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Abstract. As the tidal wave propagates into an estuary, the tidallyssyed water level tends to rise
in landward direction due to the density difference betwsadime and fresh water and the asymmetry
of the friction. The effect of friction on the residual slojgeeven more remarkable when accounting
for fresh water discharge. In this study, we investigatanfiaence of river discharge on tidal wave
propagation in the Yangtze estuary with specific attentoresidual water level slope. This is done
by using a one-dimensional analytical model for tidal hylymamics accounting for the residual
water level. We demonstrate the importance of the residopkeson tidal dynamics and use it to
improve the prediction of the tidal propagation in estugfiee., tidal damping, velocity amplitude,
wave celerity and phase lag), especially when the influehdeey discharge is significant. Finally,
we develop a new inverse analytical approach for estimdtigh water discharge on the basis of
tidal water level observations along the estuary, whichbmnsed as a tool to obtain information on
the river discharge that is otherwise difficult to measurthatidal region.

1 Introduction

Estuaries are water bodies that form the transition betvegencean (or sea) and a river. Their
specific hydraulic behaviour is unique in that they are natatyea mixture of marine and a riverine

signatures, experiencing both the effect of tides and @frrdischarge, but that they have a very
specific hydraulic behaviour with a phase lag somewheredmtthat of a progressive and standing
wave, a strongly deformed tidal wave and a residual watet Eape due to the presence of a density
gradient and the asymmetry of the friction between ebb awd ftoirrents (e.g. Savenije, 2012). This
asymmetry is even strengthed by river discharge. Due taherént funnel shape of estuaries, the
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effect of river discharge is much smaller near the estuarytmovhere the cross-sectional area is
generally orders of magnitude larger than the cross-geofithe river, but it can become dominant
further upstream in the estuary, particularly during timésn the river is in spate.

Due to the general dominance of tidal flows in the tidal regiban estuary, it is often difficult
to determine the magnitude of the fresh water dischargeramty. Thus, discharge gauging sta-
tions are usually situated at locations outside the tidgibre even though there may be additional
tributaries or drainage areas within the tidal region. Kimgthe fresh water discharge within the
tidal region, however, may be important for water resousseasment or flood hazard prevention
(e.g. Madsen and Skotner, 2005; Erdal and Karakurt, 201Bet.al., 2014), or for the analyses of
sediment supply (e.g. Syvitski et al., 2003; Prandle, 200dng et al., 2008), or for irrigation or
estimating the effect of water withdrawals on salt intrasje.g. MacCready, 2007; Gong and Shen,
2011; Zhang et al., 2012a), and for assessing the impactswefclimate change(e.g. Kukulka and
Jay, 2003a,b; Moftakhari et al., 2013). Although it is pbksito estimate river flow by upscaling
the gauged part of a catchment, such an estimate may be mtecaspecially in poorly gauged
catchments or in high-precipitation coastal areas (Jaykahdlka, 2003).

Itis noted that several forward models (determing tidaperties from fresh water discharge) have
been presented to investigate the interaction betweelm fvater discharge and tide in estuaries (e.g.
Dronkers, 1964; Leblond, 1978; Godin, 1985, 1999; Jay, 198¢ et al., 2011; Jay and Flinchem,
1997; Kukulka and Jay, 2003a,b; Horrevoets et al., 2004¢cBusn et al., 2009; Cai et al., 2012b,
2014). Based on the tidal theory developed by Jay (1991)eday. (2011), Jay and Flinchem
(1997) and Kukulka and Jay (2003a,b), Jay and Kukulka (20683 an inverse model (determining
fresh water discharge from tidal properties) to hindcasrrilows for a very high-flow year (1948)
and for a low-flow year (1992) in Columbia River. The model vimgher successfully applied
to estimate the history of inflow to San Francisco Bay usirgdtmilable tidal records (Jay et al.,
2005). Recently, Moftakhari et al. (2013), building on ttzelier work by Jay and Kukulka (2003),
revisted the method of predicting fresh water dischargeblyiding a guantification of uncertainties.
However, such an approach is based on statistical and harienaalyses without using an analytical
relationship between the fresh water discharge and othgraiting parameters (such as water level
and tidal damping). In this paper, we aim to establish anydical equation relating tidal wave
propagation to the fresh water discharge from upstreanidBgshe general interest of establishing
an analytical relation between wave cererity, phase ldggcitg amplitude, tidal damping, residual
slope and river discharge, this relationship can be of malaise to estimate, in an inverse way, river
discharge on the basis of observed tidal water levels aloags$tuary axis. Of course our method
also has its disadvantages. It requires an exponentiabglaaps the case in alluvial estuaries), it
requires that the Mis dominant over other tidal constituents, and there shbelé measurable
influence of the river discharge (river discharge and tidatlthrge being within the same order
of magnitude). It should also be realised that in convergstiiaries of infinite length there is



no reflected wave (see also Jay, 1991), but that it is esigrgtigingle wave moving in upstream
direction with a phase shift that depends on convergencelamping (according to the phase lag
60 equation T1 in Table 2).

