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Abstract 17 

 Most previous solutions for groundwater flow induced by localized recharge assumed 18 

either aquifer incompressibility or two-dimensional flow in the absence of the vertical flow. 19 

This paper develops a new three-dimensional flow model for hydraulic head variation due to 20 

localized recharge in a rectangular unconfined aquifer with four boundaries under the Robin 21 

condition. A governing equation describing spatiotemporal head distributions is employed. The 22 

first-order free surface equation with a source term defining a constant recharge rate over a 23 

rectangular area is used to depict water table movement. The solution of the model for the head 24 

is developed by the methods of Laplace transform and double integral transform. Based on 25 

Duhamel’s theorem, the present solution is applicable to flow problems accounting for arbitrary 26 

time-depending recharge rates. The solution of depth-average head can then be obtained by 27 

integrating the head solution to elevation and dividing the result by the aquifer thickness. The 28 

use of rectangular aquifer domain has two merits. One is that the integration for estimating the 29 

depth-average head can be analytically achieved. The other is that existing solutions based on 30 

aquifers of infinite extent can be considered as special cases of the present solution before the 31 

time having the aquifer boundary effect on head predictions. With the help of the present 32 

solution, the assumption of neglecting the vertical flow effect on the temporal head distribution 33 

at an observation point outside a recharge region can be assessed by a dimensionless parameter 34 

related to the aquifer horizontal and vertical hydraulic conductivities, initial aquifer thickness, 35 

and a shortest distance between the observation point and the edge of the recharge region. The 36 

validity of assuming aquifer incompressibility is dominated by the ratio of the aquifer specific 37 

yield to its storage coefficient. In addition, a sensitivity analysis is performed to investigate the 38 

head response to the change in each of the aquifer parameters.  39 

Keywords: analytical solution, free surface equation, sensitivity analysis, localized recharge, 40 

unconfined aquifers. 41 
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1 Introduction 42 

 Water table rises due to localized recharge such as rainfall, lakes, and agricultural 43 

irrigation into the regional area of the aquifer. Excess recharge may cause soil liquefaction or 44 

wet basements of buildings. Groundwater flow behavior induced by recharge is therefore 45 

crucial in water resource management. The Boussinesq equation has been extendedly used to 46 

describe horizontal flow without the vertical component in unconfined aquifers (e.g., Ireson 47 

and Butler, 2013; van der Spek et al., 2013; Yeh and Chang, 2013; Chor and Dias, 2015; Hsieh 48 

et al., 2015; Liang and Zhang, 2015; Liang et al., 2015). The equation can be linearized by 49 

assuming uniform saturated aquifer thickness for developing its analytical solution. Marino 50 

(1967) presented quantitative criteria for the validity of the linearized Boussinesq equation. 51 

The criteria are introduced in the next section. 52 

The rate of localized recharge can be a constant for a long term but should be dependent 53 

of time for a short term (Rai et al., 2006). An exponentially decaying function of time is usually 54 

used for recharge intensity decreasing from a certain rate to an ultimate one. An arbitrary time-55 

depending recharge rate is commonly approximated as the combination of several linear 56 

segments of time to develop analytical solutions for water table rise subject to the recharge. 57 

 Analytical models accounting for water table rise due to recharge region of an infinite-58 

length strip are reviewed. One-dimensional (1D) flow perpendicular to the strip is considered 59 

while the flow along the strip is assumed ignorable. These models deal with aquifers of infinite 60 

or finite extent with various types of outer boundary conditions. Hantush (1963) considered an 61 

aquifer of infinite extent without a lateral boundary. Rao and Sarma (1980) considered an 62 

aquifer of finite extent with two constant-head (also called Dirichlet) boundaries. Later, they 63 

developed a solution (Rao and Sarma, 1984) for a finite-extent aquifer between no-flow and 64 

constant-head boundaries. Latinopoulos (1986) deliberated on a finite-extent aquifer between 65 

two boundaries, one of which is under the Robin condition and the other is under either the 66 
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Dirichlet or no-flow condition. The recharge rate is treated as a periodical pulse consisting of 67 

constant rates for rainy seasons and zero for dry seasons. Bansal and Das (2010) studied an 68 

aquifer extending semi-infinitely from a Dirichlet boundary and overlying a sloping impervious 69 

base and indicated that the change in groundwater mound induced by strip-shaped recharge 70 

region increases with the base slope. 71 

 A variety of analytical models were presented to describe water table rise for two-72 

dimensional (2D) flow induced by rectangle-shaped recharge into unconfined aquifers. The 73 

differences between these solutions are addressed below. Hantush (1967) considered an 74 

infinite-extent aquifer with localized recharge having a constant rate. Manglik et al. (1997) 75 

handled an arbitrary time-varying rate of recharge into a rectangular aquifer bounded by no-76 

flow stratum. Manglik and Rai (1998) investigated flow behavior based on an irregularly time-77 

varying rate of recharge into a rectangular aquifer with the lateral boundary under the Dirichlet 78 

condition. Bruggeman (1999) introduced an analytical solution for steady-state flow induced 79 

by localized recharge into a vertical strip aquifer between two Robin boundaries. Chang and 80 

Yeh (2007) considered one localized recharge and multiple extraction wells in an anisotropic 81 

aquifer overlying an impervious sloping bed. They indicated that the aquifer anisotropy and 82 

bottom slope notably influence water table distributions. Bansal and Teloglou (2013) explored 83 

the problem of a groundwater mound subject to multiple localized recharges and withdrawal 84 

wells in an unconfined aquifer overlying a semi-permeable base. They indicated that 85 

groundwater mound rises as decrease in the aquifer hydraulic conductivity. 86 

 Some articles discussed water table rise near circle-shaped recharge region and thus 87 

considered radial groundwater flow which is symmetric to the center of the region. Rai et al. 88 

(1998) presented an analytical model describing water table growth subject to an exponentially 89 

decaying rate of recharge in a circle-shaped unconfined aquifer with an outer Dirichlet 90 

boundary. Illas et al. (2008) considered the same model but a leaky aquifer. They indicated that 91 
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leakage across the aquifer bottom significantly influences spatiotemporal water table 92 

distributions despite a small amount of the leakage. On the other hand, some researchers 93 

considered radial flow having the vertical component near a circle-shaped recharge region of 94 

an infinite-extent unconfined aquifer. A first-order free surface equation as the top boundary 95 

condition of the aquifer is applied to describe water table rise. Zlotnik and Ledder (1992) 96 

developed analytical models for describing the distributions of hydraulic head and flow 97 

velocity due to constant-rate recharge. They found that models neglecting aquifer 98 

compressibility overestimate the magnitudes of the head and flow velocity. Ostendorf et al. 99 

(2007) derived an analytical model for head variation due to an exponentially decaying rate of 100 

recharge. Predictions of their solution agreed well with the field data obtained in the Plymouth-101 

Carver Aquifer in southeastern Massachusetts given by Hansen and Lapham (1992). 102 

 Some studies developed a three-dimensional (3D) flow model based on the Laplace 103 

equation which neglects the aquifer compressibility effect. Dagan (1967) derived an analytical 104 

solution of the velocity potential caused by regional recharge into an unconfined aquifer of 105 

infinite thickness. Zlotnik and Ledder (1993) also developed an analytical solution of the same 106 

model but considered finite thickness for the unconfined aquifer. Predictions of their solution 107 

indicate that groundwater flow are horizontal in the area beyond 150% of the length or width 108 

of a rectangular recharge region. 109 

 It would be informative to summarize the above-mentioned models in Table 1. The 110 

solutions of the models are classified according to flow dimensions into 1D, 2D, 3D, and radial 111 

flows and further categorized according to aquifer domain, aquifer boundary conditions, 112 

recharge region, and recharge rate. The table shows that those solutions assume either no 113 

vertical flow or aquifer incompressibility. In addition, the Dirichlet and no-flow conditions 114 

considered by some of those solutions are not applicable to a boundary having a semi-115 

permeable stratum, but the Robin condition is. The former two conditions are indeed special 116 
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cases of the third one. 117 

The objective of this paper is to develop a new mathematical model for depicting 118 

spatiotemporal hydraulic head distributions subject to localized recharge with an arbitrary time-119 

varying recharge rate in a rectangular-shaped unconfined aquifer. The four boundaries are 120 

considered under the Robin condition which can reduce to the Dirichlet or no-flow condition. 121 

A governing equation describing 3D transient flow subject to the effect of aquifer 122 

compressibility is used. A first-order free surface equation with a source term representing 123 

recharge rate is chosen to describe the top boundary condition. The transient head solution of 124 

the model is derived by the methods of Laplace transform, double-integral transform, and 125 

