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Interactive comment on “Analysis of three-dimensional groundwater flow toward a 

radial collector well in a finite-extent unconfined aquifer” by C.-S. Huang et al. 
 

Anonymous Referee #1 

Received and published: 31 August 2015 

 

General Comments 

This is my reivew of "Analysis of three-dimensional groudnwater flow toward a radial collector well in a finite-

extent unconfined aquifer" submitted by Huang, Chen, and Yeh to HESSD. This manuscript presents a 

modification of one of the Latinopoulis (1985) solutions for a rectangular domain (combinations of type I, II and 

III boundary conditions on the lateral edges), by including the effects of a water table at the top of the aquifer. 

They then take the point source solution and integrate it to approximate line source solution to represent a 

horizontal well. I think the authors’ derivation of the line-source approximation for a finite domain may be in 

error, as don’t seem to have handled the boundary conditions in their transition from point source to line source 

rigorously (or it may not be presented clearly). The boundary condition used to represent the river (a fully 

penetrating type III boundary condition) is not realistic, and would not be widely useful. I have not seen any 

rectangular aquifers with trenches cut down to the bottom of the aquifer on one or two parallel sides. 

Response: The solution based on the assumption of a fully penetrating stream is applicable to real-world stream 

depletion (or filtration) problems which satisfy the criterion (𝐾𝑧 𝑎2) (𝐾𝑦 𝐻2)⁄   0.01 or (𝐾𝑧 𝑎2) (𝐾𝑦 𝐻2)⁄   

30 where 𝐾𝑦  and 𝐾𝑧  are aquifer horizontal and vertical hydraulic conductivities, respectively, H is aquifer 

thickness, and a is a shortest horizontal distance between the stream and a well. These two criteria mentioned 

above indicate that the effect of the vertical flow in aquifer systems on stream depletion/filtration rates (SDR) is 

ignorable as discussed in section 3.4 of the revised manuscript. 

We consider a rectangular aquifer for two reasons. One is that the present model based on two parallel 

streams at two sides of the aquifer can be used to solve the problems involving water right distributions from the 

streams (Sun and Zhan, 2007). The other is that two no-flow boundaries at the other two sides of the aquifer 

significantly improve calculation efficiency in SDR by the fact that the triple series reduces to double series when 

deriving the present SDR solution (i.e., derivation from Eq. (50) to (52)). Conventional solutions derived based 

on aquifers of semi-infinite extent from a nearby stream can be considered as particular cases of the present 

solution if the three adjacent sides of the rectangular aquifer are far away from the pumping well. Regarding the 

derivation of the line-source approach, please refer to the response to Specific Comment 9. 

We added following sentences in Introduction section: 

“The streams fully penetrate the aquifer thickness and connect the aquifer with low-permeability streambeds. The 

model for the aquifer system with two parallel streams can be used to determine the fraction of water filtration 
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from the streams and solve the associated water right problem (Sun and Zhan, 2007).” (lines 135  138 of the 

revised manuscript) 

 

Specific Comments 

1. The manuscript introduction and abstract should mention the river boundary conditions are "fully penetrating". 

The river is assumed to penetrate the entire thickness of the aquifer (treating river as a type III boundary 

condition), and the aquifer is not affected by anything occuring on the other side of th aquifer. 

Response: Thanks for the comment. We insert following two sentences in Abstract and Introduction sections, 

respectively. 

“The streams with low-permeability streambeds fully penetrate the aquifer thickness.” (lines 22  23 of the 

revised manuscript) 

“The streams fully penetrate the aquifer thickness and connect the aquifer with low-permeability streambeds.” 

(lines 135  136 of the revised manuscript) 

 

2. page 7505 line 9: your proposed solution also assumes flux along the well screen is uniform; please state this. 

Response: Thanks for the suggestion. We add following sentence in the last paragraph of the Introduction section: 

“The flux across the well screen is assumed to be uniform along each of the laterals.” (lines 132  133 of the 

revised manuscript). 

 

3. Figure 1 does not match the problem description in the text. The boundary conditions are rotated 90 degrees. 

Page 7509 indicates no-flow boundary conditions at x = 0 and x = Wx, but Fig 1 shows no-flow boundary 

conditions at y = 0 and y = Wy. 

Response: The figure has been redrawn and also shown at the end of this reply. 

 

4. Equation 7: The references associated with the water table boundary condition (Yeh et al 2010) should be 

Boulton (1954), Dagan (1967), and/or Neuman (1972). 

 N. S. Boulton. The drawdown of the water-table under non-steady conditions near a pumped well in an 

unconfined formation. Proceedings Institution of Civil Engineers, 3(4):564–579, 1954. 

 G. Dagan. A method of determining the permeability and effective porosity of unconfined anisotropic 

aquifers. Water Resources Research, 3(4):1059–1071, 1967. 

 S. P. Neuman. Theory of flow in unconfined aquifers considering delayed response of the water table. 

Water Resources Research, 8(4):1031–1045, 1972. 

Response: The citation “Yeh et al. (2010)” has changed to “Neuman (1972)”. 



3 
 

 

5. page 7510 lines 18-19: The boundary condition is linearized by uncoupling the water table location from the 

head and by fixing the water table position through time. "replacing z = h with z = 0" is only partially true. 

This solution (and all analytical solutions) does not modify the position of the water table and boundary 

condition, even though the drawdown near the well increases with time. 

Response: Thanks for the comment. The sentence is rewritten as “Eq. (7) is thus linearized by neglecting the 

quadratic terms, and the position of the water table is fixed at the initial condition (i.e., z = 0).” (lines 193  194 

of the revised manuscript). 

 

6. Equation 10: give some of the key values used to non-dimensionalize the solution in the text. Do not relegate 

all this to Table 1. Explicitly stating the characteristic length, time, and head would be useful here. Since this 

is a finite domain, there are multiple ways the characteristic length could be chosen. 

Response: The characteristic length is y0 defined as a distance from stream 1 at y = 0 to the center of a radial 

collector well. With definitions of dimensionless variables and parameters, the associated paragraph is rewritten 

as: 

“Define dimensionless variables as ℎ̅ = (𝐾𝑦 𝐻 ℎ) 𝑄⁄ , 𝑡̅ = (𝐾𝑦 𝑡) (𝑆𝑠 𝑦0
2)⁄ , �̅� = 𝑥 𝑦0⁄ , �̅� = 𝑦 𝑦0⁄ , 𝑧̅ =

𝑧 𝐻⁄ , �̅�0
′ = 𝑥0

′ 𝑦0⁄ , �̅�0
′ = 𝑦0

′ /𝑦0 , 𝑧0̅
′ = 𝑧0

′ 𝐻⁄ , �̅�𝑥 = 𝑤𝑥 𝑦0⁄  and �̅�𝑦 = 𝑤𝑦 𝑦0⁄  where the overbar denotes a 

dimensionless symbol, and 𝑦0 , a distance between stream 1 and the center of the RCW, is chosen as a 

characteristic length. On the basis of the definitions, Eq. (1) can be written as 
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where x = 𝐾𝑥 𝐾𝑦⁄  and z = (𝐾𝑧 𝑦0
2) (𝐾𝑦 𝐻2)⁄ . 

Similarly, the initial and boundary conditions are expressed as 

ℎ̅ = 0  at  𝑡̅ = 0   (11) 

∂ℎ̅/ ∂�̅� = 0  at  �̅� = 0   (12) 

∂ℎ̅/ ∂�̅� = 0  at  �̅� = �̅�𝑥   (13) 

0/ 1  hyh    at  �̅� = 0   (14) 

0/ 2  hyh    at  �̅� = �̅�𝑦   (15) 
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  at  𝑧̅ = 0   (16) 

and 

0/  zh   at  𝑧̅ = −1   (17) 
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where (𝐾1 𝑦0) (𝐾𝑦 𝑏1)⁄ (𝐾2 𝑦0) (𝐾𝑦 𝑏2)⁄  and  𝑆𝑦 (𝑆𝑠 𝐻)⁄ ” (lines 212  228 of the revised 

manuscript) 

 

7. Add "finite" before "integral transform" when referring to the Latinopoulus solution (e.g., p7511 l18, p7512 

l3, p7513 l18) 

Response: The phrase “double-integral transform” has changed to “finite integral transform”. 

 

8. page 7513 line 7: what exactly is meant by "−𝑧0
′ −" and "−𝑧0

′ +"? Either explain the notation, or use clearer 

notation. 

Response: Thanks for pointing out the problem. They are revised as “−𝑧0̅
′ −” and “−𝑧0̅

′ +”, respectively. In fact, 

the typo was made by the staff of HESSD in the proofread version.  

 

9. Based on what is written on page 7515 (lines 18-21) and page 7516 (lines 1-2) (and the discussion about how 

the current approach is much faster than other approaches), it appears the line source solution is computed 

after the numerical inversions for the double finite x and y transforms are computed for a single point source. 

A single point source solution is computed, then this is shifted and added to a new solution. It is not totally 

clear exactly how it is being done (this should be more explicit). The finite domain requires a totally new 

solution for each point source, since the distance to each of the boundary conditions is part of the solution. If 

the solution is just shifted and summed up, the boundary conditions will not line up – the boundary conditions 

will extruded over the length of the well. The authors may be doing it the right way, but they are too vague in 

their specification of how they do it for me to tell one way or the other. 

Response: The derivation of the solution from a point sink to a line sink (representing the water extraction over 

the lateral of radial collector well, RCW) is under the condition that the Cartesian coordinate system and aquifer 

boundaries are fixed. We integrate the point sink solution along the lateral by varying the locations of the point 

sinks without shifting the coordinate system. For more detailed derivation, following paragraph is provided: 

“The lateral of RCW is approximately represented by a line sink composed of a series of adjoining point 

sinks. The locations of these point sinks are expressed in terms of (�̅�0 + 𝑙 ̅ cos 𝜃, �̅�0 + 𝑙 ̅ sin 𝜃, 𝑧0̅) where (�̅�0, �̅�0, 

𝑧0̅) = (𝑥0 𝑦0⁄ , 1, 𝑧0 𝐻⁄ ) is the central of the lateral, and 𝑙 ̅ is a variable to define different locations of the point 

sink. The solution of head ℎ̅𝑤(�̅�, �̅�, 𝑧̅, 𝑡̅) for a lateral can therefore be derived by substituting �̅�0
′ = �̅�0 + 𝑙 ̅ cos 𝜃, 

�̅�0
′ = 1 + 𝑙 ̅ sin 𝜃 and 𝑧0̅

′ = 𝑧0̅ into the point-sink solution, Eq. (30), then by integrating the resultant solution to 

𝑙,̅ and finally by dividing the integration result into the sum of lateral lengths. The derivation can be denoted as 

ℎ̅𝑤(�̅�, �̅�, 𝑧̅, 𝑡̅) = (∑ �̅�𝑘
𝑁
𝑘=1 )−1 ∑ ∫ ℎ̅(�̅�, �̅�, 𝑧̅, 𝑡̅)

�̅�𝑘

0
𝑑𝑙 ̅𝑁

𝑘=1    (43) 

where �̅�𝑘 = 𝐿𝑘/𝑦0 is the k-th dimensionless lateral length. Note that the integration variable 𝑙 ̅ (i.e., �̅�0
′  and �̅�0

′ ) 
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appears only in 𝑋𝑛 and 𝑋𝑚,𝑛 in Eq. (31). The integral in Eq. (43) can thus be done analytically by integrating 

𝑋𝑛 and 𝑋𝑚,𝑛 with respect to 𝑙.̅ After the integration, Eq. (43) can be expressed as 

ℎ̅𝑤(�̅�, �̅�, 𝑧̅, 𝑡̅) = (∑ �̅�𝑘
𝑁
𝑘=1 )−1 ∑ { Φ(−�̅�0,�̅�,1)  for  −�̅�0≤�̅�≤0

Φ(�̅�,�̅�0,−1)  for  −1≤�̅�≤−�̅�0

𝑁
𝑘=1                            (44) 

where Φ is defined by Eqs. (31)  (38), and 𝑋𝑛 and 𝑋𝑚,𝑛 in Eq. (31) are replaced, respectively, by 

𝑋𝑛,𝑘 = −𝐺𝑘/(𝛽𝑛 sin 𝜃𝑘)                                                      (45) 

and 

𝑋𝑚,𝑛,𝑘 =
𝛼𝑚𝐹𝑘 cos 𝜃𝑘+𝛽𝑛𝐺𝑘 sin 𝜃𝑘

𝛼𝑚
2 cos2 𝜃𝑘−𝛽𝑛

2 sin2 𝜃𝑘
                                               (46) 

with 

𝐹𝑘 = sin(𝑋𝛼𝑚)[𝛽𝑛 cos(𝑌𝛽𝑛) + 𝜅1 sin(𝑌𝛽𝑛)] − sin(�̅�0𝛼𝑚)(𝛽𝑛 cos 𝛽𝑛 + 𝜅1 sin 𝛽𝑛)   (47) 

𝐺𝑘 = cos(𝑋𝛼𝑚)[𝜅1 cos(𝑌𝛽𝑛) − 𝛽𝑛 sin(𝑌𝛽𝑛)] − cos(�̅�0𝛼𝑚)(𝜅1 cos 𝛽𝑛 − 𝛽𝑛 sin 𝛽𝑛)   (48) 

where 𝑋 = �̅�0 + �̅�𝑘 cos 𝜃𝑘  and 𝑌 = 1 + �̅�𝑘 sin 𝜃𝑘 . Notice that Eq. (45) is obtained by substituting 𝛼𝑚 = 0 

into Eq. (46). When 𝜃𝑘 = 0 or 𝜋, Eq. (45) reduces to Eq. (49) by applying L’Hospital’s rule. 

𝑋𝑛,𝑘 = �̅�𝑘(𝛽𝑛 cos 𝛽𝑛 + 𝜅1 sin 𝛽𝑛)              (49)”  

(lines 310  335 of the revised manuscript) 

 

10. page 7504 line 24: petroleum engineering does not use radial collector wells, and this solution would be of no 

use to a petroleum engineer (even though they have horizontal wells). Remove this statement. 

Response: It has been removed as suggested. 

 

Technical Corrections 

1. page 7507 line 4: delete "depending on situations" 

2. page 7507 line 15: change "One grouped the solutions involving" to "One group involved" 

3. page 7507 line 17: change "organized the" to "group included" 

4. page 7508 line 7: delete "The" before "Robin boundary conditions" 

5. page 7509 line 6: the × in 0 ≤ × ≤ 𝑊𝑥 is a multiplication symbol, rather than the variable x 

Responses: Thanks, we have done the corrections. 

 

6. Figure 1: Wx is a capital W in the figure, and a lowercase w everywhere in the text and Table 1. 

Response: The figure is redrawn with replacing Wx and Wy by wx and wy, respectively. The new figure is also 

shown at the end of this response. 

 

7. page 7510 lines 3-5: these two sentences seem out of place, since they refer to equations on later pages. Move 
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this statement to the conclusions or summary section. 

Response: One of the sentences is arranged in Concluding Remarks and rewritten as: 

“The integration can be done analytically due to the aquifer of finite extent with Eqs. (3)  (6).” (lines 555  

556 of the revised manuscript) 

The other sentence of “The series term of 2 ∑ 𝜙𝑚,𝑛 𝑋𝑚,𝑛  cos(𝛼𝑚 �̅�)∞
𝑚=1  in Eq. (31) of the head solution 

disappears when deriving the SDR solution (i.e., Eqs. (50) and (51))” has been deleted. 

 

8. page 7510 line 7: "permeability is usually less permeable" : remove "permeable" 

9. page 7510 line 8: delete "the" before "Robin" 

Responses: Thanks, They have been done as suggested. 

 

10. page 7509 line 9: do not refer to a negative z coordinate as "depth". Depth is an always-positive scalar, which 

is the distance below the land surface. 

Response: Thanks for the comment. The phrase “at depth z0 measured from water table” has changed to “at z = 

z0”. 

 

11. page 7511 line 1: change "as the no-flow" to "a no-flow" 

12. Equation 30: "for" should have spaces around it and should not be in italics (like equations 26 and 27) 

13. page 7515 lines 2-3: "expended by" should be "expanded in" 

14. Equation 42: the parentheses around 𝑧  and the square root should be large, to make association in the 

equation clearer. 

15. page 7515 line 18: add commas between arguments of ℎ̅𝑤 like: ℎ̅𝑤(�̅�, �̅�, 𝑧̅, 𝑡̅) 

Responses: They have been revised according the suggestions. 

 

16. Equation 44: remove the bar between the two options in the choice (it looks like a big fraction) 

Response: The bar was inserted by the typesetter of this journal. We will remove it. 

 

17. page 7518 line 18: in "under the confined condition" delete "under the" and "condition" 

Response: Taken. 

 

18. page 7520 line 1: add y = 0 before "and y = wy" 

Response: We would like to indicate the effect of boundaries at �̅� = 0, �̅� = �̅�𝑥 and �̅� = �̅�𝑦 on filtration 

from a stream at �̅� = 0. Therefore, y = 0 could not be added. 
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19. pages 7522,7523 & 7526: change "strap" to "strip" (lines 19 & 24 on 7522, line 6 on 7523, and line 22 on 

7526) 

Response: Done as suggested. 

 

20. page 7527 line 20: change "no-flow" to "homogeneous Neumann" to be congruent with Dirichlet and Robin. 

Response: The no-flow condition ∂ℎ/ ∂𝑛 = 0 is in fact a special case of the Neumann one ∂ℎ/ ∂𝑛 = 𝑐 with c 

= 0. The finite integral transform proposed by Latinopoulos (1985) is based on the former condition rather than 

the latter one. 

