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Abstract 15 

This paper presents a method to establish the objective function of a network flow 16 

programming model for simulating river/reservoir system operations and associated 17 

water allocation, with an emphasis on situations when the links other than demand or 18 

storage have to be assigned with nonzero cost coefficients. The method preserves the 19 

priorities defined by rule curves of reservoir, operational preferences for conveying 20 

water, allocation of storage among multiple reservoirs, and trans-basin water diversions. 21 

Path enumeration analysis transforms these water allocation rules into linear constraints 22 

that can be solved to determine link cost coefficients. An approach to prune the original 23 

system into a reduced network is proposed to establish the precise constraints of nonzero 24 

cost coefficients which can then be efficiently solved. The cost coefficients for the water 25 

allocation in the Feitsui and Shihmen Reservoirs joint operating system of northern 26 

Taiwan was adequately assigned by the proposed method. This case study demonstrates 27 

how practitioners can correctly utilize network-flow-based models to allocate water 28 

supply throughout complex systems that are subject to strict operating rules. 29 

 30 

Keywords: water allocation priority, operating rule curves, trans-basin water diversion, 31 

multi-reservoir, network flow programming 32 
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1 Introduction 33 

The allocation of water in river/reservoir systems usually involves a number of 34 

priority-based decisions which include water rights, reservoir operating rules, 35 

commitments and negotiation between stakeholders, preferences for the conveyance of 36 

water and other requirements. Such systems usually comprise reservoirs, weirs, river 37 

channels, canals, diversion tunnels, pipelines and treatment plants as well as the 38 

demands of different purposes. The configuration of a regional system may extend to 39 

include multiple reservoirs, transbasin diversion and instream flow requirements at 40 

different reaches. Such modeling is further complicated by the need to determine the 41 

ideal means of regulating flow, such that demands are satisfied according to assigned 42 

priorities, while minimizing the residual water flowing into the receiving water body to 43 

ensure the efficient utilization of water resources. The means by which water is moved 44 

must also conform to the associated conveyance capacity.  45 

Solving the above problem requires a clear identification and proper modeling of 46 

the allocating rules that account for every possible combination of supply and demand 47 

conditions (Ilich, 2008). A common approach is to utilize optimization methods (Yeh, 48 

1985; Labadie, 2004; Rani and Moreira, 2010), among which the most widely applied is 49 

the linear programming (LP). This approach relies on LP to find the optimal feasible 50 

way of routing water in a regional system, given that the allocation objective, governing 51 

equations of physical water movement and operational constraints are appropriately 52 

linearly formulated. This formulating process requires sufficient knowledge of the 53 

optimization method as well as the under-analyzing problem to transform the physical 54 
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and operational features into mathematical representation. Moreover, satisfying the 55 

allocating rules usually requires trial-and-error process to determine the most 56 

appropriate set of weighting factors or cost coefficients, which multiplying with 57 

respective allocated water constitutes the objective function. The lack of a systematic 58 

and precise way to establish and interpret the objective function may prevent the model 59 

from being entrusted or accepted by all involved stakeholders. For example, Juízo and 60 

Lidén (2010) reported the experiences of implementing an optimization-based model on 61 

trans-boundary water allocation in south Africa. They found that “the results from the 62 

system analysis tool are not easily understood by the stakeholders, and government 63 

representatives of different countries bear some suspicion about the results.” In order to 64 

resolve this problem, two other non-optimization-based models were evaluated and 65 

compared with the original one. Nevertheless, the authors still could not conclude which 66 

model is more adequate for their case due to the structurally differences of simulating 67 

water allocation priorities in different models.   68 

As a specialization of LP, network flow programming (NFP) only focuses on 69 

solving a specific subset of general LP problems that can be formulated in a more 70 

restrictive format. This loss of generality allows the resources allocation problem to be 71 

visually and precisely displayed by the network structure, and gains in return higher 72 

computational efficiency and easier comprehension of priority-based allocation 73 

mechanism. These characteristics has prompted model developers to incorporate NFP 74 

into many general models (Evenson and Moseley, 1970; Sigvaldason, 1976; Labadie et 75 

al., 1986; Martin, 1987; Kuczera and Diment, 1988; Brendecke et al., 1989; Chung et al., 76 



 5

1989; Andrews et al., 1992; Wurbs, 1993; Andreu et al., 1996; Yerrