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Abstract.   23 

Two well-known relationships in hydrology and hydrometeorology, the Budyko and 24 

complementary relationships, are examined within an idealized prototype representing the 25 

physics of large-scale land-atmosphere coupling developed in prior work.  These relationships 26 

are shown to hold on long (climatologic) time scales because of the tight coupling that exists 27 

between precipitation, atmospheric radiation, moisture convergence and advection. The slope of 28 

the CR is shown to be dependent the Clausius-Clapeyron relationship between saturation specific 29 

humidity and temperature, with important implications for the continental hydrologic cycle in a 30 

warming climate, e.g., one consequence of this dependence is that the CR may be expected to 31 

become more asymmetric with warming, as higher values of the slope imply a larger change in 32 

potential evaporation for a given change in evapotranspiration.  In addition, the transparent 33 

physics of the prototype permits diagnosis of the sensitivity of the Budyko and complementary 34 

relationships to various atmospheric and land surface processes. Here, the impacts of 35 

anthropogenic influences, including large-scale irrigation and global warming, are assessed.  36 

  37 
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1)  Introduction 38 

Observations of the annual terrestrial surface water balance demonstrate a tight and relatively 39 

simple functional dependence of evapotranspiration on the atmospheric water supply 40 

(precipitation) and demand (potential evaporation) at the surface (Budyko 1961, Porporato et al. 41 

2004, Roderick and Farquahr 2011, Williams et al. 2012, Zanardo et al. 2012).  Such 42 

observations have stimulated development of simplified analytical formulations of the annual 43 

water balance (Budyko, 1961; Lettau, 1961; Eagleson 1978a, 1978b, 1978c; Fu 1981; Milly 44 

1994; Porporato et al. 2004; Harman et al. 2011; Sivapalan et al. 2011).  Budyko (1961, 1974) 45 

developed arguably the most well-known approach for characterizing catchment-scale 46 

hydrologic balances on long (decadal and greater) timescales.  By hypothesizing limitations on 47 

land surface evapotranspiration imposed by the availability of water and energy, Budyko 48 

introduced a relationship of the form: 49 

!
!
= 𝐵 !!

!
           (1) 50 

where 𝐸, 𝑃, and 𝐸! are evapotranspiration, potential evapotranspiration, and precipitation, 51 

respectively. The ratio 𝐸!/𝑃 is commonly known as the dryness or aridity index (𝜙), and 52 

hereafter we denote the ratio 𝐸/𝑃 as 𝐵(𝜙), i.e., the Budyko curve.  Empirical forms of 𝐵(𝜙)	  53 

have been obtained by fitting to observed 𝐸, 𝑃, and 𝐸! with 𝐸 typically estimated as the residual 54 

of precipitation and basin-scale streamflow (Budyko 1961, 1974).  𝐵 𝜙  appears to be rather 55 

stable across different regions and hydroclimatic environments (Potter et al. 2005; Yang et al. 56 

2007; Gentine et al. 2012). 57 

The last two decades have seen renewed interest in the Budyko curve (e.g., Milly 1994; 58 

Koster and Suarez 1999; Milly and Dunne 2002; Porporato et al. 2004; Potter et al. 2005; 59 

Donohue et al. 2007; Yang et al. 2008; Gerrits et al. 2009; Gentine et al. 2012; Istanbulluoglu et 60 
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al. 2012; Williams et al. 2012).  Many studies have employed simplified models of the surface 61 

and groundwater moisture response to precipitation forced by 𝐸! to investigate the robustness of 62 

the Budyko curve in different catchments. Milly (1994) and Porporato et al. (2004), in particular, 63 

investigated the response of the annual water balance to changes in the characteristics of 64 

potential evaporation and precipitation intensity and frequency yielding new insights on the 65 

sensitivity of the annual water balance to changes in surface energy and water forcing, all other 66 

factors, e.g., vegetation characteristics, soil, topography, remaining constant. However, apart 67 

from a few studies investigating the catchment co-evolution and adaptation of vegetation to the 68 

water and energy forcing (Troch et al. 2009; Sivapalan et al. 2011; Gentine et al. 2012), a direct 69 

explanation of the stability and widespread applicability of the Budyko relationship across a 70 

range of conditions remains elusive.   71 

 In the Budyko framework, as in most hydrologic models, 𝐸! is prescribed as a forcing, 72 

which is thought to be independent from the surface. Nonetheless, E and Ep have been 73 

hypothesized to be inversely related to one another (Bouchet 1963; Morton 1983; Brutsaert and 74 

Stricker 1979; Hobbins et al. 2001) on daily to annual time scales.  In fact, the coupling between 75 

𝐸 and 𝐸! provides the basis for a foundational relationship in hydrometeorology: the 76 

complementary relationship, first introduced by Bouchet (1963) and Morton (1983).  77 

Mathematically, the complementary relationship (CR) can be expressed as: 78 

𝐸! + 𝑏𝐸 = (1+ 𝑏)𝐸!"# .       (2) 79 

In (2), 𝐸! is potential evaporation and 𝐸!"#	   is the energy-limited, wet surface equilibrium 80 

evapotranspiration.  Bouchet (1963) assumed a value of 1 for the scale factor 𝑏 while Pettijohn 81 

and Salvucci (2009), hereafter PS09, report values in the range 3-6 based on numerical 82 
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simulations of an evaporation pan in a drying environment.  Since 𝐸! cannot directly be 83 

measured, pan evaporation has often been used in lieu of potential evaporation using a pan 84 

correction factor (Bosman 1987, Roderick and Farquahr 2004; van Heerwaarden et al. 2010). 85 

Kahler and Brutsaert (2006) assumed that use of pan measurements in equation (2) may account 86 

for 𝑏 > 1 because a pan transmits heat, resulting in warmer water inside the pan relative to a 87 

larger free water body (e.g., lake) under similar ambient conditions. 88 

Although several studies (Zhang et al. 2004; Ramirez et al. 2005; Szilagyi and Jozsa 2009) 89 

have discussed possible links between the CR and the Budyko curve, to date a theoretical 90 

framework encompassing either or both of these relationships is still absent. Milly (1994) 91 

underscores the lack of physical understanding for why the Budyko curve deviates from its 92 

water- and energy-limited asymptotes, while Ramirez et al. (2005) suggest that, apart from 93 

heuristic arguments or under restrictive conditions, no general proof of the CR is available. 94 