Duhamel’s theorem. The sensitivity analysis based on the present solution is performed to study 126 

the head response to the change in each of hydraulic parameters. On the basis of solution’s 127 

predictions, the effect of the Robin boundaries on time-depending head distributions at 128 

observation points is investigated. A quantitative criterion under which the Robin condition 129 

reduces to the Dirichlet or no-flow one is provided. In addition, quantitative criteria for the 130 

validity of two assumptions of aquifer incompressibility and no vertical flow are provided and 131 

errors arising from the assumptions in the hydraulic head are also discussed. Temporal head 132 

distributions accounting for transient recharge rates are demonstrated as well. 133 

 134 

2 Methodology 135 

2.1 Mathematical model 136 

A mathematical model is developed for describing spatiotemporal hydraulic head 137 

distributions induced by localized recharge in a rectangular unconfined aquifer as illustrated in 138 

Fig. 1a. The four boundaries of the aquifer are considered under the Robin condition. The 139 

aquifer has the widths of l and w in x- and y-directions, respectively. The recharge uniformly 140 

distributes over a rectangular region having widths a and b in x- and y-directions, respectively. 141 
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The lower left corner of the region is designated at (x1, y1). The shortest distances measured 142 

from the edge of the region to boundaries 1, 2, 3, and 4 are denoted as d1, d2, d3, and d4, 143 

respectively. The shortest distance between the edge of the region and an observation point at 144 

(𝑥, 𝑦) is defined as 𝑑 = min(√(𝑥 − 𝑥𝑒)2 + (𝑦 − 𝑦𝑒)2) where (𝑥𝑒 , 𝑦𝑒) is a coordinate on 145 

the edge. The initial aquifer thickness is B as shown in Fig. 1b. 146 

The governing equation describing 3D transient head distributions in a homogeneous and 147 

anisotropic aquifer is expressed as 148 

𝐾𝑥
𝜕2ℎ

𝜕𝑥2 + 𝐾𝑦
𝜕2ℎ

𝜕𝑦2 + 𝐾𝑧
𝜕2ℎ

𝜕𝑧2 = 𝑆𝑠
𝜕ℎ

𝜕𝑡
 (1) 149 

where t is time, h(x, y, z, t) represents the hydraulic head, Kx, Ky, and Kz are the hydraulic 150 

conductivities in x-, y-, and z-directions, respectively, and Ss is the specific storage. The initial 151 

static water table is chosen as the reference datum where the elevation head is set to zero. The 152 

initial condition is therefore written as 153 

ℎ = 0    at    𝑡 = 0              (2) 154 

The Robin conditions specified at the four sides of the aquifer are defined as 155 

𝜕ℎ

𝜕𝑥
−

𝐾1

𝐾𝑥𝑏1
ℎ = 0    at    𝑥 = 0            (3) 156 

𝜕ℎ

𝜕𝑥
+

𝐾2

𝐾𝑥𝑏2
ℎ = 0    at    𝑥 = 𝑙             (4) 157 

𝜕ℎ

𝜕𝑦
−

𝐾3

𝐾𝑦𝑏3
ℎ = 0    at    𝑦 = 0            (5) 158 

𝜕ℎ

𝜕𝑦
+

𝐾4

𝐾𝑦𝑏4
ℎ = 0    at    𝑦 = 𝑤            (6) 159 

where subscripts 1, 2, 3, and 4 represent the boundaries at x = 0, x = l, y = 0, and y = w, 160 

respectively, and K and b are the hydraulic conductivity and width of the medium at the aquifer 161 

boundary, respectively. Note that each of Eqs. (3)  (6) reduces to the Dirichlet condition when 162 

b (i.e., b1, b2, b3, or b4) is set to zero and the no-flow condition when K (i.e., K1, K2, K3, or K4) 163 

is set to zero. The aquifer lies on an impermeable base denoted as 164 
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𝜕ℎ/𝜕𝑧 = 0    at    𝑧 = −𝐵.            (7) 165 

The first-order free surface equation describing the response of water table to recharge over the 166 

rectangular region can be written as (Zlotnik and Ledder, 1993) 167 

𝐾𝑧
𝜕ℎ

𝜕𝑧
+ 𝑆𝑦

𝜕ℎ

𝜕𝑡
= 𝐼𝑢𝑥𝑢𝑦    at    𝑧 = 0          (8) 168 

𝑢𝑥 = 𝑢(𝑥 − 𝑥1) − 𝑢(𝑥 − 𝑥1 − 𝑎)           (8a) 169 

𝑢𝑦 = 𝑢(𝑦 − 𝑦1) − 𝑢(𝑦 − 𝑦1 − 𝑏)           (8b) 170 

where Sy is the specific yield, I is a recharge rate, and u( ) is the unit step function. Equation (8) 171 

involves the assumption of I << Kz and the simplification from non-uniform saturated aquifer 172 

thickness below z = h to uniform one below z = 0 (Dagan, 1967). Marino (1967) indicated that 173 

the simplification and assumption are valid when the water table rise is smaller than 50% of 174 

the initial water table height (i.e., h/B < 0.5) and the recharge rate is smaller than 20% of the 175 

hydraulic conductivity (i.e., I/Kz < 0.2). On the other hand, the effect of unsaturated flow above 176 

water table on model’s predictions can be ignored when 𝜎𝐵 ≥ 103 where 𝜎 is a parameter 177 

to define the relative hydraulic conductivity as 𝑘0 = exp(−𝜎𝑧) in the Richards’ equation 178 

(Tartakovsky and Neuman, 2007). Tartakovsky and Neuman (2007) achieved agreement on 179 

aquifer drawdown evaluated by their analytical solution based on Eq. (1) for saturated flow and 180 

Richards’ equation for unsaturated flow and by the Neuman (1974) solution based on Eqs. (1) 181 

and (8) with I = 0 when 𝜎𝐵 = 103 (i.e., the case of 𝜅𝐷 = 103 in Fig. 2 in Tartakovsky and 182 

Neuman, 2007). 183 

 Dimensionless variables and parameters are defined as follows 184 

ℎ̅ =
ℎ

𝐵
,    �̅� =

𝑥

𝑑
,    �̅� =

𝑦

𝑑
,    𝑧̅ =

𝑧

𝐵
,    𝑙 ̅ =

𝑙

𝑑
,    �̅� =

𝑤

𝑑
,    �̅�1 =

𝑥1

𝑑
,    �̅�1 =

𝑦1

𝑑
,    �̅� =

𝑎

𝑑
,    �̅� =

𝑏

𝑑
,185 

𝜅𝑧 =
𝐾𝑧𝑑2

𝐾𝑥𝐵2 ,     𝑡̅ =
𝐾𝑥𝑡

𝑆𝑠𝑑2 ,    𝜅𝑦 =
𝐾𝑦

𝐾𝑥
,    𝜅1 =

𝐾1𝑑

𝐾𝑥𝑏1
,    𝜅2 =

𝐾2𝑑

𝐾𝑥𝑏2
,    𝜅3 =

𝐾3𝑑

𝐾𝑦𝑏3
,    𝜅4 =

𝐾4𝑑

𝐾𝑦𝑏4
,    𝜉 =186 

𝐼

𝐾𝑧
,    𝜀 =

𝑆𝑦

𝑆𝑠𝐵
,    �̅�1 =

𝑑1

𝑑
,    �̅�2 =

𝑑2

𝑑
,    �̅�3 =

𝑑3

𝑑
,    �̅�4 =

𝑑4

𝑑
      (9) 187 

where the overbar denotes a dimensionless symbol. Notice that the variables in the horizontal 188 
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and vertical directions are divided by d and B, respectively. According to Eq. (9), the 189 

mathematical model, Eqs. (1)  (8b), can then be expressed as 190 

𝜕2ℎ̅

𝜕�̅�2 + 𝜅𝑦
𝜕2ℎ̅

𝜕�̅�2 + 𝜅𝑧
𝜕2ℎ̅

𝜕�̅�2 =
𝜕ℎ̅

𝜕�̅�
   (10) 191 

ℎ̅ = 0    at    𝑡̅ = 0              (11) 192 

𝜕ℎ̅

𝜕�̅�
− 𝜅1ℎ̅ = 0    at    �̅� = 0             (12) 193 

𝜕ℎ̅

𝜕�̅�
+ 𝜅2ℎ̅ = 0    at    �̅� = 𝑙 ̅             (13) 194 

𝜕ℎ̅

𝜕�̅�
− 𝜅3ℎ̅ = 0    at    �̅� = 0             (14) 195 

𝜕ℎ̅

𝜕�̅�
+ 𝜅4ℎ̅ = 0    at    �̅� = �̅�             (15) 196 

𝜕ℎ̅/𝜕𝑧̅ = 0    at    𝑧̅ = −1            (16) 197 

𝜕ℎ̅

𝜕�̅�
+

𝜀

𝜅𝑧

𝜕ℎ̅

𝜕�̅�
= 𝜉�̅�𝑥�̅�𝑦    at    𝑧̅ = 0           (17) 198 

�̅�𝑥 = 𝑢(�̅� − �̅�1) − 𝑢(�̅� − �̅�1 − �̅�)           (17a) 199 

�̅�𝑦 = 𝑢(�̅� − �̅�1) − 𝑢(�̅� − �̅�1 − �̅�).           (17b) 200 

 201 

2.2 Analytical solution 202 

The mathematical model, Eqs. (10)  (17b), can be solved by the methods of Laplace 203 

transform and double-integral transform. The former transform converts ℎ̅(�̅�, �̅�, 𝑧̅, 𝑡̅)  into 204 