The Yangtze estuary in China is used as an illustration ofathedytical approach. The tidal
dynamics of the Yangtze estuary was earlier investigatechiayg et al. (2012b) using an analytical
model proposed by Savenije et al. (2008). They calibrateit thodel on data observed during the
dry season assuming that the effect of river discharge wgligitde. In this paper, we elaborate

65 on the analytical solutions proposed by Cai et al. (2014) ianéstigate the influence of residual
water level on tidal dynamics, which is poorly known, esp#giduring the wet season when there
is strong river discharge. In the method section, we buildh@nanalytical approach proposed by
Cai et al. (2014) accounting for the effect of river disclearghe method consists of two parts. The
first part still considers a fixed tidally averaged depth, leviihe second part involves an iterative

70 procedure to account for the residual water level slope dusonlinear friction. In Sect. 3, the
analytical model is applied to the Yangtze estuary and thehasv river discharge affects the tidal
damping is discussed. Subsequenly, we propose a new mettesdimate fresh water discharge
based on observed tidal water levels in the upstream pam @sStuary. Finally, conclusions are

drawn in Sect. 4.

75 2 Method
2.1 Analytical model for tidal dynamics accounting for river discharge

The basic geometric assumption of the analytical modelds ttie shape of alluvial estuaries can
be descried by exponential functions of tidally averagessigectional area, width, and depth (e.g.
Savenije, 2005, 2012):

80 A= Agexp (72) , B = Byexp (7%) , h = hoexp (7%) , (1)

wherez is the longitudinal coordinate directed landwart, B, h are the tidally averaged cross-

sectional area, stream width, and flow depttb, d are the convergence lengths of the cross-sectional

area, width, and depth, respectively, and the subscrigafeeto the reference point near the estuary
85 mouth.

A second assumption is that the flow width may be assumed toristant in time while the lateral
storage variation is described by the storage width ratie- Bs/B where Bs is the storage width
(Savenije et al., 2008). Finally, the instantaneous floweigy V' of a moving particle is considered
to consist of a steady componelit, caused by the fresh water discharge, and a time-dependent

90 component/;, contributed by the tide:

V=U-U, U; = vsin(wt), U.=Q:/A, 2
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wheret is time, @ is the river discharge (directed against the positiveirection), v is the tidal
velocity amplitude, and is the tidal frequency.

It has been shown that the estuarine hydrodynamics of atrasbtross-section is controlled by
a four dimensionless parameters that depend only on thi(laeafixed position) geometry and on
the external forcing (Toffolon et al., 2006; Savenije et 2008; Toffolon and Savenije, 2011; Cai
etal., 2012a, 2014). Table 1 presents these dimensiordeasipters, including; the dimensionless
tidal amplitude,y the estuary shape numberthe friction number, ang the dimensionless river
discharge, whergis the tidal amplitudeg, is the classical wave celerity of a frictionless progressiv

wave in a constant-width channel:

Co =1/ gﬁ/rs7 (3

and f is the dimensionless friction factor resulting from the @ope method (Savenije, 1998),
defined as:

=i

whereyg is the acceleration due to gravitlg, is the Manning—Strickler friction coefficient, the factor
4/3 stems from a Taylor approximation of the exponent of the &ytic radius in the friction term
(it implies that¢ should be smaller thady 4).

The dependent dimensionless variables are also shown e Talvhere) is the damping number
(a dimensionless description of the increase, 0, or decreasej < 0, of the tidal wave amplitude
along the estuary)y the velocity number (the actual velocity amplitude scalgdhe frictionless
value in a prismatic channel), the celerity number (the ratio between the theoreticatifndess
celerity in a prismatic channel, and the actual wave celerity ande the phase lag between high
water (HW) and high water slack (HWS) or between low water (LW bow water slack (LWS).
For a simple harmonic wave= /2 — (¢ — ¢v ), whereg, and¢y are the phase of water level
and velocity, respectively (Toffolon et al., 2006; Saversj al., 2008).

Making use of the dimensionless parameters presented la Talai et al. (2014) demonstrated
that the analytical solutions for tidal dynamics in a localss-section can be obtained by solving
a set of 4 equations (see Table 2), i.e., the phase lag Eg. {fid scaling Eq. (T2), the celerity
Eqg. (T3), and the damping Eq. (T4), where

p=0-rsch 0=1-(VIFC-1) %, (5)
andI'y is a hybrid friction term that is obtained by a combinatioriteef linearized and the nonlinear
Lagrangean friction term, with the optimum weight of theslmized friction terni';, being1/3, and
2/3 of the nonlinear friction ternt:

2 1
I'y=-I'+-T 6
H=3 +3 L, (6)
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If ¢ <1, the expressions of coefficients and L, are given by (Dronkers, 1964, P272-275):
4
135 Lo =[2+ cos(2a)] (2 — a) + 6 sin (2« , 9)
™ ™
2
L= 6 sin () + — sin (3a) + (4 - 804) cos () , (10)
T 3 ™
with
a = arccos(—y) . (11)