Moreover, questions remain about the applicability and validity of the Budyko and 95 

complementary relationships across different spatial and temporal scales.  Here we note that 96 

observational data confirm the CR holds on daily to annual time scales (Bouchet 1963; Kahler 97 

and Brutsaert 2006) and across local to regional spatial scales (Granger 1989, Szilagyi 2001; 98 

Crago and Crowley 2005; PS09; van Heerwaarden et al. 2010), which is usually understood in 99 

terms of the diurnal-scale interactions of the boundary layer with the surface, although questions 100 

have been raised about some of the assumptions inherent in these approaches.  Indeed, as PS09 101 

note, some explanations for the CR have relied on contradictory assumptions.  For example, the 102 

derivation of Szilagyi (2001) assumes that as 𝐸 decreases, the surface temperature of the 103 

evaporation pan remains constant while the overlying near surface specific humidity decreases, 104 

increasing the vapor deficit and thus the evaporation rate over the pan. By contrast, in Granger 105 
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(1989) surface temperature is assumed to increase while specific humidity remains constant, thus 106 

also increasing the humidity gradient and pan evaporation rate.  Lhomme and Guilioni (2006) 107 

have questioned the physical validity and applicability of these assumptions.  108 

In the present study, we make use of a semi-analytic, idealized prototype of large-scale land-109 

atmosphere coupling developed in prior work (Lintner et al. 2013) to derive the Budyko and 110 

complementary relationships. Our approach differs from prior analyses in that: (i) it is implicitly 111 

large-scale and relevant on climatic timescales; and (ii) convergence, advection, precipitation 112 

and atmospheric radiation are treated implicitly rather than as exogenous forcing.  The latter 113 

renders the atmospheric and surface moisture interactive and tightly coupled vertically but also 114 

horizontally—through the (nonlocal) effects of moisture advection and convergence. Several 115 

studies have pointed out that such tight coupling between radiation, larger-scale circulation and 116 

local surface energy budget is key to understanding locally-observed land-atmosphere 117 

interactions (Betts et al. 1996; 2003; Betts and Viterbo 2005; Betts 2007a; 2014). The analytic 118 

simplicity of the idealized prototype facilitates straightforward diagnosis of factors influencing 119 

the large-scale coupling, as highlighted in Lintner et al. (2013).  120 

A key motivation for this study is consideration of how the continental hydrologic cycle, and 121 

more precisely how the behavior reflected in the Budyko curve and CR, may respond to 122 

anthropogenic influences. Indeed, the projected response of terrestrial hydrologic cycle to 123 

various climate change mechanisms in models remains subject to large uncertainties (Sherwood 124 

and Fu 2014).  Emergent behaviors such as the Budyko and complementary relationships may 125 

provide useful constraints on such uncertainties.  For example, Brutsaert and Parlange (1998) 126 

have suggested that the CR may explain the apparent paradox between observed downward 127 
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trends in pan evapotranspiration over the late 20th century and anticipated increases in 128 

evaporation resulting from a more intense hydrologic cycle in a warming atmosphere. 129 

The paper is organized as follows.  After providing a brief review of the prototype 130 

assumptions and governing equations (Section 2), we analyze the generalized Budyko and 131 

complementary relationships within our prototype (Section 3) and consider the physical 132 

parameters and processes impacting these relationships (Section 4).  Here we are interested in 133 

examining the behavior across a range of hydroclimatic states; in what follows, we use the term 134 

“prototype transect” to refer to this range.  This may be viewed as representing either a spatial 135 

sampling of states across a climatological gradient in soil moisture at a fixed point in time or a 136 

temporal sampling (as under the seasonal evolution) at a fixed point in space. In Section 5, we 137 

examine how anthropogenic influences such as global warming and large-scale irrigation affect 138 

these relationships.  139 

 140 

2)  Overview of the idealized land-atmosphere coupling prototype 141 

In prior work (Lintner et al. 2013), we developed a semi-analytic prototype for land-atmosphere 142 

coupling.  This prototype describes the coupling at spatial scales for which both local 143 

(evapotranspiration) and nonlocal processes (horizontal moisture advection and convergence) 144 

may be important to the water cycle budget. We consider steady-state conditions, corresponding 145 

to the climatological state of the hydrologic cycle. Although the steady-state assumption clearly 146 

limits the applicability of our model in the presence of important time-dependent processes 147 

operating in the climate system, we again note that the CR has been observed to hold across a 148 

range of timescales.  Similarly Budyko curves have been estimated from yearly mean 149 

observations (Budyko 1974, Gentine et al. 2012).   150 
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The atmospheric component of this prototype is based on vertically-integrated 151 

tropospheric temperature and moisture equations from the Quasi-equilibrium Tropical 152 

Circulation Model (QTCM; Neelin and Zeng 2000; Zeng et al. 2000), an intermediate level 153 

complexity model for the tropical atmosphere:  154 

−𝑀𝑠∇! ∙ 𝐯+ 𝑃 + 𝑅!"# + 𝐻 = 0     (3) 155 

𝑀𝑞∇! ∙ 𝐯− 𝑃 + 𝐸 − 𝐯𝐪 ∙ ∇!𝑞 = 0     (4) 156 

where ∇! is the horizontal gradient operator; 𝑅!"# is the net column (top of the atmosphere 157 

minus surface) radiative heating; 𝑀𝑠 and 𝑀𝑞 are the dry static stability and moisture 158 

stratification and ∇! ∙ 𝐯 is signed positive for low-level convergence; and 𝐯𝐪 is the vertically-159 

averaged horizontal wind vector weighted by the moisture vertical structure assumed in QTCM1.  160 

(Note that baseline values for parameters such as 𝑀𝑠 and 𝑀𝑞 are given in Lintner et al. 2013 and 161 

references therein.  Table 1 summarizes parameter values most relevant to the present study.) 162 

The term 𝑃 in (3) and (4) represents the net convective (condensational) heating and drying, 163 

respectively; the negative sign in (4) indicates that precipitation is a net sink of vertically-164 

averaged tropospheric moisture.  For the temperature equation (3), we have neglected horizontal 165 

temperature gradients following the weak temperature gradient assumption (Sobel and 166 

Bretherton 2000; Sobel et al. 2001).  Note that all terms appearing in (3) and (4) are implicitly 167 

scaled to units of mm day-1 by absorbing constants such as (specific) heat capacity, latent heat of 168 

fusion, and column mass per unit area Δ𝑝 𝑔, where Δ𝑝 is the tropospheric pressure depth.   169 

A steady balanced surface energy flux constraint, in which the annual-mean ground 170 

surface heat flux is neglected, reads: 171 

𝑅!"#$ − 𝐸 − 𝐻 = 0      (5) 172 

where the net surface radiative heating, 𝑅!"#$, is signed positive downward.  173 
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In Lintner et al. (2013), we consider tropospheric temperature (𝑇) as prescribed and solve the 174 

system of equations (3)-(5) for 𝑞, ∇! ∙ 𝐯, and surface temperature 𝑇𝑠 for prescribed large-scale 175 

advection. A closed-form, self-consistent solution can be obtained by invoking the steady-state 176 

soil moisture budget: 177 

𝑃 − 𝐸 − 𝑄!"#$%% = 0     (6) 178 

where 𝑄!"#$%% is the net runoff. For analytic simplicity, we assume a simple bucket model, with 179 

an evaporative efficiency, 𝛽 = !
!!

, for which we assume a simple linear relationship 𝛽 = 𝑤 180 

(Porporato et al. 2001, 2004), where 𝑤 is the dimensionless soil moisture (actual soil moisture 181 

normalized by a holding capacity).  𝑄!"#$%% is represented as the precipitation rate times a power 182 

law of soil moisture,  𝑄!"#$%% = 𝑃𝑤!   (Kirchner 2009).  The baseline power law scaling 183 

exponent is 𝜂 = 4, the value used in Lintner et al. (2013).  The suitability of invoking a single 184 

moisture storage variable to represent both basin scale evaporative efficiency and runoff has 185 

recently been demonstrated at nine watersheds containing Ameriflux eddy covariance 186 

measurements of evaporation and gauged streamflow (Tuttle and Salvucci, 2012).   187 

For analytic simplicity, we consider linearized radiative and surface turbulent fluxes of the 188 

form: 189 

𝐻 = 𝐻! + 𝜀! 𝑇𝑠 − 𝑎!!𝑇        190 

𝐸 = 𝛽[𝐸𝑝! + 𝜀!(𝛾𝑇𝑠 − 𝑏!!𝑞)     (7) 191 

𝑅! = 𝑅!! + 𝜀!"!"𝑇𝑠 + 𝜀!!"𝑇 + 𝜀!!"𝑞 + 𝑐!𝑃 

Quantities with subscript “0” denote the values about which the fluxes are linearized, with 192 

coefficients 𝜀 representing the linear sensitivity of fluxes to 𝑇, 𝑞, and 𝑇𝑠.  The scale factors 𝑎!! 193 

and 𝑏!! relate vertically-averaged temperature and moisture to near surface values appropriate 194 
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for computation of surface bulk turbulent fluxes. The coefficient 𝛾 = !"∗
!"

 is the slope of the 195 

saturation specific humidity (𝑞∗) with respect to temperature, as defined via the Clausius-196 

Clapeyron equation. Note that in our usage, 𝑞 (or 𝑞∗) is implicitly scaled to units of temperature 197 

(K) via absorption of the psychrometric constant; thus 𝛾 is dimensionless. The radiative fluxes 198 

are calculated at the top-of-the-atmosphere and the surface (𝑥 = 𝑡𝑜𝑎 and 𝑥 = 𝑠𝑢𝑟𝑓), and the 199 

coefficients 𝑐! are cloud-radiative forcing sensitivities, with cloud-radiative fluxes assumed to be 200 

linearly proportional to the precipitation rate.  Precipitation (convective heating in equation (3) or 201 

convective drying in equation (4)) is formulated in terms of a Betts and Miller (1986)-type 202 

relaxation scheme: 203 

𝑃 = max  [𝜀! 𝑞 − 𝑞! 𝑇 , 0].               (8) 204 

Here, 𝑞! 𝑇  is a temperature-dependent moisture threshold and 𝜀! is the convective adjustment 205 

rate coefficient (inversely related to the timescale for convective adjustment 𝜏!).  206 

 207 

3)  Overview of the baseline relationships 208 

3a)  Complementary relationship 209 

Figure 1a illustrates the functional relationships between soil moisture and 𝐸,  𝑃, and 𝐸! of the 210 

prototype. The general response of 𝐸 and 𝐸! with increasing soil moisture, namely 𝐸! decreasing 211 

and 𝐸  (generally) increasing, is consistent with the CR (2). 𝐸! relates to 𝑤 through the deficit 212 

between ambient and saturation specific humidity at the surface (Lintner et al. 2013): the deficit 213 

decreases with increasing soil moisture since 𝑞 increases and 𝑇𝑠 decreases. Figure 2 depicts the 214 

results of the prototype against 𝐸 and 𝐸! observations from Little Washita River Basin near 215 

Chickasha, Oklahoma (see Kahler and Brutsaert 2006 for a full description of the dataset). Here 216 
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𝐸! was obtained directly from pan evaporation measurements with a correction factor and 𝐸 was 217 

measured using the Bowen ratio (EBBR) technique. 𝐸 and 𝐸! are presented in dimensionless 218 

units by dividing by the Priestly and Taylor (1972) evaporation, i.e., 𝐸!"# = 𝛼 !
!!!

𝑅!"#$, where 219 

𝛼 is a correction factor with an estimated value of ~1.26. The CR from the prototype shows a 220 

qualitative, and arguably even quantitative, correspondence with both observational datasets. Of 221 

course, we should point out that the prototype was not explicitly tuned to represent the 222 

hydroclimate of these locations, and as such, any quantitative correspondence may be 223 

coincidental.  Moreover, the scatter inherent in the observations would permit a range of 224 

plausible complementary relationships.   225 

A slight decrease in 𝐸 is observed for 𝑤 ≳ 0.7 (see the gray curve in Figure 1a). To our 226 

knowledge such a decrease has not been previously investigated, even though it appears in in situ 227 

measurements (Kahler and Brutsaert 2006; PS09), as evident in Figure 2.  The decrease of both 228 

𝐸 and 𝐸! arises from the monotonic decrease in 𝐸! (!!!
!"