ℎ̃(�̅�, �̅�, 𝑧̅, 𝑝), ∂ℎ̅/ ∂𝑡̅ into 𝑝ℎ̃ − ℎ̅|�̅�=0 , and 𝜉�̅�𝑥�̅�𝑦  into 𝜉�̅�𝑥�̅�𝑦/𝑝 where p is the Laplace 205 

parameter and ℎ̅|�̅�=0 equals zero in Eq. (11). After taking the transform, the model become a 206 

boundary value problem expressed as 207 

𝜕2ℎ̃

𝜕�̅�2 + 𝜅𝑦
𝜕2ℎ̃

𝜕�̅�2 + 𝜅𝑧
𝜕2ℎ̃

𝜕�̅�2 = 𝑝ℎ̃   (18) 208 

with boundary conditions 𝜕ℎ̃/𝜕�̅� − 𝜅1ℎ̃ = 0  at �̅� = 0 , 𝜕ℎ̃/𝜕�̅� + 𝜅2ℎ̃ = 0  at �̅� = 𝑙 ̅, ℎ̃/209 

𝜕�̅� − 𝜅3ℎ̃ = 0  at �̅� = 0 , ℎ̃/𝜕�̅� + 𝜅4ℎ̃ = 0  at �̅� = �̅� , 𝜕ℎ̃/𝜕𝑧̅ = 0  at 𝑧̅ = −1 , and 𝜕ℎ̃/210 
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𝜕𝑧̅ + 𝜀𝑝ℎ̃/𝜅𝑧 = 𝜉�̅�𝑥�̅�𝑦/𝑝  at 𝑧̅ = 0 . We then apply the properties of the double-integral 211 

transform to the problem. One can refer to the definition in Latinopoulos (1985, Table I, aquifer 212 

type 1). The transform turns ℎ̃(�̅�, �̅�, 𝑧̅, 𝑝) into ℎ̂(𝛼𝑚, 𝛽𝑛, 𝑧̅, 𝑝), 𝜕2ℎ̃/𝜕�̅�2  + 𝜅𝑦(𝜕2ℎ̃/𝜕�̅�2) 213 

into −(𝛼𝑚
2 + 𝜅𝑦𝛽𝑛

2)ℎ̂ where (m, n)  1, 2, 3, … , and eigenvalues 𝛼𝑚  and 𝛽𝑛 are the 214 

positive roots of the following equations that 215 

tan(𝑙�̅�𝑚) =
𝛼𝑚(𝜅1+𝜅2)

𝛼𝑚
2 −𝜅1𝜅2

             (19) 216 

and 217 

tan(�̅�𝛽𝑛) =
𝛽𝑛(𝜅3+𝜅4)

𝛽𝑛
2−𝜅3𝜅4

.             (20) 218 

In addition, �̅�𝑥�̅�𝑦 defined in Eqs. (17a) and (17b) is transformed into 𝑈𝑚𝑈𝑛 given by 219 

𝑈𝑚 =
√2𝑉𝑚

√𝜅1+(𝛼𝑚
2 +𝜅1

2)[𝑙+̅𝜅2/(𝛼𝑚
2 +𝜅2

2)]

           (21) 220 

𝑈𝑛 =
√2𝑉𝑛

√𝜅3+(𝛽𝑛
2+𝜅3

2)[�̅�+𝜅4/(𝛽𝑛
2+𝜅4

2)]

           (22) 221 

with 222 

𝑉𝑚 = {𝜅1[cos(𝛼𝑚�̅�1) − cos(𝛼𝑚𝜒)] − 𝛼𝑚[sin(𝛼𝑚�̅�1) − sin(𝛼𝑚𝜒)]}/𝛼𝑚   (23) 223 

𝑉𝑛 = {𝜅3[cos(𝛽𝑛�̅�1) − cos(𝛽𝑛𝜓)] − 𝛽𝑛[sin(𝛽𝑛�̅�1) − sin(𝛽𝑛𝜓)]}/𝛽𝑛    (24) 224 

where 𝜒 = �̅�1 + �̅� and 𝜓 = �̅�1 + �̅�. 225 

Equation (18) then reduces to an ordinary differential equation as 226 

𝜅𝑧
𝜕2ℎ̂

𝜕�̅�2 − (𝑝 + 𝛼𝑚
2 + 𝜅𝑦𝛽𝑛

2)ℎ̂ = 0           (25) 227 

Two boundary conditions are expressed, respectively, as 228 

𝜕ℎ̂/𝜕𝑧̅ = 0   at    𝑧̅ = −1            (26) 229 

and 230 

𝜕ℎ̂

𝜕�̅�
+

𝜀𝑝

𝜅𝑧
ℎ̂ =

𝜉

𝑝
𝑈𝑚𝑈𝑛   at    𝑧̅ = 0.           (27) 231 

Solving Eq. (25) with Eqs. (26) and (27) results in 232 
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ℎ̂(𝛼𝑚, 𝛽𝑛, 𝑧̅, 𝑝) =
𝜉𝑈𝑚𝑈𝑛cosh[(1+�̅�)𝜆]

𝑝(𝑝𝜀𝜅𝑧 cosh 𝜆+𝜅𝑧𝜆 sinh 𝜆)
          (28) 233 

where  234 

𝜆 = √(𝑝 + 𝛼𝑚
2 + 𝜅𝑦𝛽𝑛

2)/𝜅𝑧.            (29) 235 

Inverting Eq. (28) to the space and time domains gives rise to the analytical solution that 236 

ℎ̅(�̅�, �̅�, 𝑧̅, 𝑡̅) = 𝜉 ∑ ∑ (𝜙𝑚,𝑛 + 𝜙0,𝑚,𝑛 + ∑ 𝜙𝑗,𝑚,𝑛
∞

𝑗=1
)𝐹𝑚𝐹𝑛𝑈𝑚𝑈𝑛

∞

𝑛=1

∞

𝑚=1    (30) 237 

with 238 

𝜙𝑚,𝑛 =
cosh [(1+�̅�)𝜆𝑚,𝑛]

𝜅𝑧𝜆𝑚,𝑛 sinh 𝜆𝑚,𝑛 
             (30a) 239 

𝜙0,𝑚,𝑛 = −2𝜆0,𝑚,𝑛cosh[(1 + 𝑧̅)𝜆0,𝑚,𝑛]exp(−𝛾0,𝑚,𝑛𝑡)̅/𝜂0,𝑚,𝑛     (30b) 240 

𝜙𝑗,𝑚,𝑛 = −2𝜆𝑗,𝑚,𝑛cos[(1 + 𝑧̅)𝜆𝑗,𝑚,𝑛]exp(−𝛾𝑗,𝑚,𝑛𝑡)̅/𝜂𝑗,𝑚,𝑛      (30c) 241 

𝜂0,𝑚,𝑛 = 𝛾0,𝑚,𝑛[(1 + 2𝜀𝜅𝑧)𝜆0,𝑚,𝑛 cosh 𝜆0,𝑚,𝑛 + (1 − 𝜀𝛾0,𝑚,𝑛) sinh 𝜆0,𝑚,𝑛]   (30d) 242 

𝜂𝑗,𝑚,𝑛 = 𝛾𝑗,𝑚,𝑛[(1 + 2𝜀𝜅𝑧)𝜆𝑗,𝑚,𝑛 cos 𝜆𝑗,𝑚,𝑛 + (1 − 𝜀𝛾𝑗,𝑚,𝑛) sin 𝜆𝑗,𝑚,𝑛]    (30e) 243 

𝜆𝑚,𝑛 = √𝑓𝑚,𝑛/𝜅𝑧; 𝛾0,𝑚,𝑛 = 𝑓𝑚,𝑛 − 𝜅𝑧𝜆0,𝑚,𝑛
2 ; 𝛾𝑗,𝑚,𝑛 = 𝑓𝑚,𝑛 + 𝜅𝑧𝜆𝑗,𝑚,𝑛

2    (30f) 244 

𝑓𝑚,𝑛 = 𝛼𝑚
2 + 𝜅𝑦𝛽𝑛

2              (30g) 245 

𝐹𝑚 =
√2[𝛼𝑚 cos(𝛼𝑚�̅�)+𝜅1 sin(𝛼𝑚�̅�)]