 

21. Figure 2: what is the domain size assocaited with these figures? Wx = Wy = 800? or 20? 

Response: Thanks for the comment. We consider �̅�𝑥 = �̅�𝑦 = 20  for dimensionless aquifer domain (�̅�𝑥 =

𝑊𝑥/𝑦0 and �̅�𝑦 = 𝑊𝑦/𝑦0). We add the phrase “�̅�𝑥 = �̅�𝑦 = 20” in the associated text. (line 430 of the revised 

manuscript) 

 

22. Figure 4: change "Nirmalized" to "Normalized" or "Scaled" 

Response: We appreciate reviewer’s eye for detail. The typo has been corrected as “Normalized”. 

 

Interactive comment on Hydrol. Earth Syst. Sci. Discuss., 12, 7503, 2015. 

 

References 

Latinopoulos, P.: Analytical solutions for periodic well recharge in rectangular aquifers with third-kind 

boundary conditions, J. Hydrol., 77(1), 293306, 1985. 

Sun, D. and Zhan, H.: Pumping induced depletion from two streams, Adv. Water Resour. 30(4), 10161026, 

2007. 
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Figure 

 

Figure 1. Schematic diagram of a radial collector well in a rectangular unconfined aquifer 
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Reply to 1st Comment of Referee #2 
 

Analysis of three-dimensional groundwater flow toward a radial collector well in a finite-

extent unconfined aquifer 

 

The authors present a solution for transient flow toward a radial collector well. The title suggests that the solution 

covers transient flow in an unconfined aquifer, but the boundary conditions along the phreatic surface are 

simplified to such an extent that I doubt that the approximation is sufficiently close to the stated problem to be of 

much use. The phreatic surface is not only assumed to be a horizontal straight line, which in itself is a severe 

approximation, it is also assumed to remain in its original position at all times. The boundary along the moving 

phreatic surface, equation (7) in the paper, is simplified to equation (8), which implies that the vertical component 

of flow is equal to minus the specific yield multiplied by the rate of decrease in elevation of the phreatic surface, 

maintained at the original position (z = 0). Compressibility of the aquifer is included, but not in the sense of poro-

elasticity, but using the Terzaghi approximation. I agree that this approximation is usually acceptable dealing with 

groundwater flow, but the authors should state their approximations carefully, including this one. 

Response (1st): The simplification from Eq. (7) to Eq. (8) was first proposed by Boulton (1954) and later used to 

develop analytical solutions by, for example, Neuman (1972), Zhan and Zlotnik (2002), and Yeh et al. (2010). 

The simplification has been validated by agreement on drawdown measured by a field pumping test and predicted 

by Neuman (1972) solution based on Eq. (8) (e.g., Goldscheider and Drew, 2007, p. 88). We inserted the following 

sentence right below Eq. (8): 

“Goldscheider and Drew (2007) revealed that pumping drawdown predicted by Neuman (1972) analytical 

solution based on Eq. (8) agrees well with that obtained in a field pumping test” (lines 202  204 of the revised 

manuscript) 

We also inserted the following sentence to indicate the governing equation (i.e., Eq. (1)) is based on a concept 

proposed by Terzaghi: “The first term on the RHS of Eq. (1) depicts aquifer storage release based on the concept 

of effective stress proposed by Terzaghi (see, for example, Bear, 1979; Charbeneau, 2000)” (lines 172  174 of 

the revised manuscript) 

 

The boundary conditions along the two streams are applied over the height of the aquifer (full penetration); 

this is not mentioned (referee 1 also mentions this point). 

Response (2nd): We inserted following two sentences in Abstract and Introduction sections, respectively: 

“The streams with low-permeability streambeds fully penetrate the aquifer thickness.” (lines 22  23 of the 

revised manuscript) and “The streams fully penetrate the aquifer thickness and connect the aquifer with low-

permeability streambeds.” (lines 135  136 of the revised manuscript) 
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The authors integrate a point sink along the legs of the radial collector well, but fail to mention what boundary 

condition applies along the legs. The head should be maintained constant along the legs, whereas the condition 

applied by the authors is constant influx, as far as I have been able to gather from the description. 

Response (3rd): Thanks for the suggestion. We add following sentence in the last paragraph of the Introduction 

section: “The flux across the well screen is assumed to be uniform along each of the laterals.” (lines 132  133 

of the revised manuscript). 

 

The mathematical model resulting from the highly simplified boundary conditions and the application of the 

various transforms is not presented in sufficient detail for me to be able to verify the steps without re-deriving 

much of the work, which should not be necessary. 

Response (4th): Please refer to the first response for the fact that the boundary condition is reasonably simplified. 

Regarding the application of those transforms, we added several intermediate equations and rewrote the associated 

text shown at the end of this reply. 

 

The flow problem shown in Figure 2 is not clearly defined. The authors comment about existing models 

assuming 2-D flow with neglecting the vertical flow component; based on this comment, I assume that this figure 

applies to 3D flow, but this is not stated clearly. The sections shown in the figure do not mention whether these 

are horizontal or vertical; neither do they mention where the sections apply. If the flow considered is three-

dimensional, then there does not exist a stream function, but the authors define one in equation (65). If the flow 

is transient (𝑡̅ = 107), then the transient storage is yet another reason for the stream function not to exist; the 

divergence of the specific discharge vector is not zero. Perhaps the authors made the assumption that the time 

considered is so large that change in storage can be neglected, but this approximation must be stated. Furthermore, 

equation (65) is not obvious and, besides stating the approximation, the derivation should be presented. 

Response (5th): Thanks for the comment. The derivation of the stream function is shown in Appendix C of the 

revised manuscript and also given at the end of this reply. In addition, we added the following sentence in section 

3.1. 

“̅ = 𝐾𝑦𝐻/𝑄 is the dimensionless stream function describing 2-D streamlines at the vertical plane of �̅� = 1 

based on ℎ̅𝑤 in Eq. (44) with 𝑡̅ = 107 for steady state.” (lines 435  436 of the revised manuscript) 

 

Summary 

The authors present a very complex solution based on highly simplified boundary conditions and with insufficient 

detail. The authors do not present any comparison with existing solutions for simplified boundary conditions as 
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a validation, both of their equations, and of their simplifying assumptions. 

Response: Please refer to 1st response for the validation of the boundary condition. 

 

The derivations are very difficult to follow and lack sufficient detail. The authors refer to equations further 

in the text, a procedure that violates standard approach in scientific work, and forces the reader to look ahead for 

equations that have not been digested yet. 

Response: Please refer to 4th response for more detailed derivation. 

 

I believe that the authors in their use of the stream function, violate basic principles; however, they may have 

made assumptions that are not stated clearly but if so, this needs to be rectified. 

Response: Please refer to 5th response for the application of the stream function. 

 

I suggest that the paper be shortened substantially and rewritten as follows: 

 Remove the claim that the work applies to unconfined flow; it does not. 

 Focus on one particular case, e.g., a radial collector well in a confined aquifer. 

Response: Please refer to 1st response for the fact that the present solution is applicable to unconfined flow. In 

addition, we already demonstrated the application of the present solution to the well in confined aquifers in the 

second paragraph of section 3.4. 

 

 State all boundary conditions clearly, including the ones along the legs of the radial collector well and the 

ones along the streams. 

Response: Please refer to 2nd response for the statement of fully-penetrating streams and to 3rd response for the 

assumption of uniform flux on the laterals of the well.  

 

 Make a comparison with an existing solution for at least one case. 

Response: We already compared transient distributions of SDR predicted by the present solution and the Hunt 

(1999) solution in Fig. 6. 

 

 Present the details of the analysis, taking into account that the reader should be able to follow the steps 

without the need to redo the analysis. 

Response: Thanks for the comment. The text has been largely revised, and the new one is given at the end of this 

reply. 
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 If use is made of a stream function, make it clear that the flow is two-dimensional and steady. Otherwise, 

there does not exist a stream function at all. 

Response: Please refer to 5th response for the statement of two-dimensional, steady-state flow. 
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Text abstracted from lines 230  296 and 593  680 of the revised manuscript 

Define dimensionless variables as ℎ̅ = (𝐾𝑦 𝐻 ℎ) 𝑄⁄ , 𝑡̅ = (𝐾𝑦 𝑡) (𝑆𝑠 𝑦0
2)⁄ , �̅� = 𝑥 𝑦0⁄ , �̅� = 𝑦 𝑦0⁄ , 𝑧̅ =

𝑧 𝐻⁄ , �̅�0
′ = 𝑥0

′ 𝑦0⁄ , �̅�0
′ = 𝑦0

′ /𝑦0 , 𝑧0̅
′ = 𝑧0

′ 𝐻⁄ , �̅�𝑥 = 𝑤𝑥 𝑦0⁄  and �̅�𝑦 = 𝑤𝑦 𝑦0⁄  where the overbar denotes a 

dimensionless symbol, and 𝑦0 , a distance between stream 1 and the center of the RCW, is chosen as a 

characteristic length. On the basis of the definitions, Eq. (1) can be written as 

)()()( 0002
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2
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2

zzyyxx
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h
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h

y

h

x

h
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   (10) 

where x = 𝐾𝑥 𝐾𝑦⁄  and z = (𝐾𝑧 𝑦0
2) (𝐾𝑦 𝐻2)⁄ . 

Similarly, the initial and boundary conditions are expressed as 

ℎ̅ = 0  at  𝑡̅ = 0  (11) 

∂ℎ̅/ ∂�̅� = 0  at  �̅� = 0  (12) 

∂ℎ̅/ ∂�̅� = 0  at  �̅� = �̅�𝑥  (13) 

0/ 1  hyh    at  �̅� = 0  (14) 

0/ 2  hyh    at  �̅� = �̅�𝑦  (15) 

t

h

z

h

z 











  at  𝑧̅ = 0  (16) 

and 

0/  zh   at  𝑧̅ = −1  (17) 

where (𝐾1 𝑦0) (𝐾𝑦 𝑏1)⁄  (𝐾2 𝑦0) (𝐾𝑦 𝑏2)⁄ and 𝑆𝑦 (𝑆𝑠 𝐻)⁄  

2.2 Head solution for point sink 

The model, Eqs. (10)  (17), reduces to an ordinary differential equation (ODE) with two boundary 

conditions in terms of 𝑧̅ after taking Laplace transform and finite integral transform. The former transform 

converts ℎ̅(�̅�, �̅�, 𝑧̅, 𝑡̅)  into ℎ̂(�̅�, �̅�, 𝑧̅, 𝑝) , δ(�̅� − �̅�0
′ ) δ(�̅� − �̅�0

′ )δ(𝑧̅ − 𝑧0̅
′ )  in Eq. (10) into δ(�̅� − �̅�0

′ ) δ(�̅� −

�̅�0
′ )δ(𝑧̅ − 𝑧0̅

′ )/𝑝, and 𝜕ℎ̅ 𝜕𝑡̅⁄  in Eqs. (10) and (16) into 𝑝ℎ̂ − ℎ̅|
�̅�=0

 where p is the Laplace parameter, and the 

second term, initial condition in Eq. (11), equals zero (Kreyszig, 1999). The transformed model becomes a 

boundary value problem written as 

pzzyyxxhp
z

h

y

h

x

h
zx /)()()(ˆ

ˆˆˆ

0002

2

2

2

2

2















       (18) 

with boundary conditions ∂ℎ̂/ ∂�̅� = 0 at �̅� = 0 and �̅� = �̅�𝑥 , 0ˆ/ˆ
1  hyh   at �̅� = 0, 0ˆ/ˆ

2  hyh   

at �̅� = �̅�𝑦, zhpzh  /ˆ/ˆ   at 𝑧̅ = 0 and 0/  zh  at 𝑧̅ = −1. We then apply finite integral transform 

to the problem. One can refer to Appendix A for its detailed definition. The transform converts ℎ̂(�̅�, �̅�, 𝑧̅, 𝑝) in 
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the problem into ℎ̃(𝛼𝑚, 𝛽𝑛, 𝑧̅, 𝑝) , and δ(�̅� − �̅�0
′ ) δ(�̅� − �̅�0

′ )  in Eq. (18) into cos (α𝑚�̅�0
′ )𝐾(�̅�0

′ )  and 

𝑥 𝜕2ℎ̂ 𝜕�̅�2⁄ + 𝜕2ℎ̂ 𝜕�̅�2⁄  in Eq. (18) into −(𝑥𝛼𝑚
2 + 𝛽𝑛

2)ℎ̃  where (m, n) 1, 2, 3, …  , 𝛼𝑚 = 𝑚 𝜋 �̅�𝑥⁄ , 

𝐾(�̅�0
′ ) is defined in Eq. (A2) with �̅� = �̅�0

′ , and 𝛽𝑛 are eigenvalues equaling the roots of the following equation 

as (Latinopoulos, 1985) 

 
21

2

21 )(
tan
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n
yn w               (19) 

The method to determine the roots is discussed in section 2.3. In turn, Eq. (18) becomes a second-order ODE 

defined by 

pzzyKxhp
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h
mnmxz /)()()cos(
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with two boundary conditions denoted as 

h
p

z

h

z

~
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  at  𝑧̅ = 0  (21) 

and 

0/
~

 zh   at  𝑧̅ = −1  (22) 

Eq. (20) can be separated into two homogeneous ODEs as 

0
~

)(

~
22

2

2





anmx

a
z hp

z

h
   for  −𝑧0̅

′ ≤ 𝑧̅ ≤ 0  (23) 

and 

0
~

)(

~
22

2

2





bnmx

b
z hp

z

h
   for  −1 ≤ 𝑧̅ ≤ −𝑧0̅

′   (24) 

where ha and hb, respectively, represent the heads above and below 𝑧̅ = −𝑧0̅
′

 where the point sink is located. Two 

continuity requirements should be imposed at 𝑧̅ = −𝑧0̅
′ . The first is the continuity of the hydraulic head denoted 

as 

ℎ̃𝑎 = ℎ̃𝑏  at  𝑧̅ = −𝑧0̅
′   (25) 

The second describes the discontinuity of the flux due to point pumping represented by the Dirac delta function 

in Eq. (20). It can be derived by integrating Eq. (20) from z̅ = −𝑧0̅
′ − to z̅ = −𝑧0̅

′ + as 

z

mba

p

yKx

z

h

z

h



 )()cos(
~~

00











  at  𝑧̅ = −𝑧0̅

′   (26) 

Solving Eqs. (23) and (24) simultaneously with Eqs. (21), (22), (25), and (26) yields the Laplace-domain 

head solution as 

ℎ̃𝑎(𝛼𝑚, 𝛽𝑛, 𝑧̅, 𝑝) = Ω(−𝑧0̅
′ , 𝑧̅, 1)  for  −𝑧0̅

′ ≤ 𝑧̅ ≤ 0  (27a) 

and 



7 
 

ℎ̃𝑏(𝛼𝑚, 𝛽𝑛, 𝑧̅, 𝑝) = Ω(𝑧̅, 𝑧0̅
′ , −1)  for  −1 ≤ 𝑧̅ ≤ −𝑧0̅

′   (27b) 

with 

)sinhcosh(

)()cos()]sinh()cosh([])1cosh[(
),,( 00





zz

mz

pp

yKxbpcba
cba




   (28) 

𝜆 = √(𝜅𝑥𝛼𝑚
2 + 𝛽𝑛

2 + 𝑝)/𝜅𝑧  (29) 

where a, b, and c are arguments. Taking the inverse Laplace transform and finite integral transform to Eq. (28) 

results in Eq. (31). One is referred to Appendix B for the detailed derivation. A time-domain head solution for a 

point sink is therefore written as 

ℎ̅(�̅�, �̅�, 𝑧̅, 𝑡̅) = {
(−𝑧0̅

′ , 𝑧̅, 1) for − 𝑧0̅
′  ≤ 𝑧̅ ≤ 0

  (𝑧̅, 𝑧0̅
′ , −1) for − 1 ≤ 𝑧̅ ≤ − 𝑧0̅

′           (30) 

with 

Φ(𝑎, 𝑏, 𝑐) =
2

�̅�𝑥
{∑ [𝜙𝑛 𝑋𝑛 + 2 ∑ 𝜙𝑚,𝑛 𝑋𝑚,𝑛  cos(𝛼𝑚 �̅�)∞

𝑚=1 ]∞
𝑛=1  𝑌𝑛}  (31) 

𝜙𝑚,𝑛 = 𝜓𝑚,𝑛 + 𝜓𝑚,𝑛,0 + ∑ 𝜓𝑚,𝑛,𝑖
∞
𝑖=1    (32) 

𝜓𝑚,𝑛 = − cosh[(1 + 𝑎)𝜆𝑠] cosh(𝑏 𝜆𝑠) (𝜅𝑧 𝜆𝑠  sinh 𝜆𝑠)⁄   (33) 

𝜓𝑚,𝑛,0 = 𝜇𝑚,𝑛,0  cosh[(1 + 𝑎)𝜆0] [−𝜅𝑧 𝜆0  cosh(𝑏 𝜆0) + 𝑐 𝑝0 𝛾 sinh(𝑏 𝜆0)]  (34) 

𝜓𝑚,𝑛,𝑖 = 𝜈𝑚,𝑛,𝑖  cos[(1 + 𝑎)𝜆𝑖] [−𝜅𝑧 𝜆𝑖  cos(𝑏 𝜆𝑖) + 𝑐 𝑝𝑖 𝛾 sin(𝑏 𝜆𝑖)]  (35) 

𝜇𝑚,𝑛,0 = 2 exp(𝑝0 𝑡̅) {𝑝0[(1 + 2 𝛾) 𝜅𝑧 𝜆0  cosh 𝜆0 + (𝑝0 𝛾 + 𝜅𝑧) sinh 𝜆0]}⁄   (36) 

ν𝑚,𝑛,𝑖 = 2 exp(𝑝𝑖 𝑡̅) {𝑝𝑖[(1 + 2 𝛾) 𝜅𝑧 𝜆𝑖  cos 𝜆𝑖 + (𝑝𝑖 𝛾 + 𝜅𝑧) sin 𝜆𝑖]}⁄   (37) 