< 0) at large soil moisture, as pointed 229 

out by Lintner et al. (2013). Indeed, in the prototype, increasing soil moisture is a consequence of 230 

increasing precipitation, with the latter progressively balanced by higher moisture convergence 231 

(c.f., Figure 3 of Lintner et al. 2013). Increasing moisture convergence is associated with 232 

increasing (low-level) humidity, which reduces the surface vapor pressure deficit, thereby 233 

reducing 𝐸!. Overall the moisture balance at large soil moisture values implies a greater role for 234 

nonlocal processes. On the other hand, at very low soil moisture values, mean 𝑃 is mostly 235 

balanced by 𝐸, resulting in a tight link among 𝐸, 𝐸!, and 𝑤. This explains the success of local 236 

coupled land-boundary layer models (Bouchet 1963, van Heerwarden et al. 2010) in representing 237 

the drier regime of the CR.  238 
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In prior studies of the CR, a quantity 𝐸!"# is introduced to denote the point of convergence of 239 

𝐸 and 𝐸! under unlimited soil moisture (saturated surface) conditions i.e. at high soil moisture 240 

values (see equation 2). Conventionally, 𝐸!"# is assumed to represent equilibrium 𝐸 from a 241 

saturated surface when advection is minimal and is usually computed empirically following 242 

Priestly and Taylor (1972). While the prototype 𝐸! does indeed converge toward 𝐸 as soil 243 

moisture increases, there is in fact no unique value of 𝐸!"# because of the decline 𝐸 at high soil 244 

moisture.  245 

As PS09 further note, plotting potential evapotranspiration and evapotranspiration against 246 

soil moisture (or a similar variable) may mask the linear nature of the CR. Thus, Figure 1b 247 

depicts 𝐸! directly as a function of 𝐸.  In this case, the approximate linearity implied by equation 248 

(1) is found to hold over a large range of 𝐸  and 𝐸! values.  A linear regressive best fit to the 𝐸!   249 

vs. 𝐸 relationship for 𝐸 < 6 mm day-1 yields a slope, i.e., the parameter  𝑏  in equation (1), of 250 

magnitude ~3.8.  This value of 𝑏 is quantitatively consistent with the estimates of Kahler and 251 

Brutsaert (2006), Szilagyi (2007), and PS09, and unlike the original treatment of Bouchet (with 252 

𝑏 = 1), implies a strongly asymmetric CR.   The implied value of 𝑏 is close to 𝛾, the 253 

dimensionless slope of the saturation specific humidity curve, which is 3.5 in the baseline 254 

configuration; in fact, as we show in the parameter sensitivity analyses in Section 4a), 𝑏 varies 255 

predominantly with 𝛾, which is consistent with the theoretical arguments presented in Granger 256 

(1989).  257 

We can, in fact, derive an analytic expression for the CR for our land-atmosphere coupling 258 

prototype.  We begin by subtracting 𝛾𝐻 from 𝐸! and invoke the zero surface flux constraint to 259 

yield: 260 

𝐸! − 𝛾𝐻 = 𝐸! + 𝛾𝐸 − 𝛾𝑅!     (9) 261 
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Then, using the bulk formulae expressions for 𝐸! and 𝐻, the left-hand side of (9) can be 262 

expanded as 263 

𝐸! − 𝛾𝐻 = 𝜖!(𝑎!!𝛾𝑇 − 𝑏!!𝑞)    (10) 264 

Since precipitation rate 𝑃 = 𝜖! 𝑞 − 𝑞! 𝑇 , 𝑞 can be eliminated in favor of 𝑃, which upon 265 

rearranging the terms gives: 266 

 𝐸! + 𝛾𝐸 = 𝛾𝑅! −
!!!!!
!!

𝑃 + 𝑓(𝑇)        (11)  267 

In (11), 𝑓 𝑇 = 𝜖! 1+ 𝛾 !![𝑎!!𝛾𝑇 − 𝑏!!𝑞! 𝑇 ] is just a function of the (prescribed) 268 

tropospheric temperature, and is thus constant over the prototype transect. 269 

Comparing (11) to (2), we find: 270 

𝑏 = 𝛾                  (12) 271 

and 272 

𝐸!"# = (1+ 𝛾)!![𝛾𝑅! +   𝑓 𝑇 − !!!!!
!!

𝑃].    (13) 273 

As discussed above, in prior work, 𝐸!"# was defined using the relationship of Priestley and 274 

Taylor (1972). The first term of term (1+ 𝛾)!!𝛾𝑅! in equation (13) corresponds to the Priestley-275 

Taylor formulation but with a coefficient of 1 in lieu of 𝛼. It is worth noting that Kahler and 276 

Brutsaert’s in situ observations imply a Priestley-Taylor coefficient in the range of 0.89 to 1.13, 277 

which is in line with the value of 1 for the coefficient of 𝐸!"# suggested by (13).  The remaining 278 

terms in 𝐸!"# are not explicitly represented in the Priestley-Taylor relationship 𝐸!"#, although 279 

this dependence may be implicitly captured through variation of the Priestley-Taylor coefficient. 280 

However, we note that the dependence of equation (13) on precipitation implies a negative 281 

feedback of 𝑃 on the 𝐸!"#, since higher tropospheric moisture is associated with higher 282 



	   14	  

precipitation, thereby decreasing vapor pressure deficit at the surface and suppressing 𝐸!"#.  This 283 

is consistent with the decrease to 𝐸 at high soil moisture evident in Figure 1a. 284 

 It is obvious that 𝐸!"#  as defined by (13) is not constant across the prototype transect, as 285 

it depends on surface radiative heating and precipitation.  (In a more general model, variations in 286 

tropospheric temperature across the transect would also impact the value of 𝐸!"#.) Again, we 287 

point out that the Priestley-Taylor relationship only shows an explicit dependence on radiation 288 