√𝜅1+(𝛼𝑚
2 +𝜅1

2)[𝑙+̅𝜅2/(𝛼𝑚
2 +𝜅2

2)]

           (30h) 246 

𝐹𝑛 =
√2[𝛽𝑛 cos(𝛽𝑛�̅�)+𝜅3 sin(𝛽𝑛�̅�)]

√𝜅3+(𝛽𝑛
2+𝜅3

2)[�̅�+𝜅4/(𝛽𝑛
2+𝜅4

2)]

           (30i) 247 

where j  1, 2, 3, … and eigenvalues 𝜆0,𝑚,𝑛 and 𝜆𝑗,𝑚,𝑛 are determined, respectively, by the 248 

following equations that 249 

tan 𝜆𝑗,𝑚,𝑛 = −𝜀(𝑓𝑚,𝑛 + 𝜅𝑧𝜆𝑗,𝑚,𝑛
2 )/𝜆𝑗,𝑚,𝑛         (31) 250 

and 251 

−𝜀𝜅𝑧𝜆0,𝑚,𝑛
2 +𝜆0,𝑚,𝑛+𝜀𝑓𝑚,𝑛

𝜀𝜅𝑧𝜆0,𝑚,𝑛
2 +𝜆0,𝑚,𝑛−𝜀𝑓𝑚,𝑛

= exp(2𝜆0,𝑚,𝑛).          (32) 252 

Notice that Eqs. (19), (20), and (31) have infinite positive roots owing to the trigonometric 253 
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function tan( ) while Eq. (32) has only one positive root. The method to find 𝛼𝑚, 𝛽𝑛, 𝜆𝑗,𝑚,𝑛 254 

and 𝜆0,𝑚,𝑛 is introduced in Sect. 2.3. One can refer to Appendix A for the derivation of Eq. 255 

(30). The first term on the right-hand side (RHS) of Eq. (30) is a double series expanded by 256 

𝛼𝑚 and 𝛽𝑛. The series converges within a few terms because the power of 𝛼𝑚 (or 𝛽𝑛) in the 257 

denominator of 𝜙𝑚,𝑛 in Eq. (30a) is two more than that in the nominator. The second term on 258 

the RHS of Eq. (30) is a double series expanded by 𝛼𝑚 and 𝛽𝑛, and the third term is a triple 259 

series expanded by 𝛼𝑚, 𝛽𝑛, and 𝜆𝑗,𝑚,𝑛. They converge very fast due to exponential functions 260 

in Eqs. (30b) and (30c). Consider (m, n)  (1, 2, …, N = 30) and j  (1, 2, …, Nj = 15) for the 261 

default values of dimensionless parameters and variables in Table 2 for calculation. The number 262 

of terms in one or the other double series is 30  30 = 900 and in the triple series is 30  30  263 

15 = 13500. The total number is therefore 900  2 + 13500 = 15300. We apply Mathematica 264 

FindRoot routine to obtain the values of 𝛼𝑚, 𝛽𝑛, and 𝜆𝑗,𝑚,𝑛 and Sum routine to compute the 265 

double and triple series. It takes about 8 seconds to finish calculation for 𝑡̅ = 105  by a 266 

personal computer with Intel Core i5-4590 3.30 GHz processor and 8 GB RAM. In addition, 267 

the series is considered to converge when the absolute value of the last term in the double series 268 

of 𝜙𝑚,𝑛 is smaller than 10-20 (i.e., 10-50  10-20 in this case). That value in the other double or 269 

triple series may be even smaller than 10-50 due to exponential decay. 270 

    The use of finite aquifer domain has two merits. One is that the solution of depth-average 271 

head, defined as ∫ ℎ̅(�̅�, �̅�, 𝑧̅, 𝑡̅)
0

−1
𝑑𝑧̅, can be analytically integrated. The integration variable 𝑧̅ 272 

appears only in the functions of cosh [(1 + 𝑧̅)𝜆𝑚,𝑛] in Eq. (30a), cosh [(1 + 𝑧̅)𝜆0,𝑚,𝑛] in Eq. 273 

(30b) and cos [(1 + 𝑧̅)𝜆𝑗,𝑚,𝑛]  in Eq. (30c). The solution of depth-average head therefore 274 

equals Eq. (30) where these three functions are replaced by sinh 𝜆𝑚,𝑛 /𝜆𝑚,𝑛 , sinh 𝜆0,𝑚,𝑛 /275 

𝜆0,𝑚,𝑛, and sin 𝜆𝑗,𝑚,𝑛 /𝜆𝑗,𝑚,𝑛, respectively. The other is that the present solution is applicable 276 

to head predictions in aquifers of infinite extent before the dimensionless time to have lateral 277 
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aquifer boundary effect on the predictions. Wang and Yeh (2008) reported a time criterion 278 

defined as 𝑡�̅�𝑟 = 0.03(1 + ε)�̅�2 where �̅� = 𝑅/𝑑 denotes a shortest dimensionless distance 279 

from the lateral boundary to the edge of the recharge region. This criterion is, in effect, a 280 

boundary-effect time when the hydraulic head is affected by the aquifer boundary. Existing 281 

solutions based on aquifers of infinite extent can therefore be considered as special cases of the 282 

present solution before the boundary-effect time. 283 

 284 

2.3 Calculation of eigenvalues 285 

 The eigenvalues 𝛼𝑚 , 𝛽𝑛 , 𝜆𝑗,𝑚,𝑛 , and 𝜆0,𝑚,𝑛  can be determined by Newton’s method 286 

with initial guess values (IGVs) set to be the vertical asymptotes of the functions on the left-287 

hand side (LHS) of Eqs. (19), (20), (31), and (32), respectively. Hence, IGVs for 𝛼𝑚 are 𝛼′ +288 

𝛿  if 𝛼′ < (𝜅1𝜅2)1/2  and 𝛼′ − 𝛿  if 𝛼′ > (𝜅1𝜅2)1/2  where 𝛼′ = (2𝑚 − 1)𝜋/(2𝑙)̅ and  𝛿 289 

is a small value of 10−8 to avoid being right at the vertical asymptotes. Similarly, IGVs for 290 

𝛽𝑛  are 𝛽′ + 𝛿 if 𝛽′ < (𝜅3𝜅4)1/2 and 𝛽′ − 𝛿 if 𝛽′ > (𝜅3𝜅4)1/2 where 𝛽′ = (2𝑛 − 1)𝜋/291 

(2�̅�) . In addition, IGVs for 𝜆𝑗,𝑚,𝑛  are (2𝑗 − 1)𝜋/2 + 𝛿 , and IGV for 𝜆0,𝑚,𝑛  is 𝛿 +292 

[(1 + 4𝜅𝑧𝑓𝑚,𝑛𝜀2)
1/2

− 1] /(2𝜀𝜅𝑧) obtained by setting the denominator of the LHS function 293 

of Eq. (32) to be zero and solving the resultant equation. 294 

 295 

2.4 Solution for time-varying recharge rate 296 

The present solution, Eq. (30), is applicable to arbitrary time-depending recharge rates on 297 

the basis of Duhamel’s theorem expressed as (e.g., Bear, 1979, p. 158) 298 

ℎ̅𝐼𝑡 = ℎ̅𝐼0 + ∫
𝜕𝜉𝑡(𝜏)

𝜕𝜏
ℎ̅(𝑡̅ − 𝜏)/𝜉 𝑑𝜏

�̅�

0
          (33) 299 

where ℎ̅𝐼𝑡 signifies a dimensionless head solution for a time-depending recharge rate 𝜉𝑡(𝜏) 300 

with 𝑡̅ replaced by 𝜏, ℎ̅𝐼0 is Eq. (30) in which 𝜉 is replaced by 𝜉𝑡(0), and ℎ̅(𝑡̅ − 𝜏) is also 301 
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Eq. (30) with 𝑡̅ replaced by 𝑡̅ − 𝜏. If Eq. (33) is not integrable, it can be discretized as (Singh, 302 

2005) 303 

ℎ̅𝑁 = ∑
Δ𝜉𝑖

Δ�̅�
𝜂(𝑁 − 𝑖 + 1)𝑁

𝑖=1             (34) 304 

with 305 

Δ𝜉𝑖 = 𝜉𝑖 − 𝜉𝑖−1              (34a) 306 

𝜂(𝑀) = ∫ ℎ̅(𝑀Δ𝑡̅ − 𝜏)𝑑𝜏
�̅�

0
            (34b) 307 

where ℎ̅𝑁  represents a numerical result of dimensionless head ℎ̅ at 𝑡̅ = Δ𝑡̅ × 𝑁, Δ𝑡̅ is a 308 

dimensionless time step, 𝜉𝑖  and 𝜉𝑖−1  are dimensionless recharge rates at 𝑡̅ = Δ𝑡̅ × 𝑖  and 309 

