 1988).
Moment analysis is a very useful technique used to understand the heterogeneous

system of transport in fracture-matrix systems or porous media better. Instead of solv-
ing for the actual concentration along the fracture, the original governing equations are
modified to solve for simplified, but physically important, global quantity referred to as20

the spatial moments (Goltz and Roberts, 1987; Valocchi, 1989). This global variable
can eventually be combined to study the overall impact of different processes on the
evolution of pollutant plume (spatial moments). In this paper, we shall investigate the
time dependent behavior of effective values of dispersivity by the method of spatial
moments and its behavior is studied at pre-asymptotic stage.25
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2 Physical system and governing equations

The complex network of fractures consisting of both primary and secondary fractures
is illustrated in Fig. 1. The primary fractures are assumed to have parallel smooth
walls. Two cases are analyzed one with a system of distinct parallel fractures having
constant aperture width while the other having different aperture widths. The migration5

of the dissolved contaminant plumes in a system of distinct parallel fractures is mod-
eled by coupled partial differential equations, one describing the transport along the
fracture while the other describing the transport into the porous matrix (Sudicky and
Frind, 1982). The system of equations for a constant continuous source along with the
boundary conditions is as follows.10

The equation for the fracture is given by

∂cf

∂t
= −vf

∂cf

∂x
+ DL

∂2cf

∂x2
− q

b
(1)

The equation for the matrix is given by

∂cm

∂t
= Dm

∂2cm

∂y2
(2)

where, q=−θDm
∂cm
∂y and DL=αLv+Dm.15

Here cf and cm are the concentrations of solute in fracture and matrix respectively
(M/L3), vf is the ground water velocity in the fracture (L/T), 2b is the fracture aperture
(L), DL is the hydrodynamic dispersion coefficient (L2/T), Dm is the molecular diffusion
coefficient (L2/T), and q is the diffusive flux (source/sink) perpendicular to the fracture
axis (M/L2T−1).20

The initial and boundary conditions for the fracture and matrix system, respectively,
are:

cf (x,0) = 0;cf (0, t) = c0;cf (Lf , t) = 0 (3)
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cm(x, y,0) = 0;cm(x, b, t) = cf (x, t);
∂cm

∂y

∣∣∣∣
(x,Lm,t)

(4)

where Lf is the length of the fracture and Lm is the half fracture spacing (perpendicular
to the fracture axis).

The first spatial moment characterizing the displacement of the center of mass and
the second spatial moment characterizing the spread around the center of mass of the5

solute are obtained from the concentration distribution in fracture using an approach
described by Guven et al. (1984). These expressions are valid for concentration pulse
sources. Since a constant continuous source is used as a boundary condition at the
inlet of the fracture in the present study, a first derivative of the concentration in the
fracture is used to obtain an equivalent pulse in order to use these expressions. The10

study is limited to non-reactive solutes.
By using the governing equations referred in the appendices, which permit determi-

nation of spatial moments based on the mean and standard deviation, it is possible
to assess how effective parameters behave with respect to the solute transport pa-
rameters. In particular, an effective velocity, an effective dispersion coefficient and an15

effective dispersivity will be computed in terms of model parameters. These effec-
tive parameters are local equilibrium model equivalents, which approximately duplicate
the concentration responses of the physical non-equilibrium model. The effective pa-
rameters are parameters, which would be inferred from applying the local equilibrium
transport model to an observed spatial concentration distribution (Goltz and Robertz,20

1987). Use of these effective parameters will aid in understanding how the general
behavior of the spatial concentration distributions differ.
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3 Behavior of mobile spatial distributions

3.1 Parallel multiple fractures with constant apertures

Figures 2–7 show how dispersivity behaves as a function of time, in a system of
constant discrete multiple-parallel fractures, for local fracture dispersivity, half fracture
spacing, fracture velocity, matrix diffusion coefficient and matrix porosity, respectively.5

The range of solute transport parameters was chosen that ensures the asymptotic
region and the data set are provided in Table 1. Laboratory data of Neretniek’s et
al. (1982) and Moreno et al. (1985) provide the approximate choice of the system pa-
rameters, taken for sensitivity analyses. Figure 2 illustrates the time rate of change of
effective dispersivity, for various local fracture dispersivities. In a homogeneous porous10

system with a conservative solute, the value of dispersivity will be a constant equal to
the local dispersivity. But the physically non-equilibrium fracture-matrix system shows
an order of increase of dispersivity from the local fracture dispersivity with time, before
it reaches a constant asymptotic value. Initially, all the mass is associated with mobile
fluids in the fracture region. With time, more and more solute diffuses into the immobile15

fluids in the porous matrix region, so that eventually, the lateral mixing in the fracture
is increased considerably, indicated by the increasing effective dispersivity region at
pre-asymptotic stage. It is observed that local fracture dispersivities are insensitive to
the choice of the parameters taken. It is observed that the time needed to achieve the
asymptotic dispersivity in all cases is nearly the same. It is also noted that the increase20

in effective dispersivity during the pre-asymptotic regime is not marginal and is nearly
two orders of magnitude larger than the local fracture dispersivity considered.

Figure 3 shows the temporal variation of effective dispersivity for various half-fracture
spacing. It is interesting to note that all the profiles have similar slopes at pre-
asymptotic stage due to the same diffusive transport path into the immobile region25

from fracture, irrespective of the length of the half fracture spacing considered. The
profiles deviate at large times, corresponding to the increase in the half fracture spac-
ing. It is important to realize that the simulated profiles take larger time to reach the
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asymptotic region for larger half fracture spacing, as more time is needed to build up
the mass from the mobile phase fracture region into the immobile phase matrix region.

Figure 4 shows the temporal variation of effective dispersivity for various injected
water velocities in the fracture. It is observed that all the profiles have distinct slopes
at pre-asymptotic stage because the solute migration distance along the mobile region5

differs considerably with the injected water velocity in the fracture. It is important to
realize that the extent of mixing of solutes between fracture and matrix is directly pro-
portional to the injected water velocity, as mixing in the fracture is determined by the
initial solute mass. Since, it is not possible to predict the residence time of solutes in
the fracture, before the start of the experiment, the value of effective dispersivity needs10

to be evaluated, which is independent of residence time of solutes in the fracture, and
in turn, the water velocity. Figure 5 shows the time rate of change of effective dispersiv-
ity normalized by the injected water velocity. This removes the impact of water velocity.
Such analysis assists to evaluate the effective dispersivity given the matrix parameters
alone and does not require the value of water velocity and the associated residence15

time in the fracture.
Figures 6 and 7 show the effect of effective matrix diffusion coefficient and matrix

porosity on dispersivity. It is to be noted that the slope of the dispersivity profiles
are sensitive from the start of the numerical experiment. Matrix porosity and matrix
diffusion coefficient have dampening effect on solute spread as they reduce the mass20

retention time along the fracture. It is to be noted that the time required to reach
the asymptoticity is larger under low matrix porosity and matrix diffusion coefficient.
A smaller value of such mass transfer coefficients implies a weak coupling between
fracture and matrix, and leads to a larger solute mixing.

In order to obtain an empirical relation between the effective dispersivity and other25

solute transport parameters of the fracture-matrix coupled system, numerical simula-
tions are carried out for various sets of parameters and care is taken to ensure that
the solutes reach an asymptotic value of dispersivity in all cases. Having obtained
the dispersivity profiles, the behavior of effective dispersivity is analyzed during its pre-
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asymptotic regime, i.e., before reaching the constant value of dispersivity. Thus, the
magnitude of the time dependent effective dispersivity at an early time, before reach-
ing a constant value is arrived from these plots and the corresponding expression is
obtained as,

α(t)
Vo

= t[θ−0.3×(D−0.143
m ×0.037)] × c (5)

5

where α(t) is the early time dispersivity, Vo is the injected fracture velocity and c varies
from 0.1–0.3. The analysis is extended to compute the time required to attain the
asymptotic value and the setting time of the asymptotic dispersivity is given by

t∞ =
5 × 10−6

Dm
[c1Lm − c2] (6)

where c1=−8546θ+5886 and c2=46. It is observed that the time needed to reach the10

asymptotic dispersivity depends strongly on the length of the fracture spacing (Lm) and
the matrix diffusion coefficient (Dm).

3.2 Parallel multiple fractures with varying apertures

Figure 8 presents the temporal variation of first spatial moment for various coefficients
of variation of the fracture aperture described by the ratio of the standard deviation of15

the fracture aperture to the mean fracture aperture. The system parameters used for
these simulations are obtained from Neretniek’s et al. (1982) given in Table 2. It is
observed from this plot that the early time behavior of the first spatial moment is linear
with time similar to the one observed for a conservative solute in a homogeneous
porous medium. It is also observed that increasing the coefficient of variation, results20

in larger displacements. This is expected as higher coefficient of variation result in
decreased loss in mass flux from the fracture into the porous matrix.

A plot of the temporal evolution of the spatial second moment of the solute is pre-
sented in Fig. 9. It is observed that the second spatial moment increases nonlinearly
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with time for various coefficients of variation. Before linear behavior is attained, the
variance plot is concave, indicating that the macro-dispersion of the solute increases
with time. This corresponds to an additional dispersion produced during this period due
to solute diffusion into matrix. The linear behavior is attained with lesser displacement
along the fracture, when the coefficient of variation is zero.5

The variation of effective dispersivity with time and solute migration distance are pre-
sented in Figs. 10 and 11, respectively. It is observed from the figures that the effective
dispersivity has a linear relationship with both space and time at pre-asymptotic stage.
It is interesting to note that the effective dispersivity increases as coefficient of variation
increases. An attempt has been made to validate the numerical results of the present10

work with the available data. For this purpose, the numerically simulated dispersivity
values have been compared with the laboratory data of Neretnieks et al. (1982) and
Moreno et al. (1984). The respective plots are shown in Figs. 11 and 12. It is clear
from the plots that the projected model outcomes during the pre-asymptotic dispersiv-
ity reasonably match with the laboratory data.15

4 Conclusion

A numerical model is developed to describe the solute transport in a single fracture with
matrix diffusion. The spatial moment analysis of solute front dispersivity in the fracture
for transport of non-reactive solutes is presented during pre-asymptotic regime. It is
observed that the solute front dispersivity increases with fracture spacing and water20

velocity, while it decreases with matrix porosity and matrix diffusion coefficient. Results
also suggest that the effective dispersivity remains independent of local fracture dis-
persivity. The expression for pre-asymptotic dispersivity for the case of non-reactive
solutes is also provided. The effect of coefficient of variation of aperture widths of the
parallel channels on the solute front dispersivity is analyzed through numerical mod-25

eling. The results confirm that the higher coefficient of variation, representing a large
variation in thicknesses, in a system of parallel fractures, serves to increase the mixing
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of solutes. This study thus has demonstrated the applicability of a simple system of
parallel fractures with matrix diffusion to estimate the effective dispersivity in a frac-
tured, dual porosity media. It is apparent that analyzing mean properties for a system
of parallel fractures leads to reasonably good fit with the laboratory data (Figs. 12 and
13).5
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Table 1. Test parameters for Fig. 2.

Figure 2b 2L Vf αL θm Dm

(µm) (m) (m/d) (m) (m2/d)

2 100 0.02 1.0 0.025–0.1 0.1 5×10−7

3 100 0.01–0.075 0.5 0.05 0.1 5×10−6

4 100 0.02 0.5–1.0 0.1 0.1 1.×10−6

5 100 0.02 0.5–1.0 0.1 0.1 1×10−6

6 100 0.02 0.5 0.05 0.05 5×10−7–7.5×10−6

7 100 0.05 0.5 0.05 0.01–0.1 5×10−6
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Table 2. The parameters obtained from the data of Neretniek et al. (1982) and Moreno et
al. (1985) for Figs. 11–13.

Index Data of Neretniek et al. (1982) Data of Moreno et al. (1985)

Mean Aperture (2b) 0.182 mm 0.14 and 0.15 mm
Mean Dispersivity (αo) 0.027 mm 0.005 and 0.011 mm
Mean Velocity (Vo) 3.65 m/day 5.0 m/day
Diffusion Coefficient (Dm) 8.64e–07 m2/day 8.64e–08 m2/day
Matrix Porosity (θm) 0.01 0.01
Fracture Spacing (2L) 0.01 m 0.01 m
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Figure 1. A fracture-matrix system. (a) Conceptualization of a system of 
smooth parallel multiple fractures having constant aperture widths. 
(b) Conceptualization of a system of smooth parallel multiple fractures having 
variable aperture widths. (c) A single fracture-matrix with the 
boundary conditions posed for the solute transport model. 

 
 

Fig. 1. A fracture-matrix system. (a) Conceptualization of a system of smooth parallel multiple
fractures having constant aperture widths. (b) Conceptualization of a system of smooth parallel
multiple fractures having variable aperture widths. (c) A single fracture-matrix with the boundary
conditions posed for the solute transport model.
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Figure 2. Temporal variation of dispersivity with 2b = 100 μm; 2L = 0.02 m; Vf = 
1.0 m/d; θm = 0.1; Dm = 5.0e-07 m2/d 

 

 

Fig. 2. Temporal variation of dispersivity with 2b=100µm; 2L=0.02 m; Vf=1.0 m/d; θm=0.1;
Dm=5.0e−07 m2/d.
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Figure 3. Temporal variation of dispersivity with 2b = 100 μm; Vf = 0.5 m/d; αL = 
0.05 m; θm = 0.1; Dm = 5.0e-06 m2/d 

 

Fig. 3. Temporal variation of dispersivity with 2b=100µm; Vf=0.5 m/d; αL=0.05 m; θm=0.1;
Dm=5.0e−06 m2/d.
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Figure 4. Temporal variation of dispersivity with 2b = 100 μm; 2L = 0.02m; αL = 
0.05 m; θm = 0.1; Dm = 1.0e-06 m2/d 

 

 

 

 

Fig. 4. Temporal variation of dispersivity with 2b=100µm; 2L=0.02 m; αL=0.05 m; θm=0.1;
Dm=1.0e−06 m2/d.
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Figure 5. Temporal variation of dispersivity with 2b = 100 μm; 2L = 0.02m; αL = 
0.05 m; θm = 0.1; Dm = 1.0e-06 m2/d 

 

 

Fig. 5. Temporal variation of dispersivity with 2b=100µm; 2L=0.02 m; αL=0.05 m; θm=0.1;
Dm=1.0e−06 m2/d.
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Figure 6. Temporal variation of dispersivity with 2b = 100 μm; 2L = 0.02m; Vf = 
0.5m; αL = 0.05 m; θm = 0.05 

 

Fig. 6. Temporal variation of dispersivity with 2b=100µm; 2L=0.02 m; Vf=0.5 m; αL=0.05 m;
θm=0.05.
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Figure 7. Temporal variation of dispersivity with 2b = 100 μm; 2L = 0.05m; Vf = 
0.5m; αL = 0.05 m; Dm = 5.0e-06 m2/d 

 

 

 

 

 

 

 

 

 

 

Fig. 7. Temporal variation of dispersivity with 2b=100µm; 2L=0.05 m; Vf=0.5 m; αL=0.05 m;
Dm=5.0e−06 m2/d.
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Figure 8. Temporal variation of first spatial moment for various coefficient of 
variation for the data set presented in Table 2. 

 
 

 

 

 

 

 

 

Fig. 8. Temporal variation of first spatial moment for various coefficient of variation for the data
set presented in Table 2.
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Figure 9. Temporal variation of second spatial moment for various coefficient of 
variation for the data set presented in Table 2. 

 

 

 

Fig. 9. Temporal variation of second spatial moment for various coefficient of variation for the
data set presented in Table 2.
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Figure 10. Temporal variation of effective dispersivity for various coefficient of 
variation for the data set presented in Table 2. 

 

 

 

 

 

 

Fig. 10. Temporal variation of effective dispersivity for various coefficient of variation for the
data set presented in Table 2.
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Figure 11. A comparison of effective dispersivity simulated by the present model 
and Neretniek et al. (1982) data. 

 

 

 

Fig. 11. A comparison of effective dispersivity simulated by the present model and Neretniek
et al. (1982) data.
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Figure 12. A comparison of effective dispersivity simulated by the present model 
and Neretniek et al. (1982) data: A larger Scale. 

 

Fig. 12. A comparison of effective dispersivity simulated by the present model and Neretniek
et al. (1982) data: a larger scale.
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Figure 13. A comparison of effective dispersivity simulated by the present model 
and Moreno et al. (1985) data. 

 

 

Fig. 13. A comparison of effective dispersivity simulated by the present model and Moreno et
al. (1985) data.
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