(and the Clausius-Clapeyron slope).  In addition to the negative feedback of precipitation on 289 

𝐸!"#  through the vapor deficit, 𝑅!"#$ itself also decreases as 𝑃 increases, owing to the negative 290 

cloud-radiative forcing associated with deep convective clouds (see Lintner et al. 2013).  Related 291 

to the non-constancy of 𝐸!"#, we also note that value of 𝑏 differs slightly from the value inferred 292 

from directly fitting to the linear portion of the 𝐸!  vs. 𝐸 curve in Figure 1b. 293 

 294 

3b)  Budyko curve 295 

Within our prototype, the steady-state soil moisture equation (6) can be recast as: 296 

𝐵 𝜙 = 1− 𝑄!"#$%%/𝑃      (14) 297 

For the simple case of a land surface bucket model with a runoff power law scaling exponent of 298 

𝜂 = 2, and noting that soil moisture can be expressed as 𝑤 = 𝛽 𝑤 = !
!!
= !(!)

!
, equation (14) 299 

reduces to a quadratic equation in 𝐵 𝜙 , with an analytic solution in terms of 𝜙 expressed as: 300 

𝐵 𝜙 = !!

!
1+ !

!!
− 1      (15) 301 

Figure 3 illustrates the Budyko curves for the baseline configuration of the prototype (𝜂 = 4) and 302 

the analytic solution for 𝜂 = 2, with Budyko’s well-known empirical formulation 𝐵 𝜙 =303 

𝜙tanh  (𝜙!!)(1− 𝑒!!) for comparison. Also depicted are the energy- and water-limited 304 
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asymptotes. For the baseline configuration, 𝐵 𝜙  at intermediate values of aridity index lies 305 

above the empirical Budyko fit, while the 𝜂 = 2 curve lies below. Variation in the shape of 𝐵 𝜙  306 

with increasing values of 𝜂 is consistent with decreasing runoff for a given value of precipitation, 307 

which in turn necessitates shifting the surface water balance to favor E over 𝑄!"#$%%. We point 308 

out that equation (15) possesses limiting behavior consistent with empirically-derived estimates 309 

in prior studies (Budyko 1961, Fu 1981):  thus, 𝐵 𝜙 → 0 as 𝜙 → 0 with a linear asymptote 310 

𝐵(𝜙)~𝜙, while and 𝐵 𝜙 → 1 as 𝜙 → ∞ with an asymptote 𝐵 𝜙 ~1− 𝜙!!.  The limiting 311 

behavior of 𝐵(𝜙) as 𝜙 → 0 further implies that 𝐸 → 𝐸!, which in turn necessitates 𝐸! → 0 in 312 

this limit.  In other words, the decline in 𝐸 at high soil moisture noted in Section 3a is also 313 

consistent with the Budyko curve. 314 

 315 

4)  Parameter and process sensitivity 316 

4a)  Parameter sensitivity 317 

We now explore how the CR depends on parameter values assumed in the prototype.  In 318 

particular, we focus on how the implied slope of 𝐸! vs. 𝐸 (e.g., the slope of the dashed black line 319 

in Figure 1b) depends on a subset of four prototype parameters: the dimensionless slope of the 320 

saturation specific humidity curve, 𝛾; the surface drag coefficient, which is embedded in the 321 

turbulent flux scaling coefficient 𝜀!; the surface cloud longwave forcing, 𝑐!"#$; and the 322 

convective adjustment timescale, 𝜏!.  Our consideration of 𝛾 is motivated by its control on the 323 

Bowen ratio or, similarly, the evaporative fraction (Gentine et al. 2011), and thus effectively the 324 

relative variation of 𝑞 compared to 𝑇𝑠.  We note that with global warming the saturation specific 325 

humidity is expected to increase and thereby modify precipitation and the hydrologic cycle (Held 326 

and Soden 2006). The surface drag coefficient depends on surface roughness, which could 327 
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account for some of the heterogeneity in the observed slope of 𝐸! vs. 𝐸.  The remaining two 328 

parameters, 𝑐!"#$ and 𝜏!, are associated with two of the more uncertain aspects of current 329 

generation climate models, namely the effect of clouds on radiation and the parameterization of 330 

deep convection, respectively. Although the representation of clouds and convective processes 331 

are grossly simplified in the prototype, we can view the parameter sensitivity to 𝑐!"#$ and 𝜏! as a 332 

guide for anticipating how uncertainty in analogues to these parameters contained in more 333 

complex climate models may be expected to influence the CR evident in these models. 334 

Figure 4 illustrates the percentage variation of the CR slope relative to its baseline value 335 

(~3.8) as functions of percentage variations in each of the four sensitivity parameters.  Each of 336 

the latter is varied uniformly over a range of ±50% of the baseline values indicated in Table 1.  It 337 

is immediately clear that the slope of the CR varies in a 1:1 manner with 𝛾.  On the other hand, 338 

for the remaining three parameters, the percent change in the CR slope is typically an order of 339 

magnitude smaller. We point out the nonlinearity associated with changing the surface drag 340 

coefficient, as decreasing surface drag produces a proportionately larger reduction in the slope of 341 

the CR compared to increasing surface drag by the same amount.  342 

  Since 𝛾 is just the slope of the Clausius-Clapeyron relationship, it has a quasi-exponential 343 

dependence on temperature and thus may be expected to vary sharply across the range of 344 

observed terrestrial temperature conditions. One consequence of this dependence is that the CR 345 

may be expected to become more asymmetric with warming, as higher values of the slope imply 346 

a larger change in 𝐸! for a given change in 𝐸.  In turn, this may have implications for the 347 

strength of the coupling between the land surface and atmosphere in a warming climate.  For 348 

example, recent work by Dirmeyer et al. (2012, 2013, 2014) points to increases in metrics of 349 
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land-atmosphere coupling strength in a warming climate.  In section 5, we further explore the 350 

response of our prototype to a global warming scenario. 351 

In contrast to the complementary relationship, the Budyko curve exhibits no apparent change 352 

in shape for these parameter variations. This shape invariance is unsurprising given that the 353 

Budyko curve is only a function of the aridity index 𝜙, as can be seen directly in the analytic 354 

solution for the analytic solution for 𝜂 = 2 (equation 15) or by substituting the expression for 355 

runoff in equation (14).  Thus, while 𝐸, 𝐸!, and 𝑃  vary in response to changing prototype 356 

parameters, their ratios are constrained to lie along a fixed Budyko curve.  Yang et al. (2009) 357 

suggest such shape invariance is characteristic of the Budyko curve response to what they 358 

broadly term “climate conditions,” as they note climate forcing at a particular location simply 359 

moves the system from one point along its characteristic Budyko curve to another. By contrast, 360 

Yang et al. (2009) show how different locations fall onto distinct Budyko curves as a result of 361 

land surface or landscape properties such as soil, vegetation cover, rooting depth, etc.  362 

 363 

4b) Process intervention experiments 364 

Apart from considering the sensitivity of the CR relationship (or Budyko curves) to parameter 365 

values, we can also assess how the prototype solutions respond to altering a particular process or 366 

term in the governing equations. For the first such intervention-type experiment, we alter the 367 

evapotranspiration (𝐸-intervention experiments) by prescribing as constant either i) 𝛽 or ii) 𝐸!.  368 

𝐸-intervention experiment i) is analogous to the methodology adopted in the Global Land 369 

Atmosphere Coupling Experiment (GLACE)-type studies for comparing simulations with and 370 

without interactive soil moisture (Koster et al. 2004, 2006, Seneviratne et al. 2006).  𝐸-371 

intervention experiment ii) is similar to the approach Lintner et al. (2013) used to sever the 372 
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feedback of near surface climate onto 𝐸!, which here is mediated principally through suppression 373 

of the dependence of potential evapotranspiration on “atmospheric drying power”, since the 374 

variation of radiative forcing across the prototype transect in its baseline configuration is weak 375 

(see discussion below).  376 

Rather than present the complementary relationship for the 𝐸-intervention experiments (since 377 

the CR necessarily breaks down in either case), we instead show 𝑇𝑠 and 𝑞 as functions of 𝑤 378 

(Figures 5a and 5b, respectively). For 𝐸-intervention experiment i) with 𝛽 prescribed, the 379 

variation in 𝑇𝑠 across soil moisture conditions (gray curve) is considerably reduced: while the 380 

difference in the baseline 𝑇𝑠 (black curve) between the driest and wettest conditions is roughly 381 

5K, it is under 0.5K with 𝛽 prescribed.  Similarly, the range of variation in specific humidity 382 

(here scaled to its surface value) across soil moisture states is attenuated relative to the baseline, 383 

although it is less pronounced than for surface temperature. Qualitatively opposite behavior is 384 

seen under 𝐸-intervention experiment ii) with 𝐸! prescribed, as the variations of both 𝑇𝑠 and 𝑞 385 

across the range 𝑤 are increased relative to their baseline values.  Note that at low soil moisture, 386 

the behavior of the baseline case more closely resembles 𝐸! prescribed experiments, while at 387 

high soil moisture, it is more similar to the 𝛽 prescribed experiment. 388 

We can further assess how the CR changes with intervention in either surface sensible heat 𝐻 389 

or surface radiative heating 𝑅!, by prescribing either of these fluxes to a constant value. Under 390 

𝑅!-intervention (Figure 6a), there is little net change in the CR relative to the baseline over most 391 

of the range of soil moisture; however, at high 𝑤, both 𝐸! and 𝐸 are slightly increased.  The 392 

increase in 𝐸! arises through a slight elevation of surface radiation heating above the baseline 393 

state, since the negative effect of cloud shortwave forcing, i.e., more convective clouds leading 394 

to less surface shortwave heating, is absent. This in turn feeds back onto precipitation, which is 395 



	   19	  

slightly enhanced. We further mention a competing effect, namely increased surface longwave 396 

forcing (and hence warming) with increased water vapor and convective cloudiness.  For the 397 

parameter values chosen, this effect loses out to the shortwave forcing. On the other hand, 398 

uncertainty in these parameter values, particularly the cloud forcing, could alter the balance of 399 

these two effects.  400 

Under 𝐻-intervention (Figure 6b), the CR is dramatically altered, as 𝐸! drops off more 401 

rapidly with increasing soil moisture, while 𝐸 rises faster at low soil moisture and then flattens 402 

off.  The quantitative details of the change in shape of 𝐸! and 𝐸 depend on the value of sensible 403 

heat flux prescribed.  Plotting 𝐸! vs 𝐸 (not shown) yields a best fit linear regressive slope of ~28, 404 

consistent with the very asymmetric nature of the CR when the variation in 𝐻 across the transect 405 

is suppressed. 406 

 407 

5) Impacts of global warming and large-scale irrigation 408 

5a) Global warming 409 

How the hydrologic cycle responds to global warming is clearly of great significance to 410 

projecting climate change impacts (Allen and Ingram 2002, Milly et al. 2005).  At present, our 411 

understanding of the hydrologic cycle response to warming is guided by some theoretical 412 

constraints, e.g., the Clausius-Clapeyron relationship promotes enhanced tropospheric 413 

moistening, although model projections show considerable spread in the regional signatures of 414 

hydrologic cycle change (Held and Soden 2006; Neelin et al. 2013). Assessing global warming 415 

impacts on the terrestrial hydrologic cycle is complicated by changes in land use such as 416 

deforestation and agricultural conversion and coupling to vegetation (Lee et al. 2011). 417 
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Over the latter half of the 20th century, several studies have reported widespread decreases in 418 

pan evaporation (Lawrimore and Peterson 2000; Hobbins et al. 2004; Roderick and Farquhar 419 

2004; Shen et al. 2009), which can be related to 𝐸!.  Several hypotheses have been proposed to 420 

explain the decreasing trend in pan evaporation, including increasing precipitation reducing the 421 

vapor pressure deficit of the lower atmosphere, global dimming reducing shortwave radiative 422 

heating at the surface, and stilling of surface winds reducing the exchange coefficient. Van 423 

Heerwaarden et al. (2010) conducted an extensive set of sensitivity tests for each of these effects 424 

on the CR using a conceptual model of the diurnal terrestrial boundary layer. They concluded 425 

that “except over wet soils, the actual evapotranspiration is more sensitive to changes in soil 426 

moisture than to changes in short wave radiation so that global evaporation should have 427 

increased. Nevertheless, Wild et al. (2004) speculate that in the latter half of the 20th century, 428 

increased moisture transport from the oceans enhanced precipitation over land, but suppressed 429 

the evaporation—opposite to [their] expectations”. 430 

Figure 7 depicts the effect on prototype hydroclimate of imposing a 2K warming of the 431 

prescribed column-mean temperature.  In this figure, differences between the 2K warming 432 

configuration and the baseline are plotted against baseline values of 𝑤; also shown is the 433 

difference in soil moisture between the 2K warming and baseline scenarios.  Across the range of 434 

baseline soil moisture conditions, the imposed warming decreases 𝐸! (black), since 𝑞 itself 435 

increases. While 𝐸 (gray) increases with warming at 𝑤, it decreases for 𝑤 > 0.5, which is 436 

consistent with the results of van Heerwaarden et al. (2010). In addition, 𝑃 (blue) increases under 437 

warming over the entire range of precipitation values (similar to Wild et al. 2004), albeit with a 438 

local minimum at intermediate soil moisture values.   439 
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The opposing changes of 𝐸! and 𝐸 with warming at low soil moisture are consistent with 440 

expectations from the CR, as an increase in one corresponds to a decrease in the other. Of course, 441 

increasing the temperature increases the value of 𝛾, which means the slope of the CR increases 442 

between the baseline and 2K warming scenarios.  On the other hand, since Ewet decreases with 443 

tropospheric warming, both Ep and E follow the behavior of Ewet and therefore decrease. 444 

While the values of hydroclimatic variables may change substantially between the baseline 445 

and 2K warming scenarios, the Budyko curve is unaltered, as discussed in Section 4a.  However, 446 

as Figure 8 illustrates, forcing conditions, i.e., the value drying advection, identified with specific 447 

points along the Budyko curve in the baseline scenario are shifted to lower values of the aridity 448 

index 𝜙 in the 2K warming scenario, since 𝐸! decreases while 𝑃 increases. Based on these 449 

results, we note the potential utility of the Budyko curve in providing qualitative or even 450 

quantitative constraints on how terrestrial hydroclimate variables will respond to warming.    451 

 452 

5b) Large-scale irrigation 453 

Over many parts of the world, irrigation has been adopted to support agricultural production. 454 

Over India, for example, irrigation is now sufficiently extensive that large-scale alterations of 455 

hydroclimate may be occurring (Cook et al. 2010, Guimberteau et al. 2011). With respect to 456 

potential irrigation-induced changes in hydroclimate, Ozdogan et al. (2006) employed a 457 

mesoscale climate model and field data to demonstrate that large-scale irrigation in southeastern 458 

Turkey has impacted evaporation and potential evaporation in a complementary manner.  They 459 

found a variety of interactions responsible for the trends, including increased atmospheric 460 

stability, decreased vapor pressure deficit, and, interestingly, a strong decrease in wind speed.  461 

Han et al. (2014) point out that while trends in 𝐸! have often been invoked to estimate possible 462 
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trends in 𝐸, how irrigation may impact 𝐸! has typically been neglected in assessment and 463 

interpretation of 𝐸! trends.  It is thus worth briefly investigating how large-scale irrigation 464 

modulates the Budyko and complementary relationships within the framework of the prototype 465 

analyzed here. To do this, we consider the addition of an irrigation source, I, to the soil moisture 466 

balance equation (6), which then becomes 𝑃 + 𝐼 = 𝐸 + 𝑄!"#$%%. 467 

To see the impact of irrigation on the prototype hydroclimate, Figure 9 depicts 𝐸, 𝐸!, and 𝑃 468 

in the baseline and 𝐼 = 2  mm day-1 configurations.  Here we have plotted these quantities with 469 

respect to both horizontal dry advection (Figure 9a) and soil moisture (Figure 9b).   Given the 470 

direct moistening of the atmosphere by irrigation, the transition between nonprecipitating and 471 

precipitating conditions in the presence of irrigation occurs at a significantly larger value of 472 

drying advection in the large-scale irrigation scenario, as shown in Figure 9a.  Across the range 473 

of moisture advection values, both 𝐸 and 𝑃  are enhanced in the presence of large-scale irrigation, 474 

as expected, and 𝐸! decreases, in line with complementarity.  Additionally, at low to 475 

intermediate precipitation, 𝐸 exceeds 𝑃.  Thus, whatever soil moisture is not locally recycled as 476 

precipitation would instead be transported downwind, as suggested by some studies on observed 477 

irrigation (e.g., DeAngelis et al. 2010).   Viewed with respect to soil moisture (Figure 9b), the 478 

inclusion of large-scale irrigation is seen to induce a slight increase in 𝐸 for a given value of 𝑤.  479 

On the other hand, since the value of drying advection is larger at a given 𝑤 in the presence of 480 

irrigation, 𝐸! itself is larger. Directly relating 𝐸! to 𝐸 indicates effectively no change in the slope 481 

of the CR, though the intercept is increased when irrigation is applied (not shown).  Precipitation 482 

at a given value of 𝑤 is lowered in the irrigated scenario.   483 

As a consequence of the changes in 𝐸 and 𝑃, the Budyko curve for irrigated conditions 484 

(Figure 10, dotted line) is shifted above its baseline:  in fact, the irrigated Budyko curve extends 485 
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above 1 for 𝜙 > 1, as water limitation is effectively alleviated with the imposed irrigation water 486 

source.  When 𝐸 is replaced by the residual 𝐸∗ = 𝐸 − 𝐼, the resulting Budyko-like curve (stars) 487 

drops below the baseline.  488 

Of course, we should point out that by imposing irrigation in the prototype with tropospheric 489 

temperature prescribed, we are neglecting a potentially important cooling of the lowermost 490 

atmosphere, not to mention that our prototype does not account for changes in convective 491 

initiation or triggering that may occur, e.g., through changes to atmospheric stability.  Moreover, 492 

we do not take into account vegetation control on 𝐸 since we only represent soil moisture 493 

dependence of evapotranspiration through a bucket model.  Thus, the irrigation impacts 494 

described here merely reflect the direct effect of added moisture to the atmosphere.  495 

 496 

6.  Summary and conclusions 497 

In this study, we use an idealized prototype incorporating the key physics of large-scale land-498 

atmosphere coupling to derive analytic expressions for the well-known Budyko and 499 

complementary relationships.  Our approach differs from previous analytic approaches in that 500 

precipitation and moisture convergence are treated implicitly rather than applied as an external 501 

forcing.  The analytic solutions permit straightforward diagnosis of the sensitivity of the Budyko 502 

and complementary relationships to atmospheric and land surface parameters. In particular, the 503 

slope of the CR is shown to be mostly dependent on the temperature with important implications 504 

for the continental hydrologic cycle with a warming climate. One consequence of this 505 

dependence is that the CR may be expected to become more asymmetric with warming, as higher 506 

values of the slope imply a larger change in potential evaporation for a given change in 507 

evapotranspiration. On the other hand the Budyko curve is very stable to many parameterization 508 
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of the model parameters or global temperature. It is thus expected that the Budyko curve should 509 

remain relatively stable under a warming climate. Other causes of anthropogenic changes such as 510 

large-scale irrigation are however shown to strongly impact the Budyko curve with little impact 511 

on the CR. 512 
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Table and Figure Captions 802 

Table 1: Parameter definitions and values in the baseline land-atmosphere coupling prototype. 803 

Figure 1:  Complementary relationship in the baseline configuration.  a) Potential 804 
evapotranspiration (𝐸!; black), evapotranspiration (𝐸; gray), and precipitation (𝑃; blue) as 805 
functions of soil moisture (𝑤).  b)  𝐸! vs. 𝐸 (black) and the 1:1 line (gray).  Also shown is the 806 
best fit linear regression of the 𝐸! to 𝐸 relationship (squares). 807 

Figure 2:  Baseline complementary relationship compared to Kahler and Brutsaert’s 808 
observational data from the Little Washita River basin in Oklahoma, USA (c.f., Figure 5 in 809 
Kahler and Brutsaert, 2006).  Symbols shown correspond to two different normalizations of the 810 
observations and gray lines to best fits through these points.  The values along the abscissa, 𝐸!", 811 
correspond to the ratio of actual to pan evaporation in Kahler and Brutsaert (2006) and are 812 
identical to soil moisture in the prototype. Prototype 𝐸! and 𝐸 (red and purple curves, respective) 813 
have been normalized with respect to the value of 𝐸!"# corresponding to the maximum value of 814 
𝐸 along the transect.   815 

Figure 3:  Prototype Budyko curves for the baseline prototype, i.e., 𝜂 = 4, in the formulation of 816 
runoff (thick black), for equation (15) for 𝜂 = 2 (gray), and Budyko’s empirical formula 817 
(squares).  The dashed lines are the energy- and water-limited asymptotes.  818 

Figure 4:  Parameter sensitivity of the complementary relationship slope.  Results shown are for 819 
varying: the slope of the saturation specific humidity with respect to temperature (no symbols), 820 
surface drag coefficient (circles), surface cloud radiative forcing (stars), and convective 821 
adjustment timescale (squares).  822 

Figure 5:  Comparison of prototype (a) surface temperature 𝑇𝑠 and (b) surface air humidity 𝑞𝑎 823 
for the baseline (black), fixed 𝛽 (gray), and fixed 𝐸! (blue) configurations of the prototype.  Note 824 
that 𝑞𝑎 is converted to temperature units of K. 825 

Figure 6:  Impact on the complentary relationship from prescribing either (a) net surface 826 
radiative heating or (b) sensible heat flux. The curves depicted correspond to 𝐸! (black), 𝐸 827 
(gray), and 𝑃 (blue) for the baseline configuration (solid) and prescribed radiative or sensible 828 
heat fluxes (dashed). 829 

Figure 7:  Differences in 𝐸! (black), 𝐸 (gray), and 𝑃 (blue) for a +2K warming relative to the 830 
baseline configuration as functions of soil moisture in the baseline configuration.  Also shown is 831 
the difference in soil moisture (dashed black), which has been rescaled by a factor of 10. 832 

Figure 8:  Shift in selected points along the Budyko curve for the baseline (black symbols) and 833 
+2K warming (red) configuration.  Pairs of like shaped symbols correspond to the same level of 834 
imposed drying advection forcing.  The values shown in the inset are the percentage changes for 835 
each of the baseline and +2K warming pairs. 836 

Figure 9:  Large-scale irrigation impacts on prototype hydroclimate. a) 𝐸! (black), 𝐸 (gray), and 837 
𝑃 (blue) for the baseline (solid curves) and 𝐼 = 2 mm day-1 large-scale irrigation scenario (dotted 838 
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curves), plotted with respect to horizontal moisture advection, scaled to units of mm day-1.  Here, 839 
horizontal advection values correspond to drying advection, which are associated with 840 
decreasing precipitation.  b) As in a), but with soil moisture as the abscissa. 841 

Figure 10:  Comparison of Budyko curves for the baseline (solid) and 𝐼 = 2 mm day-1 (dotted) 842 
configurations.  Also shown is a Budyko-like curve in which 𝐸 is replaced by 𝐸∗ = 𝐸 − 𝐼 (stars). 843 

Table 1:  Parameter definitions and values in the baseline land-atmosphere coupling prototype 844 

	  845 

Parameter	   Definition	   Value	  
𝑎!!	   Weighting factor for surface 

temperature 
0.30 

𝛼 Priestley-Taylor coefficient 1.26 
𝑏!!	   Weighting factor for surface 

moisture 
1.15 

𝑏	   Complementary relationship scale 
factor 

-- 

𝑐!"#$	   Surface cloud longwave forcing 
coefficient 

0.18 

𝛾 Dimensionless slope of Clausius-
Clapeyron relationship 

3.5 

𝜀! Linearized surface turbulent flux 
scaling coefficient 

42 mm day-1 K-1 

𝜂 Runoff power law scaling exponent 4 
𝜏! Convective adjustment timescale 2 hours 
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