𝑡̅ = Δ𝑡̅ × (𝑖 − 1), respectively, and 𝜂(𝑀), called ramp kernel, depends on Eq. (30) in which 310 

𝑡̅ is replaced by 𝑀Δ𝑡̅ − 𝜏. The integration result of Eq. (34b) can be denoted as Eq. (30) where 311 

𝜙𝑚,𝑛 is replaced by 𝜙𝑚,𝑛𝑡̅ and two exponential terms in Eqs. (30b) and (30c) are replaced, 312 

respectively, by exp(−𝑀𝛾0,𝑚,𝑛Δ𝑡̅) [−1 + exp(𝛾0,𝑚,𝑛Δ𝑡)̅]/𝛾0,𝑚,𝑛  and 313 

exp(−𝑀𝛾𝑗,𝑚,𝑛Δ𝑡̅) [−1 + exp(𝛾𝑗,𝑚,𝑛Δ𝑡̅)]/𝛾𝑗,𝑚,𝑛. 314 

 315 

2.5 Sensitivity analysis 316 

 The sensitivity analysis is administered to assess the change in the hydraulic head in 317 

response to the change in each of the hydraulic parameters. The normalized sensitivity 318 

coefficient of the hydraulic head to a specific parameter can be expressed as 319 

𝑆𝑐,𝑡 =
𝜕ℎ/𝐵

𝜕𝑃𝑐/𝑃𝑐
=

𝜕ℎ̅

𝜕𝑃𝑐/𝑃𝑐
             (35) 320 

where Pc is the c-th parameter in the present solution, 𝑆𝑐,𝑡 is the coefficient at a time to the c-321 

th parameter, and ℎ̅  is the present solution, Eq. (30). The derivative in Eq. (35) can be 322 

approximated as 323 

𝑆𝑐,𝑡 =
ℎ̅(𝑃𝑐+∆𝑃𝑐)−ℎ̅(𝑃𝑐)

∆𝑃𝑐/𝑃𝑐
             (36) 324 
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where ∆𝑃𝑐 is an increment chosen as 10−3𝑃𝑐 (Yeh et al., 2008). 325 

 326 

3 Results and discussion 327 

Previous articles have discussed groundwater mounds in response to localized recharge 328 

into aquifers with various hydraulic parameters (e.g., Dagan, 1967; Rao and Sarma, 1980; 329 

Latinopoulos, 1986; Manglik et al., 1997; Manglik and Rai, 1998; Rai et al., 1998; Chang and 330 

Yeh, 2007; Illas et al., 2008; Bansal and Das, 2010; Bansal and Teloglou, 2013). Flow velocity 331 

fields below groundwater mounds have also been analyzed (Zlotnik and Ledder, 1992; Zlotnik 332 

and Ledder, 1993). This section therefore focuses on the transient behavior of hydraulic head 333 

at an observation point with the aid of the present solution. The default values of the parameters 334 

and variables for calculation are noted in Table 2. In Sect. 3.1, transient head distributions 335 

subject to Dirichlet, no-flow and Robin boundary conditions are compared. In Sect. 3.2, the 336 

effect of vertical flow on the head distribution is investigated. In Sect. 3.3, errors arising from 337 

assuming aquifer incompressibility (i.e., Ss = 0) to develop analytical solutions are discussed. 338 

In Sect. 3.4, the response of the hydraulic head to transient recharge rates based on Eq. (33) is 339 

demonstrated. In Sect. 3.5, the sensitivity analysis defined by Eq. (36) is performed. 340 

 341 

3.1 Effect of lateral boundary 342 

    The Robin condition can become the Dirichlet or no-flow one, depending on the 343 

magnitudes of 1�̅�1 for Eq. (12), 2�̅�2 for Eq. (13), 3�̅�3 for Eq. (14), and 4�̅�4 for Eq. 344 

(15). We consider a symmetrical aquifer system with 𝑙 ̅ = �̅� = 22, �̅�1 = �̅�2 = �̅�3 = �̅�4 = 345 

10 and 1 = 2 = 3 = 4. The magnitudes of 1�̅�1, 2�̅�2, 3�̅�3 and 4�̅�4 are the same 346 

and defined as . The curves of ℎ̅ versus 𝑡̅ plotted by the present solution, Eq. (30), for  = 347 

10-3, 10-2, 10-1, 1, 10, 100, and 200 are shown in Fig. 2. The curves ℎ̅ versus 𝑡̅ are plotted 348 

from Manglik et al. (1997) solution with the no-flow condition (i.e.,  = 0), Manglik and Rai 349 



16 
 

(1998) solution with the Dirichlet condition (i.e.,   ), and the present solution with the 350 

Robin condition. Before 𝑡̅ = 104, these curves give the same magnitude of ℎ̅ at a fixed 351 

dimensionless time 𝑡̅ since the lateral aquifer boundary has been beyond the place where 352 

groundwater is affected by localized recharge. After 𝑡̅ = 104, the curves for the cases of  = 353 

10-2, 10-1, 1, 10, and 100 deviate from each other gradually as time increases. A larger 354 

magnitude of  between  = 10-2 and  = 100 causes a smaller ℎ̅ at a fixed 𝑡̅. On the other 355 

hand, the present solution for the cases of  = 10-3 and 10-2 agrees well with Manglik et al. 356 

(1997) solution based on  = 0 and that for the cases of  = 100 and 200 predicts the same result 357 

as Manglik and Rai (1998) solution based on   . We may reasonably conclude that the 358 

Robin condition reduces to the no-flow one when   10-2 and the Dirichlet one when   100. 359 

 360 

3.2 Effect of vertical flow  361 

 Dimensionless parameter 𝜅𝑧 (i.e., 𝐾𝑧𝑑2/(𝐾𝑥𝐵2)) dominates the effect of vertical flow 362 

on transient head distributions at an observation point. Consider 1�̅�1 = 2�̅�2 = 3�̅�3 =363 

4�̅�4 = 100 for lateral aquifer boundaries under the Dirichlet condition as discussed in Sect. 364 

3.1. The temporal distributions of ℎ̅ predicted by the present solution, Eq. (30), with 𝜅𝑧 = 365 

0.01, 0.1, 1, and 10 are demonstrated in Fig. 3. The temporal distribution of ℎ̅ predicted by 366 

Manglik and Rai (1998) solution based on 2D flow without the vertical component is taken in 367 

order to address the effect of vertical flow. The figure reveals that ℎ̅ increases with 𝜅𝑧 when 368 

𝜅𝑧 ≤ 1. The difference in ℎ̅ predicted by both solutions indicates the vertical flow effect. The 369 

Manglik and Rai (1998) solution obviously overestimates the head. The vertical flow prevails, 370 

and its effect should be taken into account when 𝜅𝑧 < 1, indicating a thick aquifer, a small 371 

ratio of Kz/Kx, and/or an observation point near a recharge region. On the other hand, the present 372 

solution for the cases of 𝜅𝑧 = 1 and 10 agrees well with Manglik and Rai (1998) solution, 373 

indicating that the vertical flow effect is ignorable when 𝜅𝑧 ≥ 1. We can recognize from the 374 
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agreement that existing solutions neglecting the vertical flow effect give good predictions when 375 

𝜅𝑧 ≥ 1. 376 

 377 

3.3 Effect of specific storage 378 

    Some of existing models use the Laplace equation as a governing equation with assuming 379 

Ss = 0 (e.g., Singh, 1976; Schmitz and Edenhofer, 1988; Zlotnik and Ledder, 1993). The 380 

assumption is valid when 𝜀 (i.e., Sy/(SsB)) is larger than a certain value. This section quantifies 381 

the value. The Zlotnik and Ledder (1993) model based on 3D Laplace equation, Eq. (1) with 382 

Ss = 0, is taken for comparison with the present model using Eq. (1) with Ss  0. The 383 

dimensionless variables of s, x, y, z, t, X, and Y in their model are replaced by ℎ̅/𝜉, (𝜅𝑧)1/2�̅�, 384 

(𝜅𝑧)1/2�̅�, 𝑧̅, 𝜅𝑧𝑡̅/𝜀, (𝜅𝑧)1/2�̅�, and (𝜅𝑧)1/2�̅�, respectively, for ease of comparisons. Consider 385 

the cases of z = 10-2 for an observation point located at a 3D flow area and z = 10 for the point 386 

located at a 2D flow area as discussed in Sect. 3.2. The assumption can be assessed through the 387 

comparison in the dimensionless heads predicted by both solutions for 𝜀 = 1, 10, 102, and 103 388 

as shown in Fig. 4a for z = 10-2 and Fig. 4b for z = 10. The present solution predicts a steady-389 

state ℎ̅ of 0.054 in Fig. 4a and 0.074 in Fig. 4b after certain times due to lateral Dirichlet 390 

boundaries (i.e., 1�̅�1 = 2�̅�2 = 3�̅�3 = 4�̅�4 = 100) as discussed in Sect. 3.1. In contrast, 391 

their solution predicts ℎ̅ which increases with 𝑡̅ due to the absence of lateral boundaries. 392 

When 𝜀 = 1 and 10, both solutions give different values of ℎ̅ for both cases of z = 10-2 and 393 

z = 10 before 𝑡̅ = 100, indicating that the assumption of Ss = 0 causes inaccurate ℎ̅. When 𝜀 394 

= 102 and 103, both solutions predict very close results of ℎ̅ for both cases before the time of 395 

approaching steady-state ℎ̅. These results lead to the conclusion that the assumption of Ss = 0 396 

is valid when 𝜀 ≥ 100 for 3D and 2D flow cases. 397 

 398 

3.4 Transient recharge rate 399 
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Most articles (e.g., Rai et al., 1998; Chang and Yeh, 2007; Illas et al., 2008; Bansal and 400 

Teloglou, 2013) define a transient recharge rate as 𝐼𝑡(𝑡) = 𝐼1 + 𝐼0 exp(−𝑟𝑡) (i.e., 𝜉𝑡(𝑡̅) =401 

𝜉1 + 𝜉0 exp(−𝛾𝑡̅)  for a dimensionless rate) where 𝜉𝑡 = 𝐼𝑡/𝐾𝑧 , 𝜉1 = 𝐼1/𝐾𝑧 , 𝜉0 = 𝐼0/𝐾𝑧 , 402 

𝛾 = 𝑟𝑆𝑠𝑑2/𝐾𝑥, and r is a decay constant. The rate exponentially declines from an initial value 403 

of 𝐼1 + 𝐼0 to an ultimate one of 𝐼1. The present solution, Eq. (30), can be applied for the 404 

response of the head to the transient rate based on Eq. (33). Substituting ∂𝜉𝑡(𝜏)/ ∂𝜏 =405 

−𝛾𝜉0 exp(−𝛾𝜏) into Eq. (33) and integrating the result for 𝜏 from 𝜏 = 0 to 𝜏 = 𝑡̅ yields 406 

ℎ̅𝐼0  plus Eq. (30) where 𝜉  in Eq. (30), 𝜙𝑚,𝑛  in Eq. (30a), exp(−𝛾0,𝑚,𝑛𝑡̅) in (30b), and 407 

exp(−𝛾𝑗,𝑚,𝑛𝑡)̅  in (30c) are replaced by 𝜉0 , 𝜙𝑚,𝑛[exp(−𝛾𝑡̅) − 1] , 𝛾[exp(−𝛾𝑡̅) −408 

exp(𝛾0,𝑚,𝑛𝑡̅)]/(𝛾0,𝑚,𝑛 + 𝛾) , and 𝛾[exp(−𝛾𝑡̅) − exp(𝛾𝑗,𝑚,𝑛𝑡̅)]/(𝛾𝑗,𝑚,𝑛 + 𝛾) , respectively. 409 

Similarly, Zlotnik and Ledder (1993) solution can also be used to obtain the head subject to the 410 

transient rate by substituting it into Eq. (33) and then integrating the result using numerical 411 

approaches. Now, we consider Ramana et al. (1995) solution depicting 2D flow induced by the 412 

transient rate in rectangular aquifers with the lateral boundaries under the Dirichlet condition. 413 

Figure 5 shows the temporal distributions of ℎ̅ for the transient rate predicted by these three 414 

solutions when 𝜅𝑧 = 1 , 𝜅 = 100 , and 𝜀 = 100 . The present solution agrees well with 415 

Ramana et al. (1995) solution. We can recognize from the agreement that, even for transient 416 

rates, the Robin condition reduces to the Dirichlet one when 𝜅  100 (i.e., 1�̅�1 = 2�̅�2 =417 

3�̅�3 = 4�̅�4 = 100) as discussed in Sect. 3.1 and the vertical flow effect is ignorable when 418 

𝜅𝑧 ≥ 1 as discussed in Sect. 3.2. Moreover, agreement on ℎ̅ estimated by the present solution 419 

and Zlotnik and Ledder (1993) solution before 𝑡̅ = 3 × 103 will make clear that, even for 420 

transient rates, assuming aquifer incompressibility (i.e., Ss = 0) is valid when 𝜀 ≥ 100 as 421 

discussed in Sect. 3.3. 422 

 423 

3.5 Sensitivity analysis 424 
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 Consider point A of (555 m, 500 m, 10 m) at a 3D flow region (i.e., 𝜅𝑧 < 1) and point 425 

B of (800 m, 500 m, 10 m) at a 2D flow region (i.e., 𝜅𝑧 ≥ 1) as discussed in Sect. 3.2. 426 

Localized recharge distributes over the square area of 450 m  x  550 m and 450 m  y  550 427 

m. The distance d herein is set to 5 m for point A and 250 m for point B. The aquifer system is 428 

of isotropy with Kx = Ky and symmetry with K1 = K2 = K3 = K4 for conciseness. The sensitivity 429 

analysis is performed by Eq. (36) to investigate the responses of the hydraulic heads at these 430 

two points to the change in each of a, b, Ss, Sy, Kx (or Ky), Kz, and K1 (or K2, K3, and K4). The 431 

curves of the normalized sensitivity coefficient Sc,t versus t for these seven parameters are 432 

shown in Fig. 6a for point A and Fig. 6b for point B. The figure shows that the hydraulic heads 433 

at both points are more sensitive to the changes in a, b, Kx, and Sy than those in the others. This 434 

may indicate that a flow model should include at least these four parameters. The figure also 435 

shows that the heads at points A and B are insensitive to the change in K1 because of 1�̅�1 = 436 

4500 > 100 as discussed in Sect. 3.1. In addition, Sc,t to Kz for point A is nonzero after t = 0.4 437 

day due to 𝜅𝑧 = 6.25 × 10−3 < 1 as discussed in Sect. 3.2. In contrast, Sc,t to Kz for point B 438 

is very close to zero over the entire period because of 𝜅𝑧 = 15.625 > 1. Moreover, the heads 439 

at points A and B are insensitive to the change in Ss due to 𝜀 = 500 > 100 as discussed in Sect. 440 

3.3. 441 

 442 

4 Conclusions 443 

 A mathematical model is developed to depict spatiotemporal head distributions induced 444 

by localized recharge with an arbitrary time-varying rate in a rectangular unconfined aquifer 445 

bounded by Robin boundaries with different hydraulic parameters. A governing equation for 446 

3D flow is considered. A first-order free surface equation with a source term representing the 447 

recharge is employed for describing the water table movement. The analytical head solution of 448 

the model is obtained by applying the Laplace transform, the double-integral transform, and 449 
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Duhamel’s theorem. The use of rectangular aquifer domain leads to two merits. One is that the 450 

integration for the solution of the depth-average head can be analytically done. The other is 451 

that existing solutions based on aquifers of infinite extent are special cases of the present 452 

solution when the recharge time is less than the boundary-effect time. The present solution is 453 

applicable under the conditions of aquifer homogeneity, ℎ/𝐵 < 0.5, 𝐼/𝐾𝑧 < 0.2, and 𝜎𝐵 ≥454 

103 due to Eq. (8) neglecting the effect of unsaturated flow above water table (Marino, 1967; 455 

Tartakovsky and Neuman, 2007). The sensitivity analysis is performed to explore the response 456 

of the head to the change in each of hydraulic parameters. With the aid of the present solution, 457 

the following conclusions can be drawn: 458 

1. In respect of affecting ℎ̅ at observation points, the Robin condition specified at �̅� = 0 459 

reduces to the Dirichlet one when 1�̅�1  100 (i.e., K1 d1/(Kx b1)  100) and no-flow one 460 

when 1�̅�1  10-2. The quantitative criteria for 1�̅�1 are applicable to 2�̅�2, 3�̅�3, and 461 

4�̅�4 for the Robin conditions specified at �̅� = 𝑙,̅ �̅� = 0, and �̅� = �̅�, respectively. 462 

2. The vertical flow causes significant decrease in the hydraulic head at an observation point 463 

when z < 1 (i.e., Kz d
2/(Kx B

2) < 1). When z  1, the effect of vertical flow on the head is 464 

ignorable, and conventional models considering 2D flow without the vertical component 465 

can therefore predict accurate results. 466 

3. The 3D Laplace equation based on the assumption of Ss = 0 can be regarded as a flow 467 

governing equation when 𝜀 ≥ 100 (i.e., Sy/(SsB)  100) for the whole aquifer domain. 468 

Otherwise, head predictions based on the Laplace equation are overestimated. 469 

4. The abovementioned conclusions are also applicable to problems of groundwater flow 470 

subject to recharge with arbitrary time-varying rates. 471 

 472 

Appendix A: Derivation of Eq. (30) 473 

Let us start with function 𝐺(𝑝) from Eq. (28) that 474 
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𝐺(𝑝) =
cosh[(1+�̅�)𝜆]

𝑝(𝑝𝜀𝜅𝑧 cosh 𝜆+𝜅𝑧𝜆sinh𝜆)
            (A1) 475 

with 476 

𝜆 = √(𝑝 + 𝑓𝑚,𝑛)/𝜅𝑧             (A2) 477 

where 𝑓𝑚,𝑛 = 𝛼𝑚
2 + 𝜅𝑦𝛽𝑛

2. Equation (A1) is a single-value function to p in the complex plane 478 

because satisfying 𝐺(𝑝+) = 𝐺(𝑝−) where 𝑝+  and 𝑝−  are the polar coordinates defined, 479 

respectively, as 480 

𝑝+ = 𝑟𝑎exp(𝑖𝜃) − 𝑓𝑚,𝑛             (A3) 481 

and 482 

𝑝− = 𝑟𝑎exp[𝑖(𝜃 − 2𝜋)] − 𝑓𝑚,𝑛           (A4) 483 

where ra represents a radial distance from the origin at p = 𝑓𝑚,𝑛, 𝑖 = √−1 is the imaginary 484 

unit, and 𝜃 is an argument between 0 and 2𝜋. Substitute 𝑝 = 𝑝+ in Eq. (A3) into Eq. (A2), 485 

and we have 486 

𝜆 = √𝑟𝑎/𝜅𝑧 exp(𝑖𝜃/2) = √𝑟𝑎/𝜅𝑧 [cos(𝜃/2) + 𝑖 sin(𝜃/2)]      (A5) 487 

Similarly, we can have 488 

𝜆 = √𝑟𝑎/𝜅𝑧 exp[𝑖(𝜃 − 2𝜋)/2] = −√𝑟𝑎/𝜅𝑧 [cos(𝜃/2) + 𝑖 sin(𝜃/2)]    (A6) 489 

after p in Eq. (A2) is replaced by 𝑝− in Eq. (A4). Substitution of Eqs. (A3) and (A5) into Eq. 490 

(A1) yields the same result as that obtained by substituting Eqs. (A4) and (A6) into Eq. (A1), 491 

indicating that Eq. (A1) is a single-value function without branch cut and its inverse Laplace 492 

transform equals the sum of residues for poles in the complex plane. 493 

The residue for a simple pole can be formulated as 494 

𝑅𝑒𝑠 = lim
𝑝→𝜑

𝐺(𝑝) exp(𝑝𝑡̅) (𝑝 − 𝜑)           (A7) 495 

where 𝜑 is the location of the pole of 𝐺(𝑝) in Eq. (A1). The function 𝐺(𝑝) has infinite 496 

simple poles at the negative part of the real axis in the complex plane. The locations of these 497 

poles are the roots of equation that 498 



22 
 

𝑝(𝑝𝜀𝜅𝑧 cosh 𝜆 + 𝜅𝑧𝜆 sinh 𝜆) = 0           (A8) 499 

which is obtained by letting the denominator in Eq. (A1) to be zero. Obviously, one pole is at 500 

p = 0, and its residue based on Eqs. (A1) and (A7) with 𝜆𝑚,𝑛 = √𝑓𝑚,𝑛/𝜅𝑧 can be expressed 501 

as  502 

𝜙𝑚,𝑛 = cosh[(1 + 𝑧̅)𝜆𝑚,𝑛] /(𝜅𝑧𝜆𝑚,𝑛 sinh 𝜆𝑚,𝑛)        (A9) 503 

The locations of other poles of 𝐺(𝑝) are the roots of the equation that 504 

𝑝𝜀𝜅𝑧 cosh 𝜆 + 𝜅𝑧𝜆 sinh 𝜆 = 0           (A10) 505 

which is the expression in the parentheses in Eq. (A8). One pole is between p = 0 and p = 𝑓𝑚,𝑛. 506 

Let 𝜆 = 𝜆0,𝑚,𝑛, and Eq. (A2) becomes 𝑝 = −𝑓𝑚,𝑛 + 𝜅𝑧𝜆0,𝑚,𝑛
2 . Substituting 𝜆 = 𝜆0,𝑚,𝑛, 𝑝 =507 

−𝑓𝑚,𝑛 + 𝜅𝑧𝜆0,𝑚,𝑛
2 , cosh 𝜆0,𝑚,𝑛 = [exp 𝜆0,𝑚,𝑛 + exp(−𝜆0,𝑚,𝑛)]/2  and sinh 𝜆0,𝑚,𝑛 =508 

[exp 𝜆0,𝑚,𝑛 − exp(−𝜆0,𝑚,𝑛)]/2 into Eq. (A9) and rearranging the result lead to Eq. (32). The 509 

pole is at 𝑝 = −𝑓𝑚,𝑛 + 𝜅𝑧𝜆0,𝑚,𝑛
2  with a numerical value of 𝜆0,𝑚,𝑛. With Eq. (A1), Eq. (A7) 510 

equals  511 

𝑅𝑒𝑠 = lim
𝑝→𝜑

cosh[(1+�̅�)𝜆]

𝑝(𝑝𝜀𝜅𝑧 cosh 𝜆+𝜅𝑧𝜆sinh𝜆)
exp(𝑝𝑡̅) (𝑝 − 𝜑)       (A11) 512 

Apply L’Hospital’s Rule to Eq. (A11), and then we have 513 

𝑅𝑒𝑠 = lim
𝑝→𝜑

−2𝜆cosh[(1+�̅�)𝜆]

𝑝[(1+2𝜀𝜅𝑧)𝜆 cosh 𝜆+(1−𝜀𝑝)sinh𝜆]
exp(𝑝𝑡̅)        (A12) 514 

The residue for the pole at 𝑝 = −𝑓𝑚,𝑛 + 𝜅𝑧𝜆0,𝑚,𝑛
2  can be defined as 515 

𝜙0,𝑚,𝑛 =
−2𝜆0,𝑚,𝑛cosh[(1+�̅�)𝜆0,𝑚,𝑛]exp(−𝛾0,𝑚,𝑛�̅�)

𝛾0,𝑚,𝑛[(1+2𝜀𝜅𝑧)𝜆0,𝑚,𝑛 cosh 𝜆0,𝑚,𝑛+(1−𝜀𝛾0,𝑚,𝑛) sinh 𝜆0,𝑚,𝑛]
       (A13) 516 

which is obtained by Eq. (A12) with 𝜆 = 𝜆0,𝑚,𝑛 and 𝑝 = −𝑓𝑚,𝑛 + 𝜅𝑧𝜆0,𝑚,𝑛
2 = 𝛾0,𝑚,𝑛. On the 517 

other hand, infinite poles behind p = 𝑓𝑚,𝑛 are at 𝑝 = 𝛾𝑗,𝑚,𝑛 where j  1, 2, 3, … . Let 𝜆 =518 

√−1𝜆𝑗,𝑚,𝑛 , and Eq. (A2) yields 𝑝 = −𝑓𝑚,𝑛 − 𝜅𝑧𝜆𝑗,𝑚,𝑛
2 . Substituting 𝜆 = √−1𝜆𝑗,𝑚,𝑛 , 𝑝 =519 

−𝑓𝑚,𝑛 − 𝜅𝑧𝜆𝑗,𝑚,𝑛
2 , cosh(√−1𝜆𝑗,𝑚,𝑛) = cos 𝜆𝑗,𝑚,𝑛 , and sinh(√−1𝜆𝑗,𝑚,𝑛) = √−1 sin𝜆𝑗,𝑚,𝑛 520 

into Eq. (A9) and rearranging the result gives rise to Eq. (31). These poles are at 𝑝 = −𝑓𝑚,𝑛 −521 
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𝜅𝑧𝜆𝑗,𝑚,𝑛
2  with numerical values of 𝜆𝑗,𝑚,𝑛. On the basis of Eq. (A12) with 𝜆 = √−1𝜆𝑗,𝑚,𝑛 and 522 

𝑝 = −𝑓𝑚,𝑛 − 𝜅𝑧𝜆𝑗,𝑚,𝑛
2 = 𝛾𝑗,𝑚,𝑛, the residues for these poles at 𝑝 = −𝑓𝑚,𝑛 − 𝜅𝑧𝜆𝑗,𝑚,𝑛

2  can be 523 

expressed as  524 

𝜙𝑗,𝑚,𝑛 =
−2𝜆𝑗,𝑚,𝑛cos[(1+�̅�)𝜆𝑗,𝑚,𝑛]exp(−𝛾𝑗,𝑚,𝑛�̅�)

𝛾𝑗,𝑚,𝑛[(1+2𝜀𝜅𝑧)𝜆𝑗,𝑚,𝑛 cos 𝜆𝑗,𝑚,𝑛+(1−𝜀𝛾𝑗,𝑚,𝑛) sin 𝜆𝑗,𝑚,𝑛]
       (A14) 525 

As a result, the inverse Laplace transform for Eq. (A1) is the sum of Eqs. (A9) and (A13) and 526 

a simple series expended in the RHS function in Eq. (A14) (i.e., 𝜙𝑚,𝑛 + 𝜙0,𝑚,𝑛 + ∑ 𝜙𝑗,𝑚,𝑛
∞

𝑗=1
). 527 

Finally, Eq. (30) can be derived after taking the inverse double-integral transform for the result 528 

using the formula that (Latinopoulos, 1985, Eq. (14)) 529 

ℎ̅(�̅�, �̅�, 𝑧̅, 𝑡̅) = 𝜉 ∑ ∑ (𝜙𝑚,𝑛 + 𝜙0,𝑚,𝑛 + ∑ 𝜙𝑗,𝑚,𝑛
∞

𝑗=1
)𝐹𝑚𝐹𝑛𝑈𝑚𝑈𝑛

∞

𝑛=1

∞

𝑚=1    (A15) 530 

where 𝜉 and 𝑈𝑚𝑈𝑛 result from 𝜉𝑈𝑚𝑈𝑛 in Eq. (28). 531 
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Table 1. Classification of existing analytical solutions involving localized recharge. 1 

References Aquifer domain Aquifer boundary conditions 
Recharge 

Remarks 
Region Rate 

1D groundwater flow 

Hantush (1963) Infinite extent None Strip Constant  

Rao and Sarma (1980) Finite extent Dirichlet Strip Constant  

Rao and Sarma (1984) Finite extent Dirichlet and no-flow Strip Constant  

Latinopoulos (1986) Finite extent Robin and Dirichlet/no-flow Strip Seasonal pulse  

Bansal and Das (2010) Semi-infinite 

extent 

Dirichlet Strip Constant Sloping aquifer bottom 

2D groundwater flow 

Hantush (1967) Infinite extent None Rectangle Constant  

Manglik et al. (1997) Rectangle No-flow Rectangle Arbitrary function of time  

Manglik and Rai (1998) Rectangle Dirichlet Rectangle Arbitrary function of time  

Bruggeman (1999) Vertical strip Robin Strip Constant Laplace equation 

Chang and Yeh (2007) Rectangle Dirichlet Rectangle Exponential decay Sloping aquifer bottom 

Bansal and Teloglou (2013) Rectangle Dirichlet at two adjacent 

sides and no-flow at the 

others 

Rectangle Exponential decay Multiple recharges and pumping wells 

3D groundwater flow 

Dagan (1967) Infinite extent None Rectangle Constant Laplace equation; approximate solution 

Zlotnik and Ledder (1993) Infinite extent None Rectangle Constant Laplace equation 

Radial groundwater flow 

Zlotnik and Ledder (1992) Infinite extent with 

finite thickness 

None Circle Constant First-order free surface equation 

Rai et al. (1998) Circle Dirichlet Circle Exponential decay  

Ostendorf et al. (2007) Infinite extent with 

finite thickness 

None Circle Exponential decay First-order free surface equation 

Illas et al. (2008) Circle Dirichlet Circle Exponential decay Leaky aquifer 

2 
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Table 2. Default values of variables and hydraulic parameters used in the text. 1 

Notation Default value (unit) Definition 

h None Hydraulic head 

(x, y, z) None Variables of Cartesian coordinate 

t None Time 

(Kx, Ky, Kz) (10 m/d, 10 m/d, 1 m/d) Aquifer hydraulic conductivities in x, y, and z directions, respectively 

(Ss, Sy) (10-5 m-1, 0.1) Specific storage and specific yield, respectively 

I 0.1 m/d Constant recharge rate 

𝐼𝑡  None Transient recharge rate defined as 𝐼𝑡(𝑡) = 𝐼1 + 𝐼0 exp(−𝑟𝑡) 

(I1 + I0, I1) (0.1 m/d, 0.05 m/d) Initial and ultimate transient recharge rates, respectively 

r 103 d-1 Decay constant of transient recharge rate 

(B, l, w) (20 m, 1 km, 1 km) Aquifer initial thickness and widths in x and y directions, respectively 

d 50 m Shortest distance between the edge of recharge region and an observation point 

(x1, y1) 450 m Location of bottom left corner of recharge region 

(a, b) 100 m Widths of recharge region in x and y directions, respectively 

(K1, K2, K3, K4) 0.1 m/d Hydraulic conductivities of media between aquifer and lateral boundaries 1, 2, 3 and 4, 

respectively 

(b1, b2, b3, b4) 1 m Widths of media between aquifer and lateral boundaries 1, 2, 3 and 4, respectively 

(d1, d2, d3, d4) 450 m Shortest distances from the edge of the region to lateral boundaries 1, 2, 3 and 4, 

respectively 

R None min(𝑑1, 𝑑2, 𝑑3, 𝑑4) 

ℎ̅  None h/B 

�̅�  None R/d 

(�̅�, �̅�, 𝑧̅) (12, 10, 0.5) (x/d, y/d, z/B) 
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𝑡̅  None 𝐾𝑥𝑡/(𝑆𝑠𝑑2)  

(𝜅𝑦, 𝜅𝑧, 𝜀) (1, 0.625, 500) (Ky /Kx, 𝐾𝑧𝑑2/(𝐾𝑥𝐵2), 𝑆𝑦/(𝑆𝑠𝐵)) 

𝜉  0.1 I/Kz 

𝜉𝑡  None 𝜉1 + 𝜉0 exp(−𝛾𝑡̅)  

(𝜉1, 𝜉0, 𝛾) (0.05, 0.05, 2.5) (I1/Kz, I0/Kz, 𝑟𝑆𝑠𝑑2/𝐾𝑥) 

(𝑙,̅ �̅�, �̅�, �̅�) (20, 20, 2, 2) (l/d, w/d, a/d, b/d) 

(�̅�1, �̅�1) 9 (x1/d, y1/d) 

(𝜅1, 𝜅2, 𝜅3, 𝜅4) 0.5 (𝐾1𝑑/(𝐾𝑥𝑏1), 𝐾2𝑑/(𝐾𝑥𝑏2), 𝐾3𝑑/(𝐾𝑦𝑏3), 𝐾4𝑑/(𝐾𝑦𝑏4)) 

(�̅�1, �̅�2, �̅�3, �̅�4) 9 (d1/d, d2/d, d3/d, d4/d) 

  1 



31 
 

 1 

Figure 1. Schematic diagram of a rectangular-shaped unconfined aquifer with localized recharge (a) top view (b) cross section view. 2 
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 1 

Figure 2. Temporal distributions of the dimensionless head predicted by Manglik et al. (1997) solution for a no-flow boundary, Manglik and Rai 2 

(1998) solution for a Dirichlet boundary, and the present solution with 𝜅𝑧 = 1 for a Robin boundary. 3 

 4 
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 1 

Figure 3. Temporal distributions of the dimensionless head predicted by Manglik and Rai (1998) solution based on 2D flow and the present 2 

solution for 3D flow with various 𝜅𝑧. 3 

4 
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 1 

Figure 4. Temporal distributions of the dimensionless head for (a) 𝜅𝑧 = 10−2 and (b) 𝜅𝑧 = 10 predicted by Zlotnik and Ledder (1993) solution 2 

based on the assumption of Ss = 0 and the present solution relaxing the assumption. 3 
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 1 

Figure 5. Temporal distributions of the dimensionless head subject to a transient recharge rate predicted by Ramana et al. (1995) solution, Zlotnik 2 

and Ledder (1993) solution, and the present solution with 𝜅𝑧 = 1, 𝜅 = 100, and 𝜀 = 100. 3 
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 1 

Figure 6. Temporal distributions of the normalized sensitivity coefficients of the hydraulic head at the observation points of (a) (x, y, z) = (555, 2 

500, 10) and (b) (x, y, z) = (800, 500, 10) to the changes in parameters a, b, Kz, Ss, K1, Sy, and Kx. 3 