1

2

2

2

2

2

1

2

1

)]/([)(

)sin()cos(
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w

yy
Y    (38) 

and 

𝑋𝑚,𝑛 = cos(𝛼𝑚 �̅�0
′ ) [𝛽𝑛  cos(𝛽𝑛 �̅�0

′ ) + 𝜅1  sin(𝛽𝑛�̅�0
′ )]  (39) 

where 𝜆𝑠 = √(𝜅𝑥𝛼𝑚
2 + 𝛽𝑛

2)/𝜅𝑧, 𝑝0 = 𝜅𝑧𝜆0
2 − 𝜅𝑥𝛼𝑚

2 − 𝛽𝑛
2, 𝑝𝑖 = −𝜅𝑧𝜆𝑖

2 − 𝜅𝑥𝛼𝑚
2 − 𝛽𝑛

2, 𝜙𝑛 and Xn equal 𝜙𝑚,𝑛 

and Xm, n with 𝛼𝑚 = 0, respectively, and the eigenvalues 𝜆0 and 𝜆𝑖 are, respectively, the roots of the following 

equations: 
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   (40) 
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nmxiz
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)(
tan

222 
   (41) 

The determination for those eigenvalues is introduced in the next section. Notice that the solution consists of 

simple series expanded in 𝛽𝑛, double series expanded in 𝛽𝑛 and 𝜆𝑖 (or 𝛼𝑚 and 𝛽𝑛), and triple series 

expanded in 𝛼𝑚, 𝛽𝑛 and 𝜆𝑖. 
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Appendix A: Finite integral transform 

Latinopoulos (1985) provided the finite integral transform for a rectangular aquifer domain where each side 

can be under either the Dirichlet, no-flow, or Robin condition. The transform associated with the boundary 

conditions, Eqs. (12)  (15), is defined as 

ℎ̃(𝛼𝑚, 𝛽𝑛) = ℑ{ℎ̅(�̅�, �̅�)} = ∫ ∫ ℎ̅(�̅�, �̅�)  cos(𝛼𝑚 �̅�) 𝐾(�̅�)
�̅�𝑦

0

�̅�𝑥

0
𝑑�̅� 𝑑�̅�   (A1) 

with 
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where cos(𝛼𝑚 �̅�)  𝐾(�̅�) is the kernel function. According to Latinopoulos (1985, Eq. (9)), the transform has the 

property of 
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    (A3) 

The formula for the inverse finite integral transform can be written as (Latinopoulos, 1985, Eq. (14)) 
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Appendix B: Derivation of equation (31) 

The function of p in Eq. (28) is defined as 

𝐹(𝑝) =
cosh[(1+𝑎)𝜆][−z𝜆 cosh(𝑏𝜆)+𝑐𝑝𝛾 sinh(𝑏𝜆)]

𝑝 z𝜆(𝑝𝛾 cosh 𝜆+z𝜆 sinh 𝜆)
            (B1) 

Notice that the term cos(𝛼𝑚�̅�0)𝐾(�̅�0) in Eq. (28) is excluded because it is independent of p. 𝐹(𝑝) is a single-

value function with respect to p. On the basis of the residue theorem, the inverse Laplace transform for 𝐹(𝑝) 

equals the summation of residues of poles in the complex plane. The residue of a simple pole can be derived 

according to the formula below: 

Res|𝑝=𝑝𝑖
= lim

𝑝→𝑝𝑖

𝐹(𝑝) exp(𝑝𝑡̅) (𝑝 − 𝑝𝑖)   (B2) 

where 𝑝𝑖 is the location of the pole in the complex plane.  

The locations of poles are the roots of the equation obtained by letting the denominator in Eq. (B1) to be 

zero, denoted as 

𝑝 𝜅𝑧 𝜆(𝑝 𝛾 cosh 𝜆 + 𝜅𝑧 𝜆 sinh 𝜆) = 0             (B3) 

where 𝜆 is defined in Eq. (29). Notice that 𝑝 = −𝜅𝑥𝛼𝑚
2 − 𝛽𝑛

2 obtained by 𝜆 = 0 is not a pole in spite of being 

a root. Apparently, one pole is at p = 0, and the residue based on Eq. (B2) with 𝑝𝑖 = 0 is expressed as 

Res|𝑝=0 = lim
𝑝→0

cosh[(1+𝑎)𝜆][−z𝜆 cosh(𝑏𝜆)+𝑐𝑝𝛾 sinh(𝑏𝜆)]

z𝜆(𝑝𝛾 cosh 𝜆+z𝜆 sinh 𝜆)
exp(𝑝𝑡)̅         (B4) 
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Eq. (B4) with 𝑝 = 0 and 𝜆 = 𝜆𝑠 reduces to 𝜓𝑚,𝑛 in Eq. (33).  

Other poles are determined by the equation of 

𝑝 𝛾 cosh 𝜆 + 𝜅𝑧 𝜆 sinh 𝜆 = 0               (B5) 

which comes from Eq. (B3). One pole is at p = p0 between p = 0 and  𝑝 = −𝜅𝑥 𝛼𝑚
2 − 𝛽𝑛

2 in the negative part of 

the real axis. Newton’s method can be used to obtain the value of 𝑝0. In order to have proper initial guess for 

Newton’s method, we let 𝜆 = 𝜆0 and then have 𝑝 = 𝜅𝑧 𝜆0
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2 based on Eq. (29). Substituting 𝜆 =

𝜆0 , 𝑝 = 𝜅𝑧 𝜆0
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2 , cosh 𝜆0 = (𝑒𝜆0 + 𝑒−𝜆0)/2  and sinh 𝜆0 = (𝑒𝜆0 − 𝑒−𝜆0)/2  into Eq. (B5) and 

rearranging the result leads to Eq. (40). Initial guess for finding root 𝜆0 of Eq. (40) is discussed in section 2.3. 

With known value of 𝜆0, one can obtain 𝑝0 = 𝜅𝑧 𝜆0
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2. According to Eq. (B2), the residue of the 

simple pole at 𝑝 = 𝑝0 is written as  

Res|𝑝=𝑝0
= lim

𝑝→𝑝0

cosh[(1+𝑎)𝜆][−z𝜆 cosh(𝑏𝜆)+𝑐𝑝𝛾 sinh(𝑏𝜆)]

𝑝z𝜆(𝑝𝛾 cosh 𝜆+z𝜆 sinh 𝜆)
exp(𝑝𝑡̅) (𝑝 − 𝑝0)    (B6) 

where both the denominator and nominator equal zero when 𝑝 = 𝑝0. Applying L’Hospital’s Rule to Eq. (B6) 

results in 

Res|𝑝=𝑝0
= lim

𝑝→𝑝0

2cosh[(1+𝑎)𝜆][−z𝜆 cosh(𝑏𝜆)+𝑐𝑝𝛾 sinh(𝑏𝜆)]

𝑝[(1+2𝛾)z𝜆 cosh 𝜆+(𝛾𝑝+z) sinh 𝜆]
exp(𝑝𝑡̅)    (B7) 

Eq. (B7) with 𝑝 = 𝑝0 and 𝜆 = 𝜆0 reduces to 𝜓𝑚,𝑛,0 in Eq. (34). 

On the other hand, infinite poles are at p = pi behind  𝑝 = −𝜅𝑥 𝛼𝑚
2 − 𝛽𝑛

2. Similar to the derivation of Eq. 

(40), we let 𝜆 = √−1𝜆𝑖 and then have 𝑝 = −𝜅𝑧 𝜆𝑖
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2 based on Eq. (29). Substituting 𝜆 = √−1𝜆𝑖, 

𝑝 = −𝜅𝑧 𝜆𝑖
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2, cosh 𝜆 = cos 𝜆𝑖 and sinh 𝜆 = √−1 sin 𝜆𝑖 into Eq. (B3) and rearranging the result 

yields Eq. (41). The determination of 𝜆𝑖 is discussed in section 2.3. With known value 𝜆𝑖, one can have 𝑝𝑖 =

−𝜅𝑧 𝜆𝑖
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2. The residues of those simple poles at p=pi can be expressed as 𝜓𝑚,𝑛,𝑖 in Eq. (35) by 

substituting 𝑝0 = 𝑝𝑖 , 𝑝 = 𝑝𝑖 , 𝜆 = √−1𝜆𝑖 , cosh 𝜆 = cos 𝜆𝑖  and sinh 𝜆 = √−1 sin 𝜆𝑖  into Eq. (B7). 

Eventually, the inverse Laplace transform for 𝐹(𝑝) equals the sum of those residues (i.e., 𝜙𝑚,𝑛 = 𝜓𝑚,𝑛 +

𝜓𝑚,𝑛,0 + ∑ 𝜓𝑚,𝑛,𝑖
∞
𝑖=1 ). The time-domain result of (𝑎, 𝑏, 𝑐)  in Eq. (28) is then obtained as 

𝜙𝑚,𝑛 cos(𝛼𝑚�̅�0)𝐾(�̅�0). By substituting ℎ̃(𝛼𝑚, 𝛽𝑛) = 𝜙𝑚,𝑛 cos(𝛼𝑚�̅�0)𝐾(�̅�0) and ℎ̃(0, 𝛽𝑛) = 𝜙𝑛𝐾(�̅�0) into Eq. 

(A4) and letting ℎ̅(�̅�, �̅�) to be (𝑎, 𝑏, 𝑐), the inverse finite integral transform for the result can be derived as 

Φ(𝑎, 𝑏, 𝑐) =
1

�̅�𝑥
[∑ (𝜙𝑛 𝐾(�̅�0)𝐾(�̅�) + 2 ∑ 𝜙𝑚,𝑛 cos(𝛼𝑚�̅�0)𝐾(�̅�0) cos(𝛼𝑚 �̅�) 𝐾(�̅�)∞

𝑚=1 )∞
𝑛=1 ]  (B8) 

Moreover, Eq. (B8) reduces to Eq. (31) when letting the terms of 𝐾(�̅�0)𝐾(�̅�) and cos(𝛼𝑚�̅�0)𝐾(�̅�0) 𝐾(�̅�) to be 

2𝑋𝑛𝑌𝑛 and 2𝑋𝑚,𝑛𝑌𝑛, respectively.  

Appendix C: Derivation of ̅ in Eq. (65) 

The dimensionless stream function ̅ in Eq. (65) can be expressed as 

̅ = 𝐶 − √𝑧 ∫ 𝜕ℎ̅𝑤/𝜕𝑧̅ 𝑑�̅� at �̅� = 1 and 𝑡̅ = 107   (C1) 
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where C is a coefficient resulting from the integration, and ℎ̅𝑤 is defined in Eq. (44). Substituting Eq. (44) into 

Eq. (C1) leads to  

̅(�̅�, 𝑧̅) = 𝐶 − √𝑧

∑ �̅�𝑘
𝑁
𝑘=1

 ∑ { ∫ 𝜕Φ(−�̅�0,�̅�,1)/𝜕�̅� 𝑑�̅�  for  −�̅�0≤�̅�≤0

∫ 𝜕Φ(�̅�,�̅�0,−1)/𝜕�̅� 𝑑�̅�  for  −1≤�̅�≤−�̅�0

𝑁
𝑘=1  at �̅� = 1 and 𝑡̅ = 107   (C2) 

Φ(𝑎, 𝑏, 𝑐) =
2

�̅�𝑥
{∑ [𝜙𝑛 𝑋𝑛,𝑘 + 2 ∑ 𝜙𝑚,𝑛 𝑋𝑚,𝑛,𝑘  cos(𝛼𝑚 �̅�)∞

𝑚=1 ]∞
𝑛=1  𝑌𝑛}    (C3) 

where 𝜙𝑚,𝑛, 𝑌𝑛, 𝑋𝑛,𝑘 and 𝑋𝑚,𝑛,𝑘  are defined in Eqs. (32), (38), (45) and (46), respectively, and 𝜙𝑛  equals 

𝜙𝑚,𝑛 with 𝛼𝑚 = 0. In Eq. (C3), variable �̅� appears only in cos(𝛼𝑚 �̅�), and variable 𝑧̅ appears only in 𝜙𝑛 

and 𝜙𝑚,𝑛 in Eq. (32). Eq. (C2) therefore becomes 

̅(�̅�, 𝑧̅) = 𝐶 − √𝑧

∑ �̅�𝑘
𝑁
𝑘=1

 ∑ { Φ′(−�̅�0,�̅�,1)  for  −�̅�0≤�̅�≤0

Φ′(−�̅�0,�̅�,1)  for  −1≤�̅�≤−�̅�0

𝑁
𝑘=1  at �̅� = 1 and 𝑡̅ = 107   (C4) 

Φ′(𝑎, 𝑏, 𝑐) =
2

�̅�𝑥
{∑ [

𝜕𝜙𝑛

𝜕�̅�
 𝑋𝑛,𝑘 ∫ 𝑑�̅� + 2 ∑

𝜕𝜙𝑚,𝑛

𝜕�̅�
 𝑋𝑚,𝑛,𝑘  ∫ cos(𝛼𝑚 �̅�) 𝑑�̅�∞

𝑚=1 ]∞
𝑛=1  𝑌𝑛}    (C5) 

Consider 𝑡̅ = 107 for steady-state flow that the exponential terms of exp(𝑝0 𝑡̅) and exp(𝑝𝑖 𝑡̅) approach 

zero (i.e., 𝑝0 > 0 and 𝑝𝑖 > 0) for the default values of the parameters used to plot Figure 2. Then, we have 

𝜙𝑚,𝑛 = 𝜓𝑚,𝑛 defined in Eq. (33) because of 𝜓𝑚,𝑛,0 ≅ 0, 𝜓𝑚,𝑛,𝑖 ≅ 0, 𝜇𝑚,𝑛,0 ≅ 0 and ν𝑚,𝑛,𝑖 ≅ 0. On the basis 

of 𝜙𝑚,𝑛 = 𝜓𝑚,𝑛 and Eq. (33) with 𝑎 = −𝑧0̅ and 𝑏 = 𝑧 ̅ for −𝑧0̅ ≤ 𝑧̅ ≤ 0 and 𝑎 = 𝑧̅ and 𝑏 = 𝑧0̅ for −1 ≤

𝑧̅ ≤ −𝑧0̅, the result of differentiation, i.e., 𝜕𝜙𝑚,𝑛/𝜕𝑧̅, in Eq. (C5) equals 

𝜕𝜙𝑚,𝑛

𝜕�̅�
= {

−𝜆𝑠 cosh[(1 − 𝑧0̅)𝜆𝑠] sinh(𝑧̅ 𝜆𝑠) (𝜅𝑧 𝜆𝑠  sinh 𝜆𝑠)⁄  for − 𝑧0̅ ≤ 𝑧̅ ≤ 0

−𝜆𝑠 sinh[(1 + 𝑧̅)𝜆𝑠] cosh(𝑧0̅ 𝜆𝑠) (𝜅𝑧 𝜆𝑠  sinh 𝜆𝑠)⁄  for − 1 ≤ 𝑧̅ ≤ −𝑧0̅
   (C6) 

Notice that 𝜕𝜙𝑛/𝜕𝑧̅ in Eq. (C5) equals Eq. (C6) with 𝛼𝑚 = 0. In addition, both integrations in Eq. (C5) can be 

done analytically as 

∫ cos(𝛼𝑚 �̅�) 𝑑�̅� = {
sin(𝛼𝑚 �̅�) /𝛼𝑚 for 𝛼𝑚 ≠ 0

�̅� for 𝛼𝑚 = 0
    (C7) 

On the other hand, coefficient C in Eq. (C4) is determined by the condition of ̅ = 0 at �̅� = �̅�0 and results in 

𝐶 = √𝑧

∑ �̅�𝑘
𝑁
𝑘=1

 ∑ { Φ′(−�̅�0,�̅�,1)  for  −�̅�0≤�̅�≤0

Φ′(−�̅�0,�̅�,1)  for  −1≤�̅�≤−�̅�0

𝑁
𝑘=1    (C8) 

where Φ′ is defined in Eq. (C5) with Eqs. (C6) and (C7), �̅� = �̅�0 and �̅� = 1. 
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Reply to 2nd Comment of Referee #2 
 

We thank reviewer #2 for his/her valuable and constructive comments. Our point-by-point responses to the 

comments are shown below. Each point first shows our previous response, then reviewer’s comment on the 

response, and finally our present response to reviewer’s comment. 

 

1. “Analysis of three-dimensional groundwater flow toward a radial collector well in a finite-extent unconfined 

aquifer” 

Comment: The word Approximate should be added as the first word in the title. 

Response: The title has been changed as suggested. 

 

2. “The simplification from Eq. (7) to Eq. (8) was first proposed by Boulton (1954) and later used to develop 

analytical solutions by, for example, Neuman (1972), Zhan and Zlotnik (2002), and Yeh et al. (2010). The 

simplification has been validated by agreement on drawdown measured by a field pumping test and predicted 

by Neuman (1972) solution based on Eq. (8) (e.g., Goldscheider and Drew, 2007, p. 88). We inserted the 

following sentence right below Eq. (8):  

“Goldscheider and Drew (2007) revealed that pumping drawdown predicted by Neuman (1972) analytical 

solution based on Eq. (8) agrees well with that obtained in a field pumping test.”” 

Comment: I am aware that this approximation is not uncommon, but radial collector wells are often used for 

pumping large quantities of water. The approximation breaks down when draw-downs become too large. The 

issue is that the authors fail to make this point clear, and to explain what the limitations are of their approach. 

In the case considered in the paper, the release from storage as a result of drawing down the water table will 

be larger than release from elastic storage and is therefore important. The approximation replacing (7) by (8) 

implies that the release from storage is entirely accounted for by the vertical component of flow, neglecting 

the horizontal components. This approximation breaks down when the water table slopes more than a certain 

amount. I suggest that the authors verify in the results section that the gradients of the water table are indeed 

within acceptable limits. 

Response: Thanks for the comment. The simplification from Eq. (7) to (8) is hold under two conditions. The 

first of the conditions is that the decline of the water table |ℎ| is smaller than 10% of initial aquifer thickness 

H (i.e., |ℎ|/𝐻 ≤ 0.1) (Nyholm et al., 2002; Yeh et al., 2010). The second is that the sum of the horizontal 

hydraulic gradients of |∂ℎ/ ∂𝑥| and |∂ℎ/ ∂𝑦| at the water table is smaller than 0.01 (Yeh et al., 2010). 

Nyholm et al. (2002) achieved agreement on drawdown measured in a field pumping test and predicted by 

MODFLOW which models flow in the study site as confined behavior because of |ℎ|/𝐻 ≤ 0.1 in the 

pumping well. In addition, Yeh et al. (2010) also achieved agreement on the hydraulic head predicted by their 



2 
 

analytical solution based on Eq. (8), their finite-difference solution based on Eq. (7) with ∂ℎ/ ∂𝑦 = 0 

(referring to Eq. (7a)), and Teo et al. (2003) solution derived by applying the perturbation technique to deal 

with Eq. (7a) when |ℎ|/𝐻 = 0.1  and ∂ℎ/ ∂𝑥 = 0.01  (i.e.,  = 0.1  and ∂/ ∂𝑥 = 0.01  at x = 0, 

respectively, in Fig. 5(a) in Yeh et al., 2010). We therefore conclude from the result that the second-order 

terms of the horizontal hydraulic gradient is negligible when |∂ℎ/ ∂𝑥| + |∂ℎ/ ∂𝑦| ≤ 0.01 . With the 

abovementioned results, the associated paragraph is rewritten as: 

“The free surface equation describing water table decline is written as 
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  at  𝑧 = ℎ        (7) 

Neuman (1972) indicated that the effect of the second-order terms in Eq. (7) is generally ignorable to develop 

analytical solutions. Eq. (7) is thus linearized by neglecting the quadratic terms, and the position of the water 

table is fixed at the initial condition (i.e., z = 0). The result is written as 

t

h
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h
K yz









  at  𝑧 = 0               (8) 

Notice that Eq. (8) is applicable when the conditions |ℎ|/𝐻 ≤ 0.1 and |∂ℎ/ ∂𝑥| + |∂ℎ/ ∂𝑦| ≤ 0.01 are 

satisfied. These two conditions had been studied and verified by simulations in, for example, Nyholm et al. 

(2002), Goldscheider and Drew (2007) and Yeh et al. (2010). Nyholm et al. (2002) achieved agreement on 

drawdown measured in a field pumping test and predicted by MODFLOW which models flow in the study 

site as confined behavior because of |ℎ|/𝐻 ≤ 0.1 in the pumping well. Goldscheider and Drew (2007) 

revealed that pumping drawdown predicted by Neuman (1972) analytical solution based on Eq. (8) agrees 

well with that obtained in a field pumping test. In addition, Yeh et al. (2010) also achieved agreement on the 

hydraulic head predicted by their analytical solution based on Eq. (8), their finite difference solution based on 

Eq. (7) with ∂ℎ/ ∂𝑦 = 0 (referring to Eq. (7a)), and Teo et al. (2003) solution derived by applying the 

perturbation technique to deal with Eq. (7a) when |ℎ|/𝐻 = 0.1 and |∂ℎ/ ∂𝑥| = 0.01 (i.e.,  = 0.1 and 

|∂/ ∂𝑥| = 0.01 at x = 0 in Yeh et al. (2010, Fig. 5(a)).” (lines 190 - 209 of the revise manuscript) 

 

3. “We also inserted the following sentence to indicate the governing equation (i.e., Eq. (1)) is based on a concept 

proposed by Terzaghi: “The first term on the RHS of Eq. (1) depicts aquifer storage release based on the 

concept of effective stress proposed by Terzaghi (see, for example, Bear, 1979, p.84; Charbeneau, 2000, p.57).” 

Comment: The governing equation is not based upon the concept of effective stress, but rather on the 

approximation that the total vertical stress is not changing. This is a good assumption for most groundwater 

flow problems. The concept of effective stress is not, in itself, sufficient to obtain the equation used here from 

Biot's equations.  



3 
 

Response: Thanks for the comment. The phrase “which is valid under the assumption of constant total stress” 

is added after the sentence. (lines 174 - 175 of the revise manuscript) 

 

4. “A stream of partial penetration can be considered as fully penetrating if the distance between the stream and 

well is larger than 1.5 times the aquifer thickness (Todd and Mays, 2005).” 

Comment: I disagree with this statement. The flow pattern at distances of about 1.5 times the aquifer thickness 

indeed reduces to flow that is uniform over the vertical (de Saint Venant's principle). A stream, or well, with 

given discharge is therefore indeed indistinguishable at such distances. However, the boundary condition 

along a partially penetrating stream certainly affects the discharge the stream captures and replacing a head 

boundary condition over limited depth by one over the full depth will have an impact, not on the flow pattern 

at distance, but on the discharges computed. If the authors apply the constant head boundary condition over 

the full vertical, they must state this clearly, and, if they do this, a resistance between stream and aquifer needs 

to be added to obtain the proper flow rates. 

Response: Thanks for the comment. The sentence has been removed. The present model uses the Robin 

boundary conditions (Eqs. (5) and (6) given below) to describe the fluxes across low-permeability streambeds 

of two parallel streams at y = 0 and wy. The SDR solution of the present model can therefore predict stream 

filtration rate subject to the effect of streambed resistance. 

0
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K y   at  𝑦 = 0               (5) 

and 
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h

b

K

y

h
K y   at  𝑦 = 𝑤𝑦              (6) 

where h is the hydraulic head at stream-aquifer interfaces, Ky is the aquifer hydraulic conductivity in the y 

direction normal to two parallel streams, K and b are the hydraulic conductivity and thickness of the 

streambeds, respectively, and subscripts 1 and 2 indicate streambeds at y = 0 and wy, respectively. 

 

5. “The flux across the well screen is assumed to be uniform along each of the laterals.” 

Comment: I am not sure how it is possible in practice to maintain the flow rate constant along the lengths of 

the radii of the well. If this is an approximation of an actual well of constant head radii, then it should be 

remembered, and stated, that the head varies along the legs in the solution. It would be of more practical value 

to break the legs up onto segments, and solve a system of equations to fix the heads at the centers of each 

segment to some prescribed value. 

Response: The assumption of uniform flux along the laterals of a radial collector well (RCW) is valid when 
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the laterals are not long. We added following sentence to illustrate the validity of the assumption. 

“The assumption is valid for a short lateral within 150 m verified by agreement on drawdown observed in 

field experiments and predicted by existing analytical solutions (Huang et al., 2011; 2012).” (lines 133 - 135 

of the revise manuscript) 

    Regarding each lateral represented by several segments, it will be suitable for a long lateral of RCW to 

consider total head loss due to friction in the lateral but this is not our present concern. Two motives have 

combined to make us write this paper. One is to develop the present solution of the head and stream 

filtration/depletion rate (SDR) induced by RCW in finite-extent unconfined aquifers. The advantage of the 

present solution is that its calculation only relies on Newton’s method and avoids laborious calculations 

involved in existing solutions. For example, Huang et al. (2012) solution should resort to numerical integration 

of a triple integral in predicting the hydraulic head and a quintuple integral in predicting SDR. The integrand 

is expressed in terms of an infinite series expanded by the roots of nonlinear equations. The integration 

variables are associated with those roots. The other is to provide insights or new findings accounting for flow 

and SDR induced by RCW, given below: 

(1) We quantify a region where groundwater flow is three-dimensional. Beyond this region, the flow is 

horizontal and can be described by existing solutions neglecting the vertical flow (e.g., Mohamed and 

Rushton, 2006; Haitjema et al., 2010). Please refer to the 1st conclusion in the manuscript of Huang et al. 

(2015, p.7526). 

(2) We provide a condition under which flow in aquifers is unidirectional and perpendicular to a horizontal 

well. Under the condition, existing models neglecting the flow component along the well give accurate 

head predictions (e.g., Anderson, 2000; Anderson, 2003; Kompani-Zare et al., 2005). Please refer to the 

2nd conclusion in the manuscript of Huang et al. (2015, p.7526). 

(3) We present a criterion describing that the effect of the vertical flow in aquifers on SDR can be ignored. A 

variety of existing solutions neglecting the vertical flow can predict accurate SDR only when the criterion 

is met (e.g., Glover and Balmer, 1954; Hantush, 1965; Hunt, 1999; Butler et al., 2001; Sun and Zhan, 

2007; Zlotnik, 2014). Please refer to the 7th conclusion in the manuscript of Huang et al. (2015, p.7527). 

(4) We find that SDR for unconfined aquifers depends on the depth of installing RCW, but for confined 

aquifers does not at all. Please refer to the 8th conclusion in the manuscript of Huang et al. (2015, p.7527). 

 

6. “Please refer to 1st response for the fact that the present solution is applicable to unconfined flow.” 

Comment: I maintain that it should be made clear that this approximation is valid only under limited 

conditions, where drawdowns do not exceed some maximum. 

Response: Please refer to 2nd response for the condition under which the approximation is valid. 
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Abstract 19 

This study develops a three-dimensional mathematical model for describing transient 20 

hydraulic head distributions due to pumping at a radial collector well (RCW) in a rectangular 21 

confined or unconfined aquifer bounded by two parallel streams and no-flow boundaries. The 22 

streams with low-permeability streambeds fully penetrate the aquifer thickness. The governing 23 

equation with a point-sink term is employed. A first-order free surface equation delineating the 24 

water table decline induced by the well is considered. Robin boundary conditions are adopted 25 

to describe fluxes across the streambeds. The head solution for the point sink is derived by 26 

applying the methods of finite integral transform and Laplace transform. The head solution for 27 

a RCW is obtained by integrating the point-sink solution along the laterals of the RCW and 28 

then dividing the integration result by the sum of lateral lengths. On the basis of Darcy’s law 29 

and head distributions along the streams, the solution for the stream depletion rate (SDR) can 30 

also be developed. With the aid of the head and SDR solutions, the sensitivity analysis can then 31 

be performed to explore the response of the hydraulic head to the change in a specific parameter 32 

such as the horizontal and vertical hydraulic conductivities, streambed permeability, specific 33 

storage, specific yield, lateral length and well depth. Spatial head distributions subject to the 34 

anisotropy of aquifer hydraulic conductivities are analyzed. A quantitative criterion is provided 35 

to identify whether groundwater flow at a specific region is 3-D or 2-D without the vertical 36 

component. In addition, another criterion is also given to allow the neglect of vertical flow 37 

effect on SDR. Conventional 2-D flow models can be used to provide accurate head and SDR 38 

predictions if satisfying these two criteria. 39 

Keywords: Robin boundary condition, sensitivity analysis, stream depletion rate, first-order 40 

free surface equation, analytical solution 41 
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1. Introduction 42 

The applications of a radial collector well (RCW) have received much attention in the 43 

aspects of water resource supply and groundwater remediation since rapid advances in drilling 44 

technology. An average yield for the well approximates 27,000 m3/day (Todd and Mays, 2005). 45 

As compared to vertical wells, RCWs require less operating cost, produce smaller drawdown, 46 

and have better efficiency of withdrawing water from thin aquifers. In addition, RCWs can 47 

extract water from an aquifer underlying obstacles such as buildings, but vertical wells cannot. 48 

Recently, Huang et al. (2012) reviewed semi-analytical and analytical solutions associated with 49 

RCWs. Since then, Yeh and Chang (2013) provided a valuable overview of articles associated 50 

with RCWs. 51 

    A variety of analytical models involving a horizontal well, a specific case of a RCW with 52 

a single lateral, in aquifers were developed (e.g., Park and Zhan, 2003; Hunt, 2005; Anderson, 53 

2013). The flux along the well screen is commonly assumed to be uniform. The equation 54 

describing three-dimensional (3-D) flow is used. Kawecki (2000) developed analytical 55 

solutions of the hydraulic heads for the early linear flow perpendicular to a horizontal well and 56 

late pseudo-radial flow toward the middle of the well in confined aquifers. They also developed 57 

an approximate solution for unconfined aquifers on the basis of the head solution and an 58 

unconfined flow modification. The applicability of the approximate solution was later 59 

evaluated in comparison with a finite difference solution developed by Kawecki and Al-60 

Subaikhy (2005). Zhan et al. (2001) presented an analytical solution for drawdown induced by 61 

a horizontal well in confined aquifers and compared the difference in the type curves based on 62 

the well and a vertical well. Zhan and Zlotnik (2002) developed a semi-analytical solution of 63 

drawdown due to pumping from a nonvertical well in an unconfined aquifer accounting for the 64 

effect of instantaneous drainage or delayed yield when the free surface declines. They discussed 65 

the influences of the length, depth, and inclination of the well on temporal drawdown 66 
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distributions. Park and Zhan (2002) developed a semi-analytical drawdown solution 67 

considering the effects of a finite diameter, the wellbore storage, and a skin zone around a 68 

horizontal well in anisotropic leaky aquifers. They found that those effects cause significant 69 

change in drawdown at an early pumping period. Zhan and Park (2003) provided a general 70 

semi-analytical solution for pumping-induced drawdown in a confined aquifer, an unconfined 71 

aquifer on a leaky bottom, or a leaky aquifer below a water reservoir. Temporal drawdown 72 

distributions subject to the aquitard storage effect were compared with those without that effect. 73 

Sun and Zhan (2006) derived a semi-analytical solution of drawdown due to pumping at a 74 

horizontal well in a leaky aquifer. A transient one-dimensional flow equation describing the 75 

vertical flow across the aquitard was considered. The derived solution was used to evaluate the 76 

Zhan and Park (2003) solution which assumed steady-state vertical flow in the aquitard. 77 

Sophisticated numerical models involved in RCWs or horizontal wells were also reported. 78 

Steward (1999) applied the analytic element method to approximate 3-D steady-state flow 79 

induced by horizontal wells in contaminated aquifers. They discussed the relation between a 80 

pumping rate and the size of a polluted area. Chen et al. (2003) utilized the polygon finite 81 

difference method to deal with three kinds of seepage-pipe flows including laminar, turbulent, 82 

and transitional flows within a finite-diameter horizontal well. A sandbox experiment was also 83 

carried out to verify the prediction made by the method. Mohamad and Rushton (2006) used 84 

MODFLOW to predict flows inside an aquifer, from the aquifer to a horizontal well, and within 85 

the well. The predicted head distributions were compared with field data measured in Sarawak, 86 

Malaysia. Su et al. (2007) used software TOUGH2 based on the integrated finite difference 87 

method to handle irregular configurations of several laterals of two RCWs installed beside the 88 

Russian River, Forestville, California and analyzed pumping-induced unsaturated regions 89 

beneath the river. Lee et al. (2012) developed a finite element solution with triangle elements 90 

to assess whether the operation of a RCW near Nakdong River in South Korea can induce 91 
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riverbank filtration. They concluded that the well can be used for sustainable water supply at 92 

the study site. In addition, Rushton and Brassington (2013a) extended Mohamad and Rushton 93 

(2006) study by enhancing the Darcy-Weisbach formula to describe frictional head lose inside 94 

a horizontal well. The spatial distributions of predicted flux along the well revealed that the 95 

flux at the pumping end is four times of the magnitude of that at the far end. Later, Rushton 96 

and Brassington (2013b) applied the same model to a field experiment at the Seton Coast, 97 

northwest England.  98 

Well pumping in aquifers near streams may cause groundwatersurface water interactions 99 

(e.g., Rodriguez et al., 2013; Chen et al., 2013; Zhou et al., 2013; Exner-Kittridge et al., 2014; 100 

Flipo et al., 2014; Unland et al., 2014). The stream depletion rate (SDR), commonly used to 101 

quantify stream water filtration into the adjacent aquifer, is defined as the ratio of the filtration 102 

rate to a pumping rate. The SDR ranges from zero to a certain value which could be equal to 103 

or less than unity (Zlotnik, 2004). Tsou et al. (2010) developed an analytical solution of SDR 104 

for a slanted well in confined aquifers adjacent to a stream treated as a constant-head boundary. 105 

They indicated that a horizontal well parallel to the stream induces the steady-state SDR of 106 

unity more quickly than a slanted well. Huang et al. (2011) developed an analytical SDR 107 

solution for a horizontal well in unconfined aquifers near a stream regarded as a constant-head 108 

boundary. Huang et al. (2012) provided an analytical solution for SDR induced by a RCW in 109 

unconfined aquifers adjacent to a stream with a low-permeability streambed treated as the 110 

Robin condition. The influence of the configuration of the laterals on temporal SDR and spatial 111 

drawdown distributions was analyzed. Recently, Huang et al. (2014) gave an exhaustive review 112 

on analytical and semi-analytical SDR solutions and classified these solutions into two 113 

categories. One group involved two-dimensional (2-D) flow toward a fully-penetrating vertical 114 

well according to aquifer types and stream treatments. The other group included the solutions 115 

involving 3-D and quasi 3-D flows in the lights of aquifer types, well types, and stream 116 
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treatments. 117 

At present, existing analytical solutions associated with flow toward a RCW in unconfined 118 

aquifers have involved laborious calculation (Huang et al., 2012) and predicted approximate 119 

results (Hantush and Papadopoulos, 1962). The Huang et al. (2012) solution involves numerical 120 

integration of a triple integral in predicting the hydraulic head and a quintuple integral in 121 

predicting SDR. The integrand is expressed in terms of an infinite series expanded by roots of 122 

nonlinear equations. The integration variables are related to those roots. The application of 123 

their solution is therefore limited to those who are familiar with numerical methods. In addition, 124 

the accuracy of the Hantush and Papadopoulos (1962) solution is limited to some parts of a 125 

pumping period; that is, it gives accurate drawdown predictions at early and late times but 126 

divergent ones at middle time.  127 

The objective of this study is to present new analytical solutions of the head and SDR, 128 

which overcome the abovementioned limitations, for 3-D flow toward a RCW. A 129 

mathematical model is built to describe 3-D spatiotemporal hydraulic head distributions in a 130 

rectangular unconfined aquifer bounded by two parallel streams and by the no-flow stratums 131 

in the other two sides. The flux across the well screen is assumed to be uniform along each of 132 

the laterals. The assumption is valid for a short lateral within 150 m verified by agreement on 133 

drawdown observed in field experiments and predicted by existing analytical solutions (Huang 134 

et al., 2011; 2012). The streams fully penetrate the aquifer thickness and connect the aquifer 135 

with low-permeability streambeds. The model for the aquifer system with two parallel streams 136 

can be used to determine the fraction of water filtration from the streams and solve the 137 

associated water right problem (Sun and Zhan, 2007). The transient 3-D groundwater flow 138 

equation with a point-sink term is considered. The first-order free surface equation is used to 139 

describe water table decline due to pumping. Robin boundary conditions are adopted to 140 

describe fluxes across the streambeds. The head solution for a point sink is derived by the 141 
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methods of Laplace transform and finite integral transform. The analytical head solution for a 142 

RCW is then obtained by integrating the point-sink solution along the well and dividing the 143 

integration result by the total lateral length. The RCW head solution is expressed in terms of a 144 

triple series expanded by eigenvalues which can be obtained by a numerical algorithm such as 145 

Newton’s method. On the basis of Darcy’s law and the RCW head solution, the SDR solution 146 

can then be obtained in terms of a double series with fast convergence. With the aid of both 147 

solutions, the sensitivity analysis is performed to investigate the response of the hydraulic head 148 

to the change in each of aquifer parameters. The spatial distributions of the head and streamline 149 

are discussed. Spatial head distributions subject to the anisotropy of aquifer hydraulic 150 

conductivities are analyzed. The influences of the vertical flow and well depth on temporal 151 

SDR distributions are investigated. Moreover, temporal SDR distributions induced by a RCW 152 

and a fully penetrating vertical well in confined aquifers are also compared. A quantitative 153 

criterion is provided to identify whether groundwater flow at a specific region is 3-D or 2-D 154 

without the vertical component. In addition, another criterion is also given to judge the 155 

suitability of neglecting the vertical flow effect on SDR.  156 

 157 

2. Methodology 158 

2.1. Mathematical model 159 

    Consider a RCW in a rectangular unconfined aquifer bounded by two parallel streams and 160 

no-flow stratums as illustrated in Figure 1. The symbols for variables and parameters are 161 

defined in Table 1. The origin of the Cartesian coordinate is located at the lower left corner. 162 

The aquifer domain falls in the range of 0 ≤ 𝑥 ≤ 𝑤𝑥, 0 ≤ 𝑦 ≤ 𝑤𝑦, and −𝐻 ≤ 𝑧 ≤ 0. The 163 

RCW consists of a caisson and several laterals, each of which extends finitely with length Lk 164 

and counterclockwise with angle k where k  1, 2, … N and N is the number of laterals. The 165 

caisson is located at (x0, y0), and the surrounding laterals are at z = z0. 166 
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    First of all, a mathematical model describing 3-D flow toward a point sink in the aquifer 167 

is proposed. The equation describing 3-D hydraulic head distribution h(x, y, z, t) is expressed 168 

as 169 
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  (1) 170 

where 𝛿(   ) is the Dirac delta function, the second term on the right-hand side (RHS) indicates 171 

the point sink, and Q is positive for pumping and negative for injection. The first term on the 172 

RHS of Eq. (1) depicts aquifer storage release based on the concept of effective stress proposed 173 

by Terzaghi (see, for example, Bear, 1979; Charbeneau, 2000), which is valid under the 174 

assumption of constant total stress. By choosing water table as a reference datum where the 175 

elevation head is set to zero, the initial condition can therefore be denoted as 176 

ℎ = 0  at  𝑡 = 0 (2) 177 

Note that equation (2) introduces negative hydraulic head for pumping, and the absolute value 178 

of the head equals drawdown. 179 

The aquifer boundaries at x = 0 and x = wx are considered to be impermeable and thus 180 

expressed as 181 

0/  xh   at  𝑥 = 0 (3) 182 

and 183 

0/  xh   at  𝑥 = 𝑤𝑥 (4) 184 

Streambed permeability is usually less than the adjacent aquifer formation. The fluxes across 185 

the streambeds can be described by Robin boundary conditions as 186 
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The free surface equation describing water table decline is written as 190 
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  at  𝑧 = ℎ (7) 191 

Neuman (1972) indicated that the effect of the second-order terms in Eq. (7) is generally 192 

ignorable to develop analytical solutions. Eq. (7) is thus linearized by neglecting the quadratic 193 

terms, and the position of the water table is fixed at the initial condition (i.e., z = 0). The result 194 

is written as 195 

t

h
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h
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  at  𝑧 = 0 (8) 196 

Notice that Eq. (8) is applicable when the conditions |ℎ|/𝐻 ≤ 0.1  and |∂ℎ/ ∂𝑥| +197 

|∂ℎ/ ∂𝑦| ≤ 0.01  are satisfied. These two conditions had been studied and verified by 198 

simulations in, for example, Nyholm et al. (2002), Goldscheider and Drew (2007) and Yeh et 199 

al. (2010). Nyholm et al. (2002) achieved agreement on drawdown measured in a field pumping 200 

test and predicted by MODFLOW which models flow in the study site as confined behavior 201 

because of |ℎ|/𝐻 ≤ 0.1 in the pumping well. Goldscheider and Drew (2007) revealed that 202 

pumping drawdown predicted by Neuman (1972) analytical solution based on Eq. (8) agrees 203 

well with that obtained in a field pumping test. In addition, Yeh et al. (2010) also achieved 204 

agreement on the hydraulic head predicted by their analytical solution based on Eq. (8), their 205 

finite difference solution based on Eq. (7) with ∂ℎ/ ∂𝑦 = 0 (referring to Eq. (7a)), and Teo et 206 

al. (2003) solution derived by applying the perturbation technique to deal with Eq. (7a) when 207 

|ℎ|/𝐻 = 0.1 and |∂ℎ/ ∂𝑥| = 0.01 (i.e.,  = 0.1 and |∂/ ∂𝑥| = 0.01 at x = 0 in Yeh et al. 208 

(2010, Fig. 5(a)). On the other hand, the bottom of the aquifer is considered as a no-flow 209 

boundary condition denoted as 210 

0/  zh   at  𝑧 = −𝐻 (9) 211 

Define dimensionless variables as ℎ̅ = (𝐾𝑦 𝐻 ℎ) 𝑄⁄ , 𝑡̅ = (𝐾𝑦 𝑡) (𝑆𝑠 𝑦0
2)⁄ , �̅� = 𝑥 𝑦0⁄ , 212 
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�̅� = 𝑦 𝑦0⁄ , 𝑧̅ = 𝑧 𝐻⁄ , �̅�0
′ = 𝑥0

′ 𝑦0⁄ , �̅�0
′ = 𝑦0

′ /𝑦0 , 𝑧0̅
′ = 𝑧0

′ 𝐻⁄ , �̅�𝑥 = 𝑤𝑥 𝑦0⁄  and �̅�𝑦 =213 

𝑤𝑦 𝑦0⁄  where the overbar denotes a dimensionless symbol, and 𝑦0, a distance between stream 214 

1 and the center of the RCW, is chosen as a characteristic length. On the basis of the definitions, 215 

Eq. (1) can be written as 216 
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  (10) 217 

where x = 𝐾𝑥 𝐾𝑦⁄  and z = (𝐾𝑧 𝑦0
2) (𝐾𝑦 𝐻2)⁄ . 218 

Similarly, the initial and boundary conditions are expressed as 219 

ℎ̅ = 0  at  𝑡̅ = 0 (11) 220 

∂ℎ̅/ ∂�̅� = 0  at  �̅� = 0 (12) 221 

∂ℎ̅/ ∂�̅� = 0  at  �̅� = �̅�𝑥 (13) 222 

0/ 1  hyh    at  �̅� = 0 (14) 223 

0/ 2  hyh    at  �̅� = �̅�𝑦 (15) 224 

t

h
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h
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  at  𝑧̅ = 0 (16) 225 

and 226 

0/  zh   at  𝑧̅ = −1 (17) 227 

where (𝐾1 𝑦0) (𝐾𝑦 𝑏1)⁄  (𝐾2 𝑦0) (𝐾𝑦 𝑏2)⁄ and𝑆𝑦 (𝑆𝑠 𝐻)⁄  228 

2.2 Head solution for point sink 229 

The model, Eqs. (10)  (17), reduces to an ordinary differential equation (ODE) with two 230 

boundary conditions in terms of 𝑧̅ after taking Laplace transform and finite integral transform. 231 

The former transform converts ℎ̅(�̅�, �̅�, 𝑧̅, 𝑡̅) into ℎ̂(�̅�, �̅�, 𝑧̅, 𝑝), δ(�̅� − �̅�0
′ ) δ(�̅� − �̅�0

′ )δ(𝑧̅ − 𝑧0̅
′ ) 232 

in Eq. (10) into δ(�̅� − �̅�0
′ ) δ(�̅� − �̅�0

′ )δ(𝑧̅ − 𝑧0̅
′ )/𝑝, and 𝜕ℎ̅ 𝜕𝑡̅⁄  in Eqs. (10) and (16) into 233 

𝑝ℎ̂ − ℎ̅|
�̅�=0

 where p is the Laplace parameter, and the second term, initial condition in Eq. (11), 234 
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equals zero (Kreyszig, 1999). The transformed model becomes a boundary value problem 235 

written as 236 
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     (18) 237 

with boundary conditions ∂ℎ̂/ ∂�̅� = 0 at �̅� = 0 and �̅� = �̅�𝑥 , 0ˆ/ˆ
1  hyh   at �̅� = 0, 238 

0ˆ/ˆ
2  hyh   at �̅� = �̅�𝑦 , zhpzh  /ˆ/ˆ   at 𝑧̅ = 0  and 0/  zh  at 𝑧̅ = −1 . 239 

We then apply finite integral transform to the problem. One can refer to Appendix A for its 240 

detailed definition. The transform converts ℎ̂(�̅�, �̅�, 𝑧̅, 𝑝) in the problem into ℎ̃(𝛼𝑚, 𝛽𝑛, 𝑧̅, 𝑝), 241 

and δ(�̅� − �̅�0
′ ) δ(�̅� − �̅�0

′ ) in Eq. (18) into cos (α𝑚�̅�0
′ )𝐾(�̅�0

′ ) and 𝑥 𝜕2ℎ̂ 𝜕�̅�2⁄ + 𝜕2ℎ̂ 𝜕�̅�2⁄  242 

in Eq. (18) into −(𝑥𝛼𝑚
2 + 𝛽𝑛

2)ℎ̃ where (m, n)1, 2, 3, …  , 𝛼𝑚 = 𝑚 𝜋 �̅�𝑥⁄ , 𝐾(�̅�0
′ ) is 243 

defined in Eq. (A2) with �̅� = �̅�0
′ , and 𝛽𝑛 are eigenvalues equaling the roots of the following 244 

equation as (Latinopoulos, 1985) 245 
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The method to determine the roots is discussed in section 2.3. In turn, Eq. (18) becomes a 247 

second-order ODE defined by 248 
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with two boundary conditions denoted as 250 
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  at  𝑧̅ = 0 (21) 251 

and 252 

0/
~

 zh   at  𝑧̅ = −1 (22) 253 

Eq. (20) can be separated into two homogeneous ODEs as 254 

0
~

)(

~
22

2

2





anmx

a
z hp

z

h
   for  −𝑧0̅

′ ≤ 𝑧̅ ≤ 0 (23) 255 



 12 

and 256 
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   for  −1 ≤ 𝑧̅ ≤ −𝑧0̅

′  (24) 257 

where ha and hb, respectively, represent the heads above and below 𝑧̅ = −𝑧0̅
′

 where the point 258 

sink is located. Two continuity requirements should be imposed at 𝑧̅ = −𝑧0̅
′ . The first is the 259 

continuity of the hydraulic head denoted as 260 

ℎ̃𝑎 = ℎ̃𝑏  at  𝑧̅ = −𝑧0̅
′  (25) 261 

The second describes the discontinuity of the flux due to point pumping represented by the 262 

Dirac delta function in Eq. (20). It can be derived by integrating Eq. (20) from z̅ = −𝑧0̅
′ − to 263 

z̅ = −𝑧0̅
′ + as 264 
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  at  𝑧̅ = −𝑧0̅

′  (26) 265 

Solving Eqs. (23) and (24) simultaneously with Eqs. (21), (22), (25), and (26) yields the 266 

Laplace-domain head solution as 267 

ℎ̃𝑎(𝛼𝑚, 𝛽𝑛, 𝑧̅, 𝑝) = Ω(−𝑧0̅
′ , 𝑧̅, 1)  for  −𝑧0̅

′ ≤ 𝑧̅ ≤ 0 (27a) 268 

and 269 

ℎ̃𝑏(𝛼𝑚, 𝛽𝑛, 𝑧̅, 𝑝) = Ω(𝑧̅, 𝑧0̅
′ , −1)  for  −1 ≤ 𝑧̅ ≤ −𝑧0̅

′  (27b) 270 

with 271 
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  (28) 272 

𝜆 = √(𝜅𝑥𝛼𝑚
2 + 𝛽𝑛

2 + 𝑝)/𝜅𝑧 (29) 273 

where a, b, and c are arguments. Taking the inverse Laplace transform and finite integral 274 

transform to Eq. (28) results in Eq. (31). One is referred to Appendix B for the detailed 275 

derivation. A time-domain head solution for a point sink is therefore written as 276 

ℎ̅(�̅�, �̅�, 𝑧̅, 𝑡̅) = {
(−𝑧0̅

′ , 𝑧̅, 1) for − 𝑧0̅
′  ≤ 𝑧̅ ≤ 0

  (𝑧̅, 𝑧0̅
′ , −1) for − 1 ≤ 𝑧̅ ≤ − 𝑧0̅

′        (30) 277 
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with 278 

Φ(𝑎, 𝑏, 𝑐) =
2

�̅�𝑥
{∑ [𝜙𝑛 𝑋𝑛 + 2 ∑ 𝜙𝑚,𝑛 𝑋𝑚,𝑛  cos(𝛼𝑚 �̅�)∞

𝑚=1 ]∞
𝑛=1  𝑌𝑛} (31) 279 

𝜙𝑚,𝑛 = 𝜓𝑚,𝑛 + 𝜓𝑚,𝑛,0 + ∑ 𝜓𝑚,𝑛,𝑖
∞
𝑖=1   (32) 280 

𝜓𝑚,𝑛 = − cosh[(1 + 𝑎)𝜆𝑠] cosh(𝑏 𝜆𝑠) (𝜅𝑧 𝜆𝑠  sinh 𝜆𝑠)⁄  (33) 281 

𝜓𝑚,𝑛,0 = 𝜇𝑚,𝑛,0  cosh[(1 + 𝑎)𝜆0] [−𝜅𝑧 𝜆0  cosh(𝑏 𝜆0) + 𝑐 𝑝0 𝛾 sinh(𝑏 𝜆0)] (34) 282 

𝜓𝑚,𝑛,𝑖 = 𝜈𝑚,𝑛,𝑖  cos[(1 + 𝑎)𝜆𝑖] [−𝜅𝑧 𝜆𝑖  cos(𝑏 𝜆𝑖) + 𝑐 𝑝𝑖 𝛾 sin(𝑏 𝜆𝑖)] (35) 283 

𝜇𝑚,𝑛,0 = 2 exp(𝑝0 𝑡̅) {𝑝0[(1 + 2 𝛾) 𝜅𝑧 𝜆0  cosh 𝜆0 + (𝑝0 𝛾 + 𝜅𝑧) sinh 𝜆0]}⁄  (36) 284 

ν𝑚,𝑛,𝑖 = 2 exp(𝑝𝑖 𝑡̅) {𝑝𝑖[(1 + 2 𝛾) 𝜅𝑧 𝜆𝑖  cos 𝜆𝑖 + (𝑝𝑖 𝛾 + 𝜅𝑧) sin 𝜆𝑖]}⁄  (37) 285 
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and 287 

𝑋𝑚,𝑛 = cos(𝛼𝑚 �̅�0
′ ) [𝛽𝑛  cos(𝛽𝑛 �̅�0

′ ) + 𝜅1  sin(𝛽𝑛�̅�0
′ )] (39) 288 

where 𝜆𝑠 = √(𝜅𝑥𝛼𝑚
2 + 𝛽𝑛

2)/𝜅𝑧 , 𝑝0 = 𝜅𝑧𝜆0
2 − 𝜅𝑥𝛼𝑚

2 − 𝛽𝑛
2 , 𝑝𝑖 = −𝜅𝑧𝜆𝑖

2 − 𝜅𝑥𝛼𝑚
2 − 𝛽𝑛

2 , 𝜙𝑛 289 

and Xn equal 𝜙𝑚,𝑛 and Xm, n with 𝛼𝑚 = 0, respectively, and the eigenvalues 𝜆0 and 𝜆𝑖 are, 290 

respectively, the roots of the following equations: 291 
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The determination for those eigenvalues is introduced in the next section. Notice that the 294 

solution consists of simple series expanded in 𝛽𝑛, double series expanded in 𝛽𝑛 and 𝜆𝑖 (or 295 

𝛼𝑚 and 𝛽𝑛), and triple series expanded in 𝛼𝑚, 𝛽𝑛 and 𝜆𝑖. 296 

2.3 Evaluations for n, 0 and i 297 

Application of Newton’s method with proper initial guesses to determine the eigenvalues 298 

𝛽𝑛, 𝜆0 and 𝜆𝑖 has been proposed by Huang et al. (2014) and is briefly introduced herein. The 299 
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eigenvalues are situated at the intersection points of the left-hand side (LHS) and RHS 300 

functions of Eq. (19) for 𝛽𝑛, Eq. (40) for 𝜆0, and Eq. (41) for 𝜆𝑖. Hence, the initial guesses 301 

for 𝛽𝑛  are considered as 𝛽𝑣 − 𝛿  if 𝛽𝑣 > (𝜅1 𝜅2)0.5  and as 𝛽𝑣 + 𝛿  if 𝛽𝑣 < (𝜅1 𝜅2)0.5 302 

where 𝛽𝑣 = (2𝑛 − 1)𝜋/(2 �̅�𝑦) and 𝛿 is a chosen small value such as 10-8 for avoiding being 303 

right at the vertical asymptote. In addition, the guess for 𝜆0 can be formulated as  304 

𝜆0 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 𝛿 + {−𝜅𝑧 − √𝜅𝑧[𝜅𝑧 + 4 𝛾2(𝜅𝑥𝛼𝑚
2 + 𝛽𝑛

2)]} (2𝛾𝜅𝑧)⁄  (42) 305 

where the RHS second term represents the location of the vertical asymptote derived by letting 306 

the denominator of the RHS function in Eq. (40) to be zero and solving 𝜆0 in the resultant 307 

equation. Moreover, the guessed value for 𝜆𝑖 is (2 𝑖 − 1)𝜋 2 + 𝛿⁄ . 308 

2.4 Head solution for radial collector well 309 

The lateral of RCW is approximately represented by a line sink composed of a series of 310 

adjoining point sinks. The locations of these point sinks are expressed in terms of (�̅�0 + 𝑙 ̅ cos 𝜃, 311 

�̅�0 + 𝑙 ̅ sin 𝜃, 𝑧0̅) where (�̅�0, �̅�0, 𝑧0̅) = (𝑥0 𝑦0⁄ , 1, 𝑧0 𝐻⁄ ) is the central of the lateral, and 𝑙 ̅ is 312 

a variable to define different locations of the point sink. The solution of head ℎ̅𝑤(�̅�, �̅�, 𝑧̅, 𝑡̅) for 313 

a lateral can therefore be derived by substituting �̅�0
′ = �̅�0 + 𝑙 ̅ cos 𝜃 , �̅�0

′ = 1 + 𝑙 ̅ sin 𝜃  and 314 

𝑧0̅
′ = 𝑧0̅ into the point-sink solution, Eq. (30), then by integrating the resultant solution to 𝑙,̅ 315 

and finally by dividing the integration result into the sum of lateral lengths. The derivation can 316 

be denoted as 317 

ℎ̅𝑤(�̅�, �̅�, 𝑧̅, 𝑡̅) = (∑ �̅�𝑘
𝑁
𝑘=1 )−1 ∑ ∫ ℎ̅(�̅�, �̅�, 𝑧̅, 𝑡̅)

�̅�𝑘

0
𝑑𝑙 ̅𝑁

𝑘=1  (43) 318 

where �̅�𝑘 = 𝐿𝑘/𝑦0 is the k-th dimensionless lateral length. Note that the integration variable 319 

𝑙 ̅ (i.e., �̅�0
′  and �̅�0

′ ) appears only in 𝑋𝑛 and 𝑋𝑚,𝑛 in Eq. (31). The integral in Eq. (43) can 320 

thus be done analytically by integrating 𝑋𝑛 and 𝑋𝑚,𝑛 with respect to 𝑙.̅ After the integration, 321 

Eq. (43) can be expressed as 322 

ℎ̅𝑤(�̅�, �̅�, 𝑧̅, 𝑡̅) = (∑ �̅�𝑘
𝑁
𝑘=1 )−1 ∑ { Φ(−�̅�0,�̅�,1)  for  −�̅�0≤�̅�≤0

Φ(�̅�,�̅�0,−1)  for  −1≤�̅�≤−�̅�0

𝑁
𝑘=1                        (44) 323 
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where Φ  is defined by Eqs. (31)  (38), and 𝑋𝑛  and 𝑋𝑚,𝑛  in Eq. (31) are replaced, 324 

respectively, by 325 

𝑋𝑛,𝑘 = −𝐺𝑘/(𝛽𝑛 sin 𝜃𝑘)                                                  (45) 326 

and 327 

𝑋𝑚,𝑛,𝑘 =
𝛼𝑚𝐹𝑘 cos 𝜃𝑘+𝛽𝑛𝐺𝑘 sin 𝜃𝑘

𝛼𝑚
2 cos2 𝜃𝑘−𝛽𝑛

2 sin2 𝜃𝑘
                                             (46) 328 

with 329 

𝐹𝑘 = sin(𝑋𝛼𝑚)[𝛽𝑛 cos(𝑌𝛽𝑛) + 𝜅1 sin(𝑌𝛽𝑛)] − sin(�̅�0𝛼𝑚)(𝛽𝑛 cos 𝛽𝑛 + 𝜅1 sin 𝛽𝑛) (47) 330 

𝐺𝑘 = cos(𝑋𝛼𝑚)[𝜅1 cos(𝑌𝛽𝑛) − 𝛽𝑛 sin(𝑌𝛽𝑛)] − cos(�̅�0𝛼𝑚)(𝜅1 cos 𝛽𝑛 − 𝛽𝑛 sin 𝛽𝑛) (48) 331 

where 𝑋 = �̅�0 + �̅�𝑘 cos 𝜃𝑘  and 𝑌 = 1 + �̅�𝑘 sin 𝜃𝑘 . Notice that Eq. (45) is obtained by 332 

substituting 𝛼𝑚 = 0 into Eq. (46). When 𝜃𝑘 = 0 or 𝜋 , Eq. (45) reduces to Eq. (49) by 333 

applying L’Hospital’s rule. 334 

𝑋𝑛,𝑘 = �̅�𝑘(𝛽𝑛 cos 𝛽𝑛 + 𝜅1 sin 𝛽𝑛) (49) 335 

2.5 SDR solution for radial collector well  336 

On the basis of Darcy’s law and the head solution for a RCW, the SDR from streams 1 337 

and 2 can be defined, respectively, as 338 

𝑆𝐷𝑅1(𝑡)̅ = − ∫ (∫
𝜕ℎ̅𝑤

𝜕�̅�

�̅�=0

�̅�=−�̅�0
𝑑𝑧̅ + ∫

𝜕ℎ̅𝑤

𝜕�̅�

�̅�=−�̅�0

�̅�=−1
𝑑𝑧̅) 𝑑�̅�

�̅�=�̅�𝑥

�̅�=0
  at  �̅� = 0  (50) 339 

and 340 

𝑆𝐷𝑅2(𝑡̅) = ∫ (∫
𝜕ℎ̅𝑤

𝜕�̅�

�̅�=0

�̅�=−�̅�0
𝑑𝑧̅ + ∫

𝜕ℎ̅𝑤

𝜕�̅�

�̅�=−�̅�0

�̅�=−1
𝑑𝑧̅) 𝑑�̅�

�̅�=�̅�𝑥

�̅�=0
 at  �̅� = �̅�𝑦  (51) 341 

Again, the double integrals in both equations can be done analytically. Notice that the series 342 

term of 2 ∑ 𝜙𝑚,𝑛 𝑋𝑚,𝑛  cos(𝛼𝑚 �̅�)∞
𝑚=1  in Eq. (31) disappears due to the consideration of Eqs. 343 

(3) and (4) and the integration with respect to �̅� in Eqs. (50) and (51) when deriving the SDR 344 

solution. The SDR1 and SDR2 are therefore expressed in terms of double series and given below: 345 

𝑆𝐷𝑅1(𝑡)̅ = −
2

∑ �̅�𝑘
𝑁
𝑘=1

∑ ∑ (𝜓𝑛
′ + 𝜓𝑛,0

′ + ∑ 𝜓𝑛,𝑖
′∞

𝑖=1 )𝑋𝑛,𝑘 𝑌𝑛
′(0)∞

𝑛=1
𝑁
𝑘=1  (52) 346 

and 347 
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𝑆𝐷𝑅2(𝑡̅) =
2

∑ �̅�𝑘
𝑁
𝑘=1

∑ ∑ (𝜓𝑛
′ + 𝜓𝑛,0

′ + ∑ 𝜓𝑛,𝑖
′∞

𝑖=1 )𝑋𝑛,𝑘 𝑌𝑛
′(�̅�𝑦)∞

𝑛=1
𝑁
𝑘=1  (53) 348 

with 349 

1

2

2

2

2

2

1

2

2

1

)]/([)(

)sin()cos(
)(










nyn

nnnn
n

w

yy
yY  (54) 350 

𝜓𝑛
′ = −{sinh(𝑧0̅𝜆𝑠

′ ) cosh[(1 − 𝑧0̅ )𝜆𝑠
′ ] + sinh[(1 − 𝑧0̅ )𝜆𝑠

′ ] cosh(𝑧0̅ 𝜆𝑠
′ )}/(𝜅𝑧𝜆𝑠

′2 sinh 𝜆𝑠
′ )  351 

 (55) 352 

𝜓𝑛,0
′ = −𝜇𝑛,0(𝜃𝑛,0 + 𝜗𝑛,0) 𝜆0⁄  (56) 353 

𝜃𝑛,0 = cosh[(1 − 𝑧0̅)𝜆0] {𝑝0
′  𝛾[−1 + cosh(𝑧0̅ 𝜆0) + 𝜅𝑧 𝜆0 sinh(𝑧0̅ 𝜆0)]} (57) 354 

𝜗𝑛,0 = sinh[(1 − 𝑧0̅)𝜆0] [𝜅𝑧 𝜆0 cosh(𝑧0̅ 𝜆0) + 𝑝0
′  𝛾 sinh(𝑧0̅ 𝜆0)] (58) 355 

𝜓𝑛,𝑖
′ = 𝜈𝑛,𝑖(𝜎𝑛,𝑖 − 𝜂𝑛,𝑖) 𝜆𝑖⁄  (59) 356 

𝜎𝑛,𝑖 = cos[(1 − 𝑧0̅)𝜆𝑖] {𝑝𝑖
′ 𝛾[−1 + cos(𝑧0̅ 𝜆𝑖)] − 𝜅𝑧 𝜆𝑖 sin(𝑧0̅ 𝜆𝑖)} (60) 357 

𝜂𝑛,𝑖 = sin[(1 − 𝑧0̅)𝜆𝑖] [𝜅𝑧 𝜆𝑖 cos(𝑧0̅ 𝜆𝑖) + 𝑝𝑖
′ 𝛾 sin(𝑧0̅ 𝜆𝑖)] (61) 358 

where 𝜆𝑠
′ = 𝛽𝑛 √𝜅𝑧⁄ ; 𝑝0

′ = 𝜅𝑧 𝜆0
2 − 𝛽𝑛

2; 𝑝𝑖
′ = −𝜅𝑧 𝜆𝑖

2 − 𝛽𝑛
2; 𝜇𝑛,0 equals 𝜇𝑚,𝑛,0 in Eq. (36) 359 

with 𝛼𝑚 = 0; 𝜈𝑛,𝑖 equals 𝜈𝑚,𝑛,𝑖 in Eq. (37) with 𝛼𝑚 = 0; 𝑋𝑛,𝑘 is defined in Eq. (45) for 360 

𝜃𝑘 ≠ 0 or 𝜋 and Eq. (49) for 𝜃𝑘 = 0 or 𝜋; and 𝜆0 and 𝜆𝑖 are the roots of Eqs. (40) and 361 

(41) with 𝛼𝑚 = 0, respectively. 362 

 363 

2.6 Special cases of the present solution 364 

2.6.1 Confined aquifer of finite extent 365 

 If  = 0 (i.e., Sy = 0 in Eq. (8)), the top boundary is regarded as an impermeable stratum. 366 

The aquifer is then a confined system. Under this circumstance, Eq. (40) reduces to 𝑒2 𝜆0 = 1 367 

having the root of 𝜆0 = 0, and Eq. (41) yields tan 𝜆𝑖 = 0 having the roots of 𝜆𝑖 = 𝑖 𝜋 where 368 

i1, 2, 3, …  . With 𝛾 = 0, 𝜆0 = 0 and 𝜆𝑖 = 𝑖 𝜋, the head solution for a confined aquifer 369 

can be expressed as Eq. (44) with Eqs. (31)  (38) and (45)  (49) where 𝜓𝑚,𝑛,0 in Eq. (32) 370 
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is replaced by 371 

𝜓𝑚,𝑛,0 = − exp(𝑝0 𝑡̅) 𝑝0⁄  (62) 372 

Similarly, the SDR solution for a confined aquifer can be written as Eqs. (52) and (53) where 373 

the RHS function in Eq. (56) reduces to that in Eq. (62) by applying L’Hospital’s rule with 𝛾 =374 

0 and 𝜆0 = 0. 375 

2.6.2 Confined aquifer of infinite extent 376 

    The head solution introduced in section 2.6.1 is applicable to spatiotemporal head 377 

distributions in confined aquifers of infinite extent before the lateral boundary effect comes. 378 

Wang and Yeh (2008) indicated that the time can be quantified, in our notation, as t = R2Ss/(16Ky) 379 

(i.e., 𝑡̅ = R2/(16𝑦0
2) for dimensionless time) where R is the shortest distance between a RCW 380 

and aquifer lateral boundary. Prior to the time, the present head solution with N = 1 for a 381 

horizontal well in a confined aquifer gives very close results given in Zhan et al. (2001). 382 

2.6.3 Unconfined aquifer of infinite extent 383 

    Prior to the beginning time mentioned in section 2.6.2, the absolute value calculated by 384 

the present head solution, Eqs. (44) with N = 1, represents drawdown induced by a horizontal 385 

well in unconfined aquifers of infinite extent. The calculated drawdown should be close to that 386 

from Zhan and Zlotnik (2002) solution for the case of the instantaneous drainage from water 387 

table decline. 388 

2.6.4 Unconfined aquifer of semi-infinite extent 389 

    When 1→ (i.e., b1 = 0), Eq. (14) reduces to the Dirichlet condition of ℎ̅ = 0 for stream 390 

1 in the absence from a low-permeability streambed, and Eq. (19) becomes tan(𝛽𝑛�̅�𝑦) =391 

−𝛽𝑛/ 2. In addition, the boundary effect occurring at the other three sides of the aquifer can 392 

be neglected prior to the beginning time. Moreover, when N = 1 and θ1 = 0, a RCW can be 393 

regarded as a horizontal well parallel to stream 1. Under these three conditions, the present 394 

head and SDR predictions are close to those in Huang et al. (2011), the head solution of which 395 
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agrees well with measured data from a field experiment executed by Mohamed and Rushton 396 

(2006). On the other hand, before the time when the boundary effect occurs at �̅� = 0, �̅� = �̅�𝑥 397 

and �̅� = �̅�𝑦, the present head and SDR solutions for a RCW give close predictions to those in 398 

Huang et al. (2012), the head and SDR solutions of which agree well with observation data 399 

taken from two field experiments carried out by Schafer (2006) and Jasperse (2009), 400 

respectively.  401 

2.7 Sensitivity analysis 402 

 The hydraulic parameters determined from field observed data are inevitably subject to 403 

measurement errors. Consequently, head predictions from the analytical model have 404 

uncertainty due to the propagation of measurement errors. Sensitivity analysis can be 405 

considered as a tool of exploring the response of the head to the change in a specific parameter 406 

(Zheng and Bennett, 2002). One may define the normalized sensitivity coefficient as  407 
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,  (63) 408 

where Si,t is the normalized sensitivity coefficient for the ith parameter at time t, and Pi 409 

represents the magnitude of the ith parameter. Eq. (63) can be approximated as 410 
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 (64) 411 

where iP  is an increment chosen as 10-3 Pi  (Yeh et al., 2008). 412 

3. Results and discussion 413 

 This section demonstrates head and SDR predictions and explores some physical insights 414 

regarding flow behavior. In section 3.1, groundwater flow and equipotential lines induced by 415 

pumping are discussed. In section 3.2, the influence of anisotropy on spatial head and temporal 416 

SDR distributions is studied. In section 3.3, the sensitivity analysis is performed to investigate 417 

the response of the head to the change in each hydraulic parameter. In section 3.4, the effects 418 

of the vertical flow and well depth on temporal SDR distributions for confined and unconfined 419 
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aquifers are investigated. For conciseness, we consider a RCW with two laterals with N = 2, 420 

�̅�1 =  �̅�2 = 0.5, 1 = 0 and 2 = . The well can be viewed as a horizontal well parallel to 421 

streams 1 and 2. The default values for the other dimensionless parameters are �̅�𝑥 = �̅�𝑦 = 2, 422 

 = 100, �̅�0 = 1, �̅�0 = 1, 𝑧0̅ = 0.5, x = z = 1, and 1 = 2 = 20. 423 

3.1 Groundwater flow and hydraulic head 424 

Most existing models assume 2-D flow with neglecting the vertical flow for pumping at a 425 

horizontal well (e.g., Mohamed and Rushton, 2006; Haitjema et al., 2010). The head 426 

distributions predicted by those models are inaccurate if an observation well is close to the 427 

region where the vertical flow prevails. Figure 2 demonstrates the streamlines and equipotential 428 

lines predicted by the present solution for a horizontal well in an unconfined aquifer for �̅�0 =429 

10, �̅�𝑥 = �̅�𝑦 = 20 and z = 0.1, 1, and 10. The well is located at 9.5 ≤ �̅� ≤  10.5, �̅� = 1 430 

and 𝑧̅ = 0.5 as illustrated in the figure. The equipotential lines are based on steady-state head 431 

distributions plotted by Eq. (44) with �̅� = 1 and 𝑡̅ = 107 . The stream function  can be 432 

derived via the Cauchy-Riemann equation, in our notation, as 433 

z

h

x

w
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 (65) 434 

where ̅ = 𝐾𝑦𝐻/𝑄 is the dimensionless stream function describing 2-D streamlines at the 435 

vertical plane of �̅� = 1 based on ℎ̅𝑤 in Eq. (44) with 𝑡̅ = 107 for steady state. The function 436 

̅ is obtained firstly by substituting Eq. (44) into Eq. (65), then by differentiating the result 437 

with respect to 𝑧̅, and eventually by integrating the differentiation result to �̅�. The coefficient 438 

arising from the integration is determined by the condition of ̅ = 0 at �̅� = �̅�0. The detailed 439 

derivation of the stream function is shown in Appendix C. When z = 0.1, in the range of 10  440 

�̅�  13.66, the contours of the hydraulic head are in a curved path, and the flow toward the 441 

well is slanted. Moreover, the range decreases to 10  �̅�  11.5 when z= 1 and to 10  �̅� 442 

10.82 when z= 10. Beyond these ranges, the head contours are nearly vertical, and the flow 443 
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is essentially horizontal. Define �̅�  = d/y0 as a shortest dimensionless horizontal distance 444 

between the well and a nearest location of only horizontal flow. The �̅� is therefore chosen as 445 

3.16, 1 and 0.32 for the cases of z= 0.1, 1 and 10, respectively. Substituting (z, �̅�) = (0.1, 446 

3.16), (1, 1) and (10, 0.32) into z�̅�2 leads to about unity. We may therefore conclude that the 447 

vertical flow at an observation location is negligible if a shortest dimensionless horizontal 448 

distance between the location and a RCW is less than �̅� = √1/𝑧 (i.e., 𝑑 = 𝐻√𝐾𝑦/𝐾𝑧 ) for 449 

thin aquifers, observation locations far from the well, and/or a small ratio of 𝐾𝑦/𝐾𝑧. 450 

3.2 Anisotropy analysis of hydraulic head and stream depletion rate 451 

Previous articles have seldom analyzed flow behavior for anisotropic aquifers, i.e., x 452 

(Kx/Ky)  1. Head predictions based on the models, developed for isotropic aquifers, will be 453 

inaccurate if x  1. Consider �̅�𝑥 = �̅�𝑦 = 2, 𝑡̅ = 107 for steady-state head distributions, and 454 

a RCW with �̅�1 = �̅�2 = 0.25, 1 = 0, 2 = , and (�̅�0, �̅�0, 𝑧0̅) = (1, 1, -0.5) for symmetry. The 455 

contours of the dimensionless head at 𝑧̅ = −0.5 are shown in Figures 3(a)  3(d) for x = 1, 456 

10 and 50, 10-3, and 10-4, respectively. The figure indicates that the anisotropy causes a 457 

significant effect on the head distributions in comparison with the case of x = 1. In Figure 3(b), 458 

the contours exhibit smooth curves in the strip regions of 1  �̅�  1.45 for the case of x = 10 459 

and 1  �̅�  1.2 for the case of x = 50. For the region of �̅� ≥ 1.45, the predicted heads for 460 

both cases agree well, and all the contour lines are parallel, indicating that the flow is essentially 461 

unidirectional. Substituting (x, �̅�) = (10, 1.45) and (50, 1.2) into x(�̅� − 1)2 results in a value 462 

about 2. Accordingly, we may draw the conclusion that plots from the inequality of 463 

x(�̅� − 1)2 2 indicate the strip region for x being greater than 10. Some existing models 464 

assuming 2-D flow in a vertical plane with neglecting the flow component along a horizontal 465 

well give accurate head predictions beyond the region (e.g., Anderson, 2000; Anderson, 2003; 466 

Kompani-Zare et al., 2005). 467 
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Aquifers with KyH  103 m2/day can efficiently produce plenty of water from a well. 468 

RCWs usually operate with Q  105 m3/day for field experiments (e.g., Schafer, 2006; Jasperse, 469 

2009). We therefore define significant dimensionless head drop as |ℎ̅| > 10−5 (i.e., |ℎ| > 1 470 

mm). The anisotropy of x <1 produces the drop in the strip areas of 1  �̅�  1.48 for the case 471 

of x = 10-3 in Figure 3(c) and 1  �̅�  1.32 for the case of x = 10-4 in Figure 3(d). Substituting 472 

(x, �̅�) = (10-3, 1.48) and (10-4, 1.32) into(�̅� − �̅�0 − �̅�1)2/x approximates 52.9. This result 473 

leads to the conclusion that the area can be determined by the inequalities of (�̅� − �̅�0 − �̅�1)2 ≤474 

52.9x and (�̅� − �̅�0 + �̅�2)2 ≤ 52.9x for any value of x in the range x <1. For a RCW with 475 

irregular lateral configurations, the inequalities become (�̅� − max �̅�𝑘)2 ≤ 52.9 x and 476 

(�̅� − min �̅�𝑘)2 ≤ 52.9x where �̅�𝑘  is coordinate �̅�  of the far end of the k-th lateral. The 477 

conclusion applies in principle to reduction in grid points for numerical solutions based on 478 

finite difference methods or finite element methods. On the other hand, we have found that Eq. 479 

(52) or (53) with various x predicts the same temporal SDR distribution (not shown), 480 

indicating that the SDR is independent of x. 481 

3.3 Sensitivity analysis of hydraulic head 482 

 Consider an unconfined aquifer of H = 20 m and wx = wy = 800 m with a RCW having 483 

two laterals of L1 = L2 = 50 m, 1 = 0 and 2 =  and two piezometers installed at point A of 484 

(400 m, 340 m, 10 m) and point B of (400 m, 80 m, 10 m) illustrated in Figure 4. As 485 

discussed in section 3.1, the temporal head distribution at point A exhibits the unconfined 486 

behavior in Figure 4(a) because of z�̅�2<1 while at point B displays the confined one in Figure 487 

4(b) due to z�̅�2>1. The sensitivity analysis is conducted with the aid of equation (64) to 488 

observe head responses at these two piezometers to the change in each of Kx, Ky, Kz, Ss, Sy, K1, 489 

L1 and z0. The temporal distribution curves of the normalized sensitivity coefficients for those 490 

eight parameters are shown in Figures 4(a) for point A and 4(b) for point B when Kx = Ky = 1 491 
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m/day, Kz = 0.1 m/day, Ss = 10-5 m-1, Sy = 0.2, K1 = K2 = 0.1 m/day, b1 = b2 = 1 m, Q = 100 492 

m3/day, x0 = y0 = 400 m, and z0 = 10 m. The figure demonstrates that the hydraulic heads at 493 

both piezometers are most sensitive to the change in Ky, second sensitive to the change in Kx 494 

and thirdly sensitive to the change in Sy, indicating that Ky, Kx and Sy are the most crucial factors 495 

in designing a pumping system. This figure also shows that the heads at point A is sensitive to 496 

the change in Ss at the early period of 410-3 day < t < 10-1 day but at point B is insensitive to 497 

the change over the entire period. In addition, the head at point A is sensitive to the changes in 498 

Kz and z0 due to 3-D flow (i.e., z�̅�2< 1) as discussed in section 3.1. In contrast, the head at 499 

point B is insensitive to the changes in Kz and 𝑧0 because the vertical flow diminishes (i.e., 500 

z�̅�2> 1). Moreover, the head at point A is sensitive to the change in L1 but the head at point 501 

B is not because its location is far away from the well. Furthermore, the normalized sensitivity 502 

coefficient of K1 for point A away from stream 1 approaches zero but for point B in the vicinity 503 

of stream 1 increases with time and finally maintains a certain value at the steady state. 504 

Regarding the sensitivity analysis of SDR, Huang et al. (2014) has performed the sensitivity 505 

analysis of normalized coefficients of SDR1 to the changes in Ky, K1 and Ss for a confined 506 

aquifer and in Ky, Kz, K1, Ss and Sy for an unconfined aquifer. 507 

3.4 Effects of vertical flow and well depth on stream depletion rate 508 

Huang et al. (2014) reveals that the effect of the vertical flow on SDR induced by a vertical 509 

well is dominated by the magnitude of the key factor z (i.e., 𝐾𝑧𝑦0
2/(𝐾𝑦𝐻2)) where 𝑦0 herein 510 

is a distance between stream 1 and the vertical well. They concluded that the effect is negligible 511 

when z 10 for a leaky aquifer. The factor should be replaced by 𝑧�̅�2 (i.e., 𝐾𝑧𝑎2/(𝐾𝑦𝐻2)) 512 

where 𝑎 is a shortest distance measured from stream 1 to the end of a lateral of a RCW, and 513 

�̅� = 𝑎/𝑦0 = 1 in this study due to N = 2, 1 = 0 and 2 = . We investigate SDR in response to 514 

various 𝑧0̅ and 𝑧�̅� for unconfined and confined aquifers. The temporal SDR1 distributions 515 

predicted by Eq. (52) for stream 1 adjacent to an unconfined aquifer are shown in Fig. 5(a) for 516 
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𝑧0̅ = 0.5 and 𝑧�̅�2= 0.01, 0.1, 1, 10, 20 and 30 and Fig. 5(b) for 𝑧�̅�2= 1 and 30 when 𝑧0̅ = 517 

0.1, 0.3, 0.5, 0.7 and 0.9. The curves of SDR1 versus 𝑡̅ is plotted in both panels by the present 518 

SDR solution for a confined aquifer. In Fig. 5(a), the present solution for an unconfined aquifer 519 

predicts a close SDR1 to that for the confined aquifer when 𝑧�̅�2= 0.01, indicating that the 520 

vertical flow in the unconfined aquifer is ignorable. The SDR1 for the unconfined aquifer with 521 

𝑧�̅�2= 30 behaves like that for a confined one, indicating the vertical flow is also ignorable. 522 

The SDR1 is therefore independent of well depths 𝑧0̅ when 𝑧�̅�2= 30 as shown in Fig. 5(b). 523 

We may therefore conclude that, under the condition of 𝑧�̅�2 0.01 or 𝑧�̅�2 30, a 2-D 524 

horizontal flow model can give good predictions in SDR1 for unconfined aquifers. In contrast, 525 

SDR1 increases with decreasing 𝑧�̅�2 when 0.01 < 𝑧�̅�2 < 30 in Fig. 5(a), indicating that the 526 

vertical flow component induced by pumping in unconfined aquifers significantly affects SDR1. 527 

The effect of well depth 𝑧0̅ on SDR1 is also significant as shown in Fig. 5(b) when 𝑧�̅�2= 1. 528 

Obviously, the vertical flow effect should be considered in a model when 0.01 < 𝑧�̅�2 < 30 529 

for unconfined aquifers. 530 

It is interesting to note that the SDR1 or SDR2 induced by two laterals (i.e., 1 = 0 and 2 531 

= ) parallel to the streams adjacent to a confined aquifer is independent of 𝑧�̅�2 and 𝑧0̅ but 532 

depends on aquifer width of �̅�𝑦. The temporal SDR distribution curves based on Eqs. (52) and 533 

(53) with  = 0 for a confined aquifer with �̅�𝑦 = 2, 4, 6, 10 and 20 are plotted in Fig. 6. The 534 

dimensionless distance between the well and stream 1 is set to unity (i.e., �̅�0 = 1) for each 535 

case. The SDR1 predicted by Hunt (1999) solution based on a vertical well in a confined aquifer 536 

extending infinitely is considered. The present solution for each �̅�𝑦 gives the same SDR1 as 537 

the Hunt solution before the time when stream 2 contributes filtration water to the aquifer and 538 

influences the supply of SDR1. It is interesting to note that the sum of steady-state SDR1 and 539 

SDR2 is always unity for a fixed �̅�𝑦. The former and latter can be estimated by (�̅�𝑦 − 1)/�̅�𝑦 540 
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and 1/�̅�𝑦, respectively. Such a result corresponds with that in Sun and Zhan (2007) which 541 

investigates the distribution of steady-state SDR1 and SDR2 induced by a vertical well. 542 

4. Concluding remarks 543 

This study develops a new analytical model describing 3-D flow induced by a RCW in a 544 

rectangular confined or unconfined aquifer bounded by two parallel streams and no-flow 545 

stratums in the other two sides. The flow equation in terms of the hydraulic head with a point 546 

sink term is employed. Both streams fully penetrate the aquifer and are under the Robin 547 

condition in the presence of low-permeability streambeds. A first-order free surface equation 548 

(8) describing the water table decline gives good predictions when the conditions |ℎ|/𝐻 ≤ 0.1 549 

and |∂ℎ/ ∂𝑥| + |∂ℎ/ ∂𝑦| ≤ 0.01  are satisfied. The flux across the well screen might be 550 

uniform on a lateral within 150 m. The head solution for the point sink is expressed in terms of 551 

a triple series derived by the methods of Laplace transform and finite integral transform. The 552 

head solution for a RCW is then obtained by integrating the point-sink solution along the 553 

laterals and dividing the integration result by the sum of lateral lengths. The integration can be 554 

done analytically due to the aquifer of finite extent with Eqs. (3)  (6). On the basis of Darcy’s 555 

law and the head solution, the SDR solution for two streams can also be acquired. The double 556 

integrals of defining the SDR in Eqs. (50) and (51) can also be done analytically due to 557 

considerations of Eqs. (3)  (6). The sensitivity analysis is performed to explore the response 558 

of the head to the change in each of the hydraulic parameters and variables. New findings 559 

regarding the responses of flow and SDR to pumping at a RCW are summarized below: 560 

1. Groundwater flow in a region based on �̅�  = √1/𝑧  is 3-D, and temporal head 561 

distributions exhibit the unconfined behavior. A mathematical model should consider 3-D 562 

flow when predicting the hydraulic head in the region. Beyond this region, groundwater 563 

flow is horizontal, and temporal head distributions display the confined behavior. A 2-D 564 

flow model can predict accurate hydraulic head. 565 



 25 

2. The aquifer anisotropy of x >10 causes unidirectional flow in the strip region determined 566 

based on x(�̅� − 1)2> 2 for a horizontal well. Existing models assuming 2-D flow in a 567 

vertical plane with neglecting the flow component along the well give accurate head 568 

predictions in the region. 569 

3. The aquifer anisotropy of x <1 produces significant change in the head (i.e., |ℎ̅| > 10−5 570 

or |ℎ| > 1  mm) in the strip area determined by (�̅� − max �̅�𝑘)2 ≤ 52.9x and (�̅� −571 

min �̅�𝑘)2 ≤ 52.9x for a RCW with irregular lateral configurations.  572 

4. The hydraulic head in the whole domain is most sensitive to the change in Ky, second 573 

sensitive to the change in Kx, and thirdly sensitive to the change in Sy. They are thus the 574 

most crucial factors in designing a pumping system. 575 

5. The hydraulic head is sensitive to changes in Kz, Ss, 𝑧0 and 𝐿𝑘  in the region of �̅� < 576 

√1/𝑧  and is insensitive to the changes of them beyond the region. 577 

6. The hydraulic head at observation locations near stream 1 is sensitive to the change in K1 578 

but away from the stream isn’t. 579 

7. The effect of the vertical flow on SDR is ignorable when 𝑧�̅�2  0.01 or 𝑧�̅�2  30 for 580 

unconfined aquifers. In contrast, neglecting the effect will underestimate SDR when 0.01 581 

< 𝑧�̅�2 < 30. 582 

8. For unconfined aquifers, SDR increases with dimensionless well depth 𝑧0̅ when 0.01 < z 583 

< 30 and is independent of 𝑧0̅ when z  0.01 or z  30. For confined aquifers, SDR is 584 

independent of 𝑧0̅ and z. For both kinds of aquifers, the distribution curve of SDR versus 585 

𝑡̅ is independent of aquifer anisotropy x. 586 
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 592 

Appendix A: Finite integral transform 593 

Latinopoulos (1985) provided the finite integral transform for a rectangular aquifer 594 

domain where each side can be under either the Dirichlet, no-flow, or Robin condition. The 595 

transform associated with the boundary conditions, Eqs. (12)  (15), is defined as 596 

ℎ̃(𝛼𝑚, 𝛽𝑛) = ℑ{ℎ̅(�̅�, �̅�)} = ∫ ∫ ℎ̅(�̅�, �̅�)  cos(𝛼𝑚 �̅�) 𝐾(�̅�)
�̅�𝑦

0

�̅�𝑥

0
𝑑�̅� 𝑑�̅� (A1) 597 

with 598 

1

2

2

2

2

2

1

2

1

)]/([)(

)sin()cos(
2)(










nyn

nnn

w

yy
yK  (A2) 599 

where cos(𝛼𝑚 �̅�)  𝐾(�̅�) is the kernel function. According to Latinopoulos (1985, Eq. (9)), the 600 

transform has the property of 601 
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The formula for the inverse finite integral transform can be written as (Latinopoulos, 1985, Eq. 603 

(14)) 604 
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Appendix B: Derivation of equation (31) 607 

The function of p in Eq. (28) is defined as 608 

𝐹(𝑝) =
cosh[(1+𝑎)𝜆][−z𝜆 cosh(𝑏𝜆)+𝑐𝑝𝛾 sinh(𝑏𝜆)]

𝑝 z𝜆(𝑝𝛾 cosh 𝜆+z𝜆 sinh 𝜆)
         (B1) 609 

Notice that the term cos(𝛼𝑚�̅�0)𝐾(�̅�0) in Eq. (28) is excluded because it is independent of p. 610 

𝐹(𝑝) is a single-value function with respect to p. On the basis of the residue theorem, the 611 
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inverse Laplace transform for 𝐹(𝑝) equals the summation of residues of poles in the complex 612 

plane. The residue of a simple pole can be derived according to the formula below: 613 

Res|𝑝=𝑝𝑖
= lim

𝑝→𝑝𝑖

𝐹(𝑝) exp(𝑝𝑡̅) (𝑝 − 𝑝𝑖) (B2) 614 

where 𝑝𝑖 is the location of the pole in the complex plane.  615 

The locations of poles are the roots of the equation obtained by letting the denominator in 616 

Eq. (B1) to be zero, denoted as 617 

𝑝 𝜅𝑧 𝜆(𝑝 𝛾 cosh 𝜆 + 𝜅𝑧 𝜆 sinh 𝜆) = 0          (B3) 618 

where 𝜆 is defined in Eq. (29). Notice that 𝑝 = −𝜅𝑥𝛼𝑚
2 − 𝛽𝑛

2 obtained by 𝜆 = 0 is not a 619 

pole in spite of being a root. Apparently, one pole is at p = 0, and the residue based on Eq. (B2) 620 

with 𝑝𝑖 = 0 is expressed as 621 

Res|𝑝=0 = lim
𝑝→0

cosh[(1+𝑎)𝜆][−z𝜆 cosh(𝑏𝜆)+𝑐𝑝𝛾 sinh(𝑏𝜆)]

z𝜆(𝑝𝛾 cosh 𝜆+z𝜆 sinh 𝜆)
exp(𝑝𝑡̅)      (B4) 622 

Eq. (B4) with 𝑝 = 0 and 𝜆 = 𝜆𝑠 reduces to 𝜓𝑚,𝑛 in Eq. (33).  623 

Other poles are determined by the equation of 624 

𝑝 𝛾 cosh 𝜆 + 𝜅𝑧 𝜆 sinh 𝜆 = 0            (B5) 625 

which comes from Eq. (B3). One pole is at p = p0 between p = 0 and  𝑝 = −𝜅𝑥 𝛼𝑚
2 − 𝛽𝑛

2 in 626 

the negative part of the real axis. Newton’s method can be used to obtain the value of 𝑝0. In 627 

order to have proper initial guess for Newton’s method, we let 𝜆 = 𝜆0 and then have 𝑝 =628 

𝜅𝑧 𝜆0
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2  based on Eq. (29). Substituting 𝜆 = 𝜆0 , 𝑝 = 𝜅𝑧 𝜆0

2 − 𝜅𝑥 𝛼𝑚
2 − 𝛽𝑛

2 , 629 

cosh 𝜆0 = (𝑒𝜆0 + 𝑒−𝜆0)/2 and sinh 𝜆0 = (𝑒𝜆0 − 𝑒−𝜆0)/2 into Eq. (B5) and rearranging the 630 

result leads to Eq. (40). Initial guess for finding root 𝜆0 of Eq. (40) is discussed in section 2.3. 631 

With known value of 𝜆0, one can obtain 𝑝0 = 𝜅𝑧  𝜆0
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2. According to Eq. (B2), 632 

the residue of the simple pole at 𝑝 = 𝑝0 is written as  633 

Res|𝑝=𝑝0
= lim

𝑝→𝑝0

cosh[(1+𝑎)𝜆][−z𝜆 cosh(𝑏𝜆)+𝑐𝑝𝛾 sinh(𝑏𝜆)]

𝑝z𝜆(𝑝𝛾 cosh 𝜆+z𝜆 sinh 𝜆)
exp(𝑝𝑡̅) (𝑝 − 𝑝0)  (B6) 634 

where both the denominator and nominator equal zero when 𝑝 = 𝑝0. Applying L’Hospital’s 635 
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Rule to Eq. (B6) results in 636 

Res|𝑝=𝑝0
= lim

𝑝→𝑝0

2cosh[(1+𝑎)𝜆][−z𝜆 cosh(𝑏𝜆)+𝑐𝑝𝛾 sinh(𝑏𝜆)]

𝑝[(1+2𝛾)z𝜆 cosh 𝜆+(𝛾𝑝+z) sinh 𝜆]
exp(𝑝𝑡̅)  (B7) 637 

Eq. (B7) with 𝑝 = 𝑝0 and 𝜆 = 𝜆0 reduces to 𝜓𝑚,𝑛,0 in Eq. (34). 638 

On the other hand, infinite poles are at p = pi behind  𝑝 = −𝜅𝑥 𝛼𝑚
2 − 𝛽𝑛

2. Similar to the 639 

derivation of Eq. (40), we let 𝜆 = √−1𝜆𝑖 and then have 𝑝 = −𝜅𝑧 𝜆𝑖
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2 based 640 

on Eq. (29). Substituting 𝜆 = √−1𝜆𝑖 , 𝑝 = −𝜅𝑧 𝜆𝑖
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2 , cosh 𝜆 = cos 𝜆𝑖  and 641 

sinh 𝜆 = √−1 sin 𝜆𝑖  into Eq. (B3) and rearranging the result yields Eq. (41). The 642 

determination of 𝜆𝑖  is discussed in section 2.3. With known value 𝜆𝑖 , one can have 𝑝𝑖 =643 

−𝜅𝑧 𝜆𝑖
2 − 𝜅𝑥 𝛼𝑚

2 − 𝛽𝑛
2. The residues of those simple poles at p=pi can be expressed as 𝜓𝑚,𝑛,𝑖 644 

in Eq. (35) by substituting 𝑝0 = 𝑝𝑖 , 𝑝 = 𝑝𝑖 , 𝜆 = √−1𝜆𝑖 , cosh 𝜆 = cos 𝜆𝑖  and sinh 𝜆 =645 

√−1 sin 𝜆𝑖 into Eq. (B7). Eventually, the inverse Laplace transform for 𝐹(𝑝) equals the sum 646 

of those residues (i.e., 𝜙𝑚,𝑛 = 𝜓𝑚,𝑛 + 𝜓𝑚,𝑛,0 + ∑ 𝜓𝑚,𝑛,𝑖
∞
𝑖=1 ). The time-domain result of 647 

(𝑎, 𝑏, 𝑐)  in Eq. (28) is then obtained as 𝜙𝑚,𝑛 cos(𝛼𝑚�̅�0)𝐾(�̅�0) . By substituting 648 

ℎ̃(𝛼𝑚, 𝛽𝑛) = 𝜙𝑚,𝑛 cos(𝛼𝑚�̅�0)𝐾(�̅�0)  and ℎ̃(0, 𝛽𝑛) = 𝜙𝑛𝐾(�̅�0)  into Eq. (A4) and letting 649 

ℎ̅(�̅�, �̅�) to be (𝑎, 𝑏, 𝑐), the inverse finite integral transform for the result can be derived as 650 

Φ(𝑎, 𝑏, 𝑐) =
1

�̅�𝑥
[∑ (𝜙𝑛 𝐾(�̅�0)𝐾(�̅�) +∞

𝑛=1651 

2 ∑ 𝜙𝑚,𝑛 cos(𝛼𝑚�̅�0)𝐾(�̅�0) cos(𝛼𝑚 �̅�) 𝐾(�̅�)∞
𝑚=1 )]  (B8) 652 

Moreover, Eq. (B8) reduces to Eq. (31) when letting the terms of 𝐾(�̅�0)𝐾(�̅�)  and 653 

cos(𝛼𝑚�̅�0)𝐾(�̅�0) 𝐾(�̅�) to be 2𝑋𝑛𝑌𝑛 and 2𝑋𝑚,𝑛𝑌𝑛, respectively.  654 

Appendix C: Derivation of ̅ in Eq. (65) 655 

The dimensionless stream function ̅ in Eq. (65) can be expressed as 656 

̅ = 𝐶 − √𝑧 ∫ 𝜕ℎ̅𝑤/𝜕𝑧̅ 𝑑�̅� at �̅� = 1 and 𝑡̅ = 107 (C1) 657 

where C is a coefficient resulting from the integration, and ℎ̅𝑤  is defined in Eq. (44). 658 
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Substituting Eq. (44) into Eq. (C1) leads to  659 

̅(�̅�, 𝑧̅) = 𝐶 − √𝑧

∑ �̅�𝑘
𝑁
𝑘=1

 ∑ { ∫ 𝜕Φ(−�̅�0,�̅�,1)/𝜕�̅� 𝑑�̅�  for  −�̅�0≤�̅�≤0

∫ 𝜕Φ(�̅�,�̅�0,−1)/𝜕�̅� 𝑑�̅�  for  −1≤�̅�≤−�̅�0

𝑁
𝑘=1  at �̅� = 1 and 𝑡̅ = 107 (C2) 660 

Φ(𝑎, 𝑏, 𝑐) =
2

�̅�𝑥
{∑ [𝜙𝑛 𝑋𝑛,𝑘 + 2 ∑ 𝜙𝑚,𝑛 𝑋𝑚,𝑛,𝑘  cos(𝛼𝑚 �̅�)∞

𝑚=1 ]∞
𝑛=1  𝑌𝑛}  (C3) 661 

where 𝜙𝑚,𝑛, 𝑌𝑛, 𝑋𝑛,𝑘 and 𝑋𝑚,𝑛,𝑘 are defined in Eqs. (32), (38), (45) and (46), respectively, 662 

and 𝜙𝑛 equals 𝜙𝑚,𝑛 with 𝛼𝑚 = 0. In Eq. (C3), variable �̅� appears only in cos(𝛼𝑚 �̅�), and 663 

variable 𝑧̅ appears only in 𝜙𝑛 and 𝜙𝑚,𝑛 in Eq. (32). Eq. (C2) therefore becomes 664 

̅(�̅�, 𝑧̅) = 𝐶 − √𝑧

∑ �̅�𝑘
𝑁
𝑘=1

 ∑ { Φ′(−�̅�0,�̅�,1)  for  −�̅�0≤�̅�≤0

Φ′(−�̅�0,�̅�,1)  for  −1≤�̅�≤−�̅�0

𝑁
𝑘=1  at �̅� = 1 and 𝑡̅ = 107 (C4) 665 

Φ′(𝑎, 𝑏, 𝑐) =
2

�̅�𝑥
{∑ [

𝜕𝜙𝑛

𝜕�̅�
 𝑋𝑛,𝑘 ∫ 𝑑�̅� + 2 ∑

𝜕𝜙𝑚,𝑛

𝜕�̅�
 𝑋𝑚,𝑛,𝑘  ∫ cos(𝛼𝑚 �̅�) 𝑑�̅�∞

𝑚=1 ]∞
𝑛=1  𝑌𝑛}  (C5) 666 

Consider 𝑡̅ = 107  for steady-state flow that the exponential terms of exp(𝑝0 𝑡̅) and 667 

exp(𝑝𝑖 𝑡̅) approach zero (i.e., 𝑝0 > 0 and 𝑝𝑖 > 0) for the default values of the parameters 668 

used to plot Figure 2. Then, we have 𝜙𝑚,𝑛 = 𝜓𝑚,𝑛 defined in Eq. (33) because of 𝜓𝑚,𝑛,0 ≅ 0, 669 

𝜓𝑚,𝑛,𝑖 ≅ 0, 𝜇𝑚,𝑛,0 ≅ 0 and ν𝑚,𝑛,𝑖 ≅ 0. On the basis of 𝜙𝑚,𝑛 = 𝜓𝑚,𝑛 and Eq. (33) with 𝑎 =670 

−𝑧0̅ and 𝑏 = 𝑧̅ for −𝑧0̅ ≤ 𝑧̅ ≤ 0 and 𝑎 = 𝑧̅ and 𝑏 = 𝑧0̅ for −1 ≤ 𝑧̅ ≤ −𝑧0̅, the result of 671 

differentiation, i.e., 𝜕𝜙𝑚,𝑛/𝜕𝑧̅, in Eq. (C5) equals 672 

𝜕𝜙𝑚,𝑛

𝜕�̅�
= {

−𝜆𝑠 cosh[(1 − 𝑧0̅)𝜆𝑠] sinh(𝑧̅ 𝜆𝑠) (𝜅𝑧 𝜆𝑠  sinh 𝜆𝑠)⁄  for − 𝑧0̅ ≤ 𝑧̅ ≤ 0

−𝜆𝑠 sinh[(1 + 𝑧̅)𝜆𝑠] cosh(𝑧0̅ 𝜆𝑠) (𝜅𝑧 𝜆𝑠  sinh 𝜆𝑠)⁄  for − 1 ≤ 𝑧̅ ≤ −𝑧0̅
 (C6) 673 

Notice that 𝜕𝜙𝑛/𝜕𝑧̅ in Eq. (C5) equals Eq. (C6) with 𝛼𝑚 = 0. In addition, both integrations 674 

in Eq. (C5) can be done analytically as 675 

∫ cos(𝛼𝑚 �̅�) 𝑑�̅� = {
sin(𝛼𝑚 �̅�) /𝛼𝑚 for 𝛼𝑚 ≠ 0

�̅� for 𝛼𝑚 = 0
  (C7) 676 

On the other hand, coefficient C in Eq. (C4) is determined by the condition of ̅ = 0 at �̅� =677 

�̅�0 and results in 678 

𝐶 = √𝑧

∑ �̅�𝑘
𝑁
𝑘=1

 ∑ { Φ′(−�̅�0,�̅�,1)  for  −�̅�0≤�̅�≤0

Φ′(−�̅�0,�̅�,1)  for  −1≤�̅�≤−�̅�0

𝑁
𝑘=1  (C8) 679 

where Φ′ is defined in Eq. (C5) with Eqs. (C6) and (C7), �̅� = �̅�0 and �̅� = 1. 680 
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Table 1. Symbols used in the text and their definitions. 808 

Symbol Definition 

a Shortest horizontal distance between stream 1 and the far end of lateral 

�̅� 𝑎/𝑦0 

b1, b2 Thicknesses of streambeds 1 and 2, respectively 

d Shortest horizontal distance between the far end of lateral and location of 

having only horizontal flow 

�̅� 𝑑/𝑦0 

H Aquifer thickness 

h Hydraulic head 

ℎ̅ (𝐾𝑦 𝐻 ℎ) 𝑄⁄  

Kx, Ky, Kz Aquifer hydraulic conductivities in x, y and z directions, respectively 

(K1, K2) Hydraulic conductivities of streambeds 1 and 2, respectively 

𝐿𝑘 Length from x axis to k-th lateral where k  (1, 2, … N) 

�̅�𝑘 𝐿𝑘/𝑦0 

N The number of laterals 

Q Pumping rate of point sink or radial collector well 

p Laplace parameter 

𝑝𝑖 −𝜅𝑧𝜆𝑖
2 − 𝜅𝑥𝛼𝑚

2 − 𝛽𝑛
2 

𝑝𝑖
′ −𝜅𝑧 𝜆𝑖

2 − 𝛽𝑛
2 

𝑝0 𝜅𝑧𝜆0
2 − 𝜅𝑥𝛼𝑚

2 − 𝛽𝑛
2 

𝑝0
′  𝜅𝑧 𝜆0

2 − 𝛽𝑛
2 

R Shortest horizontal distance between the far end of lateral and aquifer lateral 

boundary 

Ss, Sy Specific storage and specific yield, respectively 

t Time since pumping 

𝑡̅ (𝐾𝑦 𝑡) (𝑆𝑠 𝑦0
2)⁄  

wx, wy Aquifer widths in x and y directions, respectively 

�̅�𝑥, �̅�𝑦 𝑤𝑥 𝑦0⁄ , 𝑤𝑦 𝑦0⁄  

Xn Equaling Xm, n defined in Eq. (39) with 𝛼𝑚 = 0 

𝑋𝑛,𝑘 Defined in Eq. (45) 

x, y, z Cartesian coordinate system 

�̅�, �̅�, 𝑧̅ 𝑥 𝑦0⁄ , 𝑦 𝑦0⁄ , 𝑧 𝐻⁄  

�̅�𝑘 Coordinate �̅� of the far end of the k-th lateral 
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x0, y0, z0 Location of center of RCW 

�̅�0, �̅�0, 𝑧0̅ 𝑥0 𝑦0⁄ , 1, 𝑧0 𝐻⁄  

𝑥0
′ , 𝑦0

′ , 𝑧0
′  Location of point sink 

�̅�0
′ , �̅�0

′ , 𝑧0̅
′  𝑥0

′ /𝑦0, 𝑦0
′ /𝑦0, 𝑧0

′ /𝐻 

m 𝑚 𝜋 �̅�𝑥⁄  

n Roots of Eq. (19) 

𝜙𝑛 Equaling 𝜙𝑚,𝑛 defined in Eq. (32) with 𝛼𝑚 = 0 

 𝑆𝑦 (𝑆𝑠 𝐻)⁄  

x, z 𝐾𝑥 𝐾𝑦⁄ , (𝐾𝑧 𝑦0
2) (𝐾𝑦 𝐻2)⁄  

,  (𝐾1 𝑦0) (𝐾𝑦 𝑏1)⁄ , (𝐾2 𝑦0) (𝐾𝑦 𝑏2)⁄  

i Roots of Eqs. (40) and (41), respectively 

𝜆𝑠𝜆𝑠
′  √(𝜅𝑥𝛼𝑚

2 + 𝛽𝑛
2)/𝜅𝑧, 𝛽𝑛 √𝜅𝑧⁄  

𝜇𝑛,0 Equaling 𝜇𝑚,𝑛,0 defined in Eq. (36) with 𝛼𝑚 = 0

𝜈𝑛,𝑖 Equaling 𝜈𝑚,𝑛,𝑖 defined in Eq. (37) with 𝛼𝑚 = 0

𝜃𝑘 Counterclockwise angle from x axis to k-th lateral where k  (1, 2, … N) 

max �̅�𝑘, min �̅�𝑘 Maximum and minimum of �̅�𝑘, respectively, where k  (1, 2, … N) 

809 



 

Figures 810 

  811 

Figure 1. Schematic diagram of a radial collector well in a rectangular unconfined aquifer 812 



 

 813 

Figure 2. Streamlines and equipotential lines predicted by the present solution for z= (a) 0.1, (b) 1 and (c) 10. 814 



 

 815 

Figure 3. Spatial distributions of the dimensionless head predicted by the present head solution for x = (a) 1, (b) 10 and 50, (c) 10-3 and (d) 10-4. 816 



 

  817 

Figure 4. Temporal distribution curves of the normalized sensitivity coefficients for parameters Kx, Ky, Kz, Ss, Sy, K1, 𝐿1 and 𝑧0 observed at 818 

piezometers (a) A of (400 m, 340 m, 10 m) and (b) B of (400 m, 80 m, 10 m). 819 



 

 820 

Figure 5. Temporal SDR1 distributions predicted by Eq. (52) for stream 1 with various values of (a) 𝑧�̅�2 and (b) 𝑧0̅. 821 



 

  822 

Figure 6. Temporal SDR distribution curves predicted by Eqs. (52) and (53) with  = 0 for confined aquifers when �̅�𝑦 = 2, 4, 6, 10 and 20. 823 