140

If > 1, these coefficients become:
Lo = —2—4¢p?, L1 =4p, (12)

If the river discharge is negligibldf = 0), the damping Eq. (T4) (see Table 2) can be simplified
145 as:

o)
0= ———=(v—xuAl 13
HMQ(V XpATH) (13)
with
2 8
Py = ~pA+ — 14

which corresponds to Eq. (27) of Cai et al. (2012a).
As an illustration, Fig. 1 shows the variation of the mainelegent dimensionless parameters as
a function of the shape numbernd the dimensionless river dischatg#or given values of = 0.1,
x = 2 andrg = 1, where the red lines represent the values in an ideal esfwittyno damping or
155 amplification, i.e.y =0, A = 1), of which the solutions are also presented in Table 2.

2.2 lterative proceduce to account for the residual water leel

Building on the work by Vignoli et al. (2003), Cai et al. (201groposed an analytical formula to
calculate the residual water level:

I
Z(x) = — K2ZhAl3
160 0

VIV 1| Vaw|Vaw| n Viw [Viw |
K2h4/3 2 K2(E+77)4/3 KQ(E_W)AL/S

dz,

(15)
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whereVyw andVy are the instantaneous velocities at HW and LW:
Vaw = vsin(e) — Uy, Viw = —wvsin(e) — U, (16)

It is important to recognize that Eq. (15) does not accountlie effect of density difference
between ocean and river water, which results in a residuednievel slope amounting to 1.25 % of
the estuary depth over the salt intrusion length (see Say@@i05, P37). Since the resulted residual
water level is relatively small compared with the tidallyeaaged depth and it is concentrated in
the seaward part of an estuary, we neglect the density éffe¢icsis paper. Consequently, the tidally
averaged depth including the residual water level is:

hnew(7) = h(z) +Z(x). 17)

whereh is the depth in relation to mean sea level.

The generic water levels in a tidal channel is illustrate#fiom 2. For the case of negligible river
discharge, = 0), the residual water level is usually small compared withdbpth relative to mean
sea level, i.eZ < h. However, it becomes important and affects tidal dampirtfpénupstream part
of an estuary where the influence of river discharge is cenalie.

It should be noted thap is a local parameter because it depends on the velocity adel
which is a function ofr (see Table 1). At the same time, the tidally averaged deppert#s on
the residual water level caused by the nonlinear frictiomteHence a fully explicit solution for the
main dimensionless parameters (i;€.9, A, €) cannot be obtained. Therefore an iterative refinement
is needed to obtain the correct wave behaviour. The follgwirocedure usually converges in a few
steps: (1) initially we assum@: = 0 and calculate the initial values for the velocity number
celerity number\ and the tidal velocity amplitude (and hence dimensionless river discharge term
) explicitly using the analytical solution proposed by Caak (2012a); (2) taking into account the
effect of river discharg&)¢, the revised damping numbér velocity numberu, celerity number\,
velocity amplitudev (and hencep), and phase lag are calculated by solving Egs. (T4), (T2), (T3)
and (T1) using a simple Newton—Raphson method; (3) subsdguge account for the residual
water level according to Eq. (15); (4) this process is regubantil the result is stable, after which
the dimensional parameters (exg.p) are computed.

In order to follow along-channel variations of the estuargections, the iterative procedure is
combined with a multi-reach approach (subdividing the whedtuary into short reaches), where the
damping numbeé is integrated in short reaches over which we assume thergsiuape numbery,
the friction numbery, and the dimensionless river discharge terito be constant. This is done by
using a simple explicit integration of the linear differ@hiequation:

onowAx

d
un 2770+£A!E=770+ (18)

Co
wherer) is the tidal amplitude at the downstream end of every shadtrewhilen; the tidal ampli-

tude at a distancAz (e.g., Ikm) upstream (an example of Matlab scripts are provided adianyi
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3 Application to the Yangtze estuary
3.1 Geometry of the Yangtze estuary

The Yangtze River feeding the estuary is the largest riv&hima with an annual mean fresh water
discharge of 28 303s~! measured at the upstream boundary of the estuary at Datatignst
(1950-2010). The tide penetrates from the mouth (Zhongjatios) up to Datong at a distance
of approximately 63@m (see Fig. 3). The tidal near the estuary mouth is mesotidél a&imean
tidal range of 2.7n with the dominant tidal constituent being semi-diurnal. eTthain geometic
parameters (i.e., cross-sectional area, width and defmhy ¢he estuary axis are shown in Fig. 4,
along with best fitting lines based on Eg. (1). It can be seanttie whole estuary can be simplified
as two reaches with the inflection pointat= 275 km (located between Jiangyin and Zhenjiang,
see Fig. 3). The topographical parameters used to fit the giepiare presented in Table 3. We see
that both the cross-sectional area and width exponentigityease in landward direction from the
estuary mouth, while there is a slight increase of the aeatatgpth in the seaward reach=£ 0—
275km). From 27%m upstream the depth gradually reduces. It is noted that thegtxa estuary
is a branched system, where the seaward part is divided bglibagming Island into the North
Branch and the South Branch. In this paper, we only focus @stuth Branch and the upper reach,
since the North Branch is much smaller compared to the SotahdB, and functions in isolation
(Zhang et al., 2012b).

3.2 Calibration and verification of the model

The analytical model presented in Sect. 2 was calibratedvaritied with the monthly averaged
tidal amplitudes and water levels collected in 2005. It ipamant to point out that the model uses
a variable depth in order to account for along-channel tiaria of the estuarine sections. Figure 5
shows the comparison between the measurements and theicailglycomputed tidal amplitude
and tidally averaged depth along the estuary in 2005. We hssethie correspondence with the
observed values in each month is good, which suggests thgbriposed analytical model can
well reproduce the tidal dynamics with a wide range of rivesctarge (11 600—-48 06°s~1).
The calibrated Manning—Strickler friction coefficieRt and storage width ratips are presented in
Table 4. A relatively largek value in the seaward reach of #0/3s~! and 60m!/3s~! in the
landward reach has been used to calibrate the model, whidagonable since the downstream
part has a higher mud content, distinguishing betweeningeand marine dominated parts of the
estuary. It is interesting to note that the calibratgdn the dry season (month 1, 2, 3, 4, 11 and 12)
is larger than that in the wet season (month 5, 6, 7, 8, 9 andwltdigh is possibly due to the fact
that the influence of storage area (such as marshes andaigli§l much stronger in the dry season
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compared with that in the wet season. A possible explandtiothis phenomenon is discussed
below in Sect. 3.3. Figure 5 also shows the resulted residatdr level due to nonlinear friction
according to Eq. (15) (i.e., including bottom friction arider discharge). It can be seen that the
residual water level is increased with river discharge civlindicates that the residual effect is more
important in the wet season.

According to Eq. (2) the flow velocity consists of two comppotse the tidal component with
velocity amplitudev and the velocity of the river dischardg. In Fig. 6 the two components and
the ratio between them (i.eg defined in Table 1) are presented for the Yangtze estuary(5.20
A critical point can be defined where the river flow velocityegual to the velocity amplitude (i.e.,
¢ = 1), upstream of which the influence of river discharge is dantrover the tidal flow. We can
see from Fig. 6 that the location of this point varies witheridischarge. At a small discharge
of 11600m3s~! in January, the velocity of the river discharge becomes dantifrom 36&m
onward, while with a large river discharge of 48 @@®s~! in September this occurs at= 139 km.

It is worth examining the tidal wave propagation in convettgestuaries with significant river
discharge. We focus on analytical solutions for infinitegitnestuaries (long coastal plain estuaries),
where there is no reflected wave (see also Jay, 1991). IndBis, ¢he value of the phase lags
always between 0 and/2 (i.e., mixed wave, see Savenije, 2005, 2012k # 7 /2, the tidal wave
is a progressive wave, which corresponds to a frictionlesmgevin a prismatic channel. 4f= 0, the
tidal wave is an “apparently standing” wave (the wave is wommfally a standing wave generated
by the superimposition of incident and reflected waves;eraithis an incident wave that mimics a
standing wave with a phase difference of 3tween water level and velocity and a wave celerity
tending to infinity).

Figure 7 shows the variation of the wave celetignd phase lagalong the Yangtze estuary under
different river discharge conditions. We see that the waslerity ¢ is smaller than the classical
wave celeritycy, which is mainly due to the fact that the Yangtze estuary iaramed estuary under
significant influence of river discharge. As expected, wetBatthe classical wave celerity during
the wet season is larger than that during the dry season odine farger residual water level and
smaller storage width ratio (according to Eq. 3). Howeversee that the increase of the actual wave
celerity is not significant, which is due to the counteratiod the tidal damping by river discharge
(see the celerity Eq. T3 in Table 2). With regard to the vaabf the phase lag, the values are in
the range of 50—70 which suggests that the tidal character is close to a pssiyewaved = 90°).
Meanwhile, it can be seen that the bigger the river dischémgemaller the phase lag.

3.3 Effect of river discharge on tidal dynamics

With the analytical model presented in Sect. 2, the majortraeisms of how river discharge affects
tidal dynamics can be identified. One mechanism is incrgdsiction, which can be seen from the
damping Eq. (T4). The influence of river discharge on tidalaityics is very similar to that of the
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friction numbery. This can be demonstrated by rewritting the friction paramiey in Eq. (6)

Iy = r ) (19)

2
%,u)\ %CJFz,%JF% (“%) }+£(%L1gi&<) for o > pA

where we see that the influence of river discharge is bagittak of increasing friction by a factor
depending on the dimensionless river dischaggée., by comparing the last two terms in Eq. 19
with the right-hand side of Eq. 14, see more details in AppeAdl

The second mechanism is related to the residual water lausked by the nonlinear frictional ef-
fect according to Eq. (15), in which the river discharge plag important role. We should recognize
that this residual effect (indicating higher depth) pasttys the other way around, i.e., reducing the
tidal damping, since it reduces the bottom friction (smrallgin Eq. (T4). Additionally, the residual
water level induces a slight increase of the cross-sedtasra convergence (a smaltgy;, especially
in the upstream part of the estuary with large depth divergesincel /a = 1/b — 1/|d|, where the
depth convergence lengthis negative.

The third mechanism is linked to the storage area, whichpgesented by the storage width ratio
rg. As a result of the calibration in the Yangtze estuary (ses.3el), we note that the effect of
the storage area on the tidal dynamics is stronger in the eligan (biggers), which indicates
more friction (largery) and lower channel convergence (smafigcompared with those in the wet
season. This seasonal variation of the storage width miltustrated in Fig. 8. In the case of low
river discharge, the channel width changes more strongly the depth, resulting in a dominant
lateral flow between the storage area and the main channeltlwéidal cycle. Conversely, the
depth increases more substantially compared with the vindthse of high river discharge, leading
to a more dominant longitudinal flow in the storage area. Assalt, the flow in the storage area is
in the same direction as that in the main channel, which stggesmaller storage width ratio for
high river discharge condition.

To provide insights into the relative importance of these¢hmechanisms, we applied the ana-
lytical model under different river discharge conditionarfing between 5000 and 60 008G s~ 1).

A yearly averaged tidal amplitude of 1.86at Zhongjun station (2005) is imposed at the seaward
boundary. The calibrated parameters (including the &nctioefficient/’ and storage width ratio
rg) are fixed for the sensitivity experiments. For simpliciie adopted the calibrated in the dry
season when the river discharge is below 250861, while using thers in the wet season for
river discharge larger than 2508 s~*. In Fig. 9 we see that both the residual water levahd

the parametdry are increased with river discharge, which counteract etdwrdeading to changes
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in the friction termyuAl'y in the damping Eq. (T4), the friction numbgrand the shape number

As the river discharge increases, we see from Fig. 9c thdtiti®n numbery is decreased, which
indicates a reduction of the bottom friction. However, ih@ted that the whole friction termuAl'y

is increased with river discharge (see Fig. 9d), which sstggat the increased friction due to river
discharge () is dominant over the reduced friction due to residual witezl. On the other hand,
the estuary shape numberis decreased with river discharge for cases using the samehich

is due to an increase of the residual water level. The lowkregaof~ for small river discharge
(Qr < 25000m?>s~1) in the seaward reach is mainly caused by the adoption céiatgrage width
ratio, since the depth divergence is rather small. Conlygiisethe upstream reach, where the depth
divergence is remarkable, we see a smalléar larger river discharge conditions.

The effect of river discharge on the main features of thel tiyaamics is shown in Fig. 10.
We see that the tidal amplitude, velocity amplitude and phag are reduced with river discharge,
especially in the upper reach of the estuary, where it gladbacomes more riverine in character
(indicating larger river flow velocity, see Fig. 10c). Theaft higher tidal amplitude observed near
the estuary mouth (see Fig. 10a) for the cases of largerdigeharge Q; > 25000 m?s~1) is due
to the assumption that the adopted storage width ratio idlenia the wet season than in the dry
season (see Table 2). With regard to the wave celerity, dsda increase with river discharge
although there is significant damping caused by river digghaThe reason is mainly due to the
increase of residual water level when increasing the riigatdirge.

3.4 A new approach for estimating fresh water discharge

Reliable estimation of fresh water discharge into estgasia critical component of water resources
management (e.g., salt intrusion, freshwater withdrafi@dd protection etc.), yet fresh water dis-
charge into estuaries remains poorly observed, as it regjpipservations during a full tidal cycle.
The analytical model for tidal wave propagation makes cthat tide and river discharge interact
and are governed by the damping Eq. (T4) in Table 2. As a rasidtpossible to develop an an-
alytical equation to determine river discharge based onsorements of tidal water levels. If the
tidal dampings and the tidally averaged depth (including residual wategl)é: are known, we are
able to use the inverse analytical model to predict the fegetier discharge. Moftakhari et al. (2013)
also proposed a method to predict the fresh water dischaggdon analysis of tidal statistics, us-
ing known astronomical forcing. However, they did not retiag the importance of residual water
level. As opposed to the regression model they used for fwasér discharge estimation, the method
presented here is fully analytical and takes into accoutit the friction and residual water level.
Knowing § and~, the tidal variableg, A\ and i can be determined using Egs. (T1), (T3) and
(T2). Subsequently the damping Eq. (T4) in the upstreann discharge-dominated zone & u))
is used to predict the fresh water discharge. Recallingihat —2 — 4¢?, L, = 4¢ for the case of

10



¢ > 1 and rearranging Eq. (T4), it is possible to obtain a quatdexuation ofy:

a1® +asp+az =0, (20)
with

340 oy = —dxop¢?/[3-16¢%/3] , (21)
s = ¢ /A = 21" x0AC/ [1 = (46/3)%| = (uy = o) (VIHC—1) /i, (22)
ag = —xop’C* (8p°AN*/9+2/9) / [1 - (4C/3)2} — 0+ pPy —op?, (23)

whereyy is the reference friction number, defined as:
—4/3
345 xo=x[1—(4¢/3)?] /¢ = rsgeo/ (K%h°) | (24)

where thers and K are the calibrated parameters.
It can be seen from Egs. (21) and (22) that hetlandas are always negative for giveh< 0.75.
Thus, for given values of (always negative)y, A, u, xo and¢, the positive solution is:

—ao — /a2 —4
30 p— 2 VI TN (25)

20&1

With this solution forp, an explicit solution can be obtained Q%:
Qr = AU, = Apu. (26)

355 In fact, the introduced damping equation (i.e., Eq. T4 inl&&) can be regarded as a modified
Stage-Discharge relationship that accounts for the sffefatesidual water level slope (i.@4/dx)
and tidal damping (i.edn/dz), while the resulted predictive Eq. (25) is a modified Magnégua-
tion that is applicable to estuaries. A detailed derivatian be found in Appendix B.

To reduce the statistical uncertainties in estimatingl titttampingo = %3—2% (which is rather

360 sensitive to changes in observed tidal amplitudes), weqa®po use a moving average filter to
smooth the estimated tidal damping. As an example, Fig. hes the estimated tidal damping
0 between 2005 and 2009 at= 456 km in the Yangtze estuary located between the two points
where tidal observations can be obtained (i.e., Wuhu anchbtea tidal stations, see Fig. 3) and its
corresponding moving average value with a window of 5 mantfige obtained is subsequently

365 used to predict the monthly averaged fresh water disch@rgeom Eq. (26). In this case we used
the calibrated Manning—Strickler friction coefficiehf = 60 m'/?s~! and the calibrated storage
width ratio of rg = 1.5. We see from Fig. 11b that the correspondence with obsengats good
(R? = 0.95), which suggests that the proposed analytical model canusefal tool to have a first
order estimation of fresh water discharge in the tidal negi®he deviation from observations is

370 probably related to the simplification of a rectangular sresction and observational error.

It is important to note that even if the Manning—Strickleefficient X and the storage width ratio

rg can not be calibrated due to the lack of observed fresh wateharge data, it is still possible to
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apply the proposed analytical approach. This is made pessibcalibrating the analytical model
for tidal wave propagation against the observed tidal aomidi in the seaward part of the estuary,
where the influence of river discharge on tidal damping idigéde. Assuming thatX’ andrg in
the upstream part are the same as that in the seaward paahdhgical approach presented in this
section can be used to hindcast fresh water discharge bagdbd tidal water level observations.

We also note that the cross-secional area convergernseao longer a constant at the studied
position ¢ = 456 km) due to the significant variation of the residual water lesleped /dz, which
is implicitly included in the parameter afsincel = 41 = —L1dB_ ifj. The seasonal variation
of a is given in Figure 12, where we see a larger value dfiring wet season while a smaller value
during dry season.

Figure 13 shows the analytically predicted fresh waterhdisge for a range of tidally averaged
depthh (9 to 20m) and damping numbe¥ (—2 to 0) according to Eq. (26) (the Matlab scripts are
provided as auxiliary material). For simplicity, we assuhaefixed tidal amplitude at = 456 km
equal to the monthly averaged value of Oul4 It can be seen from Fig. 13 that the fresh water
discharge is mainly determined by two controlling factdsth the tidally averaged depth and the
tidal damping tend to result in a larger fresh water discharg

Further work will be required to test the accuracy of the expEq. (26) with more detailed
measurements (e.g., daily river discharge and water level)

4 Conclusions

An analytical model has been applied to the Yangtze estubeyethe influence of river discharge is
significant. The method involves solving a set of 4 implicjuations (i.e., the phase lag, the scaling,
the celerity and the damping equations), in combinatiom &it iterative procedure to account for
the influence of residual water level due to nonlinear foictil effect. The results show a good
agreement with observed tidal amplitude and water levebth dry and wet seasons, which suggest
that the presented analytical model can be a powerful imstnt for assessing the influence of human
interventions (e.g., dredging, freshwater withdrawal}idal dynamics.

The effect of river discharge on tidal damping is not trivtaiggering different effects that partly
counteract each other. We show that the river dischargetaffielal damping primarily through the
friction term, and subsequently by the residual water lavel the storage area, whereby the friction
term and the storage area tend to increase the tidal danvgiirilg,the residual water level affects the
tidal damping by reducing the bottom friction and incregdine cross-sectional area convergence
length.

The relationship between water level (including residuatiexlevel) and river discharge, governed
by the damping equation, enables us to develop a new methedtimating fresh water discharge

in estuaries on the basis of tidal water level observatioasm inverse analytical model, which is

12
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actually a modified Manning equation accounting for the @ffef residual water level slope and
tidal damping in estuaries. The application to the Yangtteary shows that the proposed analytical
approach is able to have a first-order estimation of freslemdischarge in estuaries, and therefore
it is a particularly useful tool for water management in ¢abareas.

Appendix A

Influence of river discharge on the friction term

In case of negligible river discharge, the damping equati@iven by (see Cai et al., 2012a):
2

_H
14 p2

) [’y—u/\x (;w\—k;ﬂ)} . (A1)

To illustrate the influence of river discharge on the frintierm, we introduce an artificial friction
numbery,. due to river discharge. When accounting for the effect ofrrdischarge, the damping
Eq. (Al) is modified as (see Cai et al., 2014):

2

I 2 8\ 2puAk1+ ko (i 2 8
6= 0—px | spr+ — T~ = 0—p\| =pX+— ) x|,
ﬁu“lb ux<3u +97T> Tt Gurt |10 gH Aol B
(A2)
wheres andf are defined in Eq. (5) and the coefficientsandxs are given by
2
1+%C%+<ﬁ) for o < uA
R1 = 4 4 2 ) (A3)
§C+2#—“’)\+§C(%) for o > pA
3 7w LoC
Ro = 16L1 3 u}\ . (A4)

As can be seen from Egs. (Al) and (A2), the influence of fredlemgischarge is basically that of
increasing friction by a factor which is a function @f Expressing the artificial friction number as
X = k) provides an estimation of the correction of the frictionmer

2 8
Xr 2uAK + 52
k=2 =307 o2 (AS)
which is needed to compensate for the lack of considerirghfreater discharge. It should be noted
that bothg and@ are equal to unity ifp = 0. For¢ > 0, the correction factor8 and 3 have values
smaller than unity, but are close to unity as longlag 1. Thus the influence of river discharge

introduced by these parameters are less prominent compdtethat of the friction term.
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Appendix B

Revisiting the Manning equation

The momentum equation when written in a Lagrangean refereame reads (see Savenije, 2005,
2012):

=0, (B1)

whereh is the water depthy, is bottom elevationy is the water density, is Manning’s coefficient
(n=1/K), andR is the hydraulic radius.

For uniform steady flow in a prismatic channel, Eq. (B1) carsipeplified as the well-known
Manning equation by neglecting the first, the second andaheti terms:

1
V = -R?*381/2, (B2)
n

whereS = —9z,/0z is the slope of the channel.
Hence the expression for river discharge is given by:

Qo=AV = lAR2/351/2 , (B3)
n

whereA is the cross-sectional area.
For steady flow when depth may vary along a short section oftla@nel (e.g. during a flood),
the residual water level slop&#/0x) should be taken into account and Eq. (B1) reduces to:

oh 0z LV|V] 0, (B4)

Oor Oz " RA4/3

Consequently, the Manning'‘s equation (B2) is modified as:
1 1/2

V = —R%3 (S — ah) : (BS)
n Ox

while the river discharge becomes:

on 1\'/?
Q1=0Qo (1 8:135) . (B6)

In the Lagrangean reference frame, the continuity equatéonbe written as (see Savenije, 2005,
2012):

dv cV dh 1 1dn

— =rg——— ———=1). B7
5 1 cV ( ) (B7)

In a tidal region, it is noted that both depth and dischargagle along the channel axis (i.e., varied
unsteady flow). Thus, Eq. (B1) when combined with (B7) bec®(see Savenije, 2005, 2012):

cV dh <1 1 dn) oh Oz h 9p S VIV
re—r-——
h dx

~0. (B8)
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An analytical expression for the tidal damping can be olgtiny subtracting high water (HW) and
low water (LW) envelopes while accounting for the effect @kridischarge (Cai et al., 2014):
in the downstream tide-dominated zone, whére< vsin(e),
ldy 2 g\ _0_ v (2 6,2 ¢ Li_Lo_¢
ndz (6 " Sin (s)C+ cusin (s)) B % 3o &)+ 9 oot 3 sin (¢) + 6 9 sin(e) )’
(B9)

in the upstream river discharge-dominated zone, where vsin(e),

Ldn ¢ m N_0 v (8ot 8 I Lo €
ndx (6 Tssin(s)g—’—cvsin(e))_a fhc(9csm(5)+3¢+9$in(s)4+6 9 sin(e) )’

(B10)

When river discharge dominates over tide 1), it is noted that the coefficients, and L, can
be calculated according to Eq. (12). Substituting Eq. (b&) Eq. (B10) then yields a quadratic

equation for the dimensionless river dischayge

01<p2—|—02g0+03 =0, (B11)
with
oy = -2 I (B12)
3 hcsin (&)
1 1 1 -1
gy 1AW 78S fva  (1dn ) VIEC=T (B13)
1 dz sin (¢) he ndx sin (¢)
fua [8 . 2 1dn gn
S LN z S/ R L/ B14
73 he 9<sm &)+ 9sin(e)| 7 az"” T osin (e)]”’ (B14)

where the unknown variablesc, v can be calculated with the explicit equations (i.e., thespHag
equation, the celerity equation and the scaling equatidalite 2) for given water level observations.
Eq. (B11) gives two solutions:

— VoZ—4 —09— /02 —4
= e (B15)
1

2 201

$1=

in which the first root is always negative since bethando, are always negative. Hence the positive
solution fory can only be given by the second root, which can be rewritten as

2
—09 — /05 —40103
U,=v 2

20’1

, (B16)

We can see that Eq. (B16) is actually a modified Manning eqoaticcounting for friction and the
effects of residual water level slope (i.a4/dz implicitly included in the parameter of the cross-

i i 11,41 1dB _ 1dh i i i
sectional area convergenesince: = ; + 5 = *Efﬁ — iﬁ) and tidal damping (i.edn/dz).
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shape numbey and the dimensionless river discharge tesmbtained by solving Egs. (T1)—(T4) (see Table 2)
for given¢ = 0.1, x = 2 andrs = 1. The thick red lines represent the ideal estuary, wheted and\ = 1.
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Fig. 2. Sketch of the water levels in an estuary, wheis the residual water level.
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Table 1. Definition of dimensionless parameters.

Dimensionless parameters

Local variable

Dependent variable

Tidal amplitude

¢(=n/h
Estuary shape
7 = co/ (wa)

Friction number
x = rs feol/(wh)
River discharge
p=U:/v

Damping number
§ = codn/(nwdz)

Velocity number

u=uv/(rsCco) =vh/(rsnco)

Celerity number

A=co/c

Phase lag

e=m/2—(¢z - ¢v)

Table 2. Analytical solutions for tidal dynamics accounting for river dischaai et al., 2014).

Cases Phase lag Eq. Scaling Eq. Celerity Eq. Damping Eq.
General tan(e) = \/(y—98) (T1) p=sin(e)/A=cos(e)/(y—0)(T2) A2 =1-3(y—38)(T3) &=p*(v0 —xp\ln)/(1+x>p) (T4)
Ideal estuary tan(e) =1/~ n=+/1/1+~2) =1 §=0
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A R x ® Inflection point Tianshenggang East China Sea
32° N Nanjing & A 320N
Kot Jiangyin % N
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2 i Wasong ’lg,aa%
A
31° N4 0 50 0 Zhongjun Laton
S km A Tidal station
A Datong
118'°E 11‘)"’E 12(;°E 121‘°E 122’°E
Fig. 3. Sketch of the Yangtze estuary in China.
Table 3. Geometric characteristics in the Yangtze estuary.
Reach Deptth  Convergence Convergence Convergence
(km) (m) lengtha lengthd lengthd
(km) (km) (km)
0-275 104 143 127 —1135
275-580 9.2 432 1349 636
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Table 4. Calibrated parameters used in the analytical model.

Reach Manning—Strickler Storage width raitio
(km) friction K
(m1/3 Sil)
Dry season Wet season
1,2,3,4,11,12) (5,6,7,8,9, 10)
0-275 70 1.4 1
275-580 60 1.8 1

10

10
0

100 200 300 400 500 600
Distance (km, From the mouth in an upstream direction)

Fig. 4. Semi-logarithmic plot of the tidally averaged cross-sectional ar¢siangles), widthB (squares), and
depthh (circles) in the Yangtze estuary. The drawn lines represent the fittexherfial curves.
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Fig. 5. Comparison between analytically computed monthly-averaged valué$dled vertical scale: tidal
amplitude; right-hand vertical scale: residual water level) and obsengin the Yangtze estuary in 2005.
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Fig. 6. Longitudinal variation of the tidal velocity amplitude and river flow velocityU, along the Yangtze
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amplitude (i.e., the dimensionless river discharge t@jm
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Fig. 7. Longitudinal variation of the wave celerity(blue) and the phase lag(red) along the Yangtze estuary
in 2005. The dashed-dotted line represents the classical wave celgfriyn Eq. (3).
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Fig. 8. Variation of the water levels (LW: low water level, TA: tidally averaged wateeleHW: high water
level) in a cross-sectiofa) and the dominated flow direction in the storage &t®a The blue drawn line
represents the case with low river discharge, while the red dashed pneseats the case with high river

discharge.
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Fig. 9. Longitudinal variation of the residual water levela), the parameteF'y (b), the friction numbery
(c), the friction termyuAI'y in (T4), and the shape number(e) in the Yangtze estuary under different river

discharge conditions.
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Fig. 10. Longitudinal variation of the tidal amplitude(a), the velocity amplitude (b), the river flow velocity
U. (c), the wave celerity: (d), and the phase lag (e) in the Yangtze estuary under different river discharge

conditions.
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Fig. 12. Seasonal variation of the cross-sectional area convergeduae to the changes in residual water level

slopedh/dzx atx = 456 km in the Yangtze estuary.
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Fig. 13. Contour plot of the predicted fresh water discharge at456 km as a function of the tidally averaged
depthh and the damping numbér for given tidal amplitude; = 0.14 m, convergence length = 432km,
Manning—Strickler friction coefficienkk = 60 m'/3s~!, and storage width raties = 1.5.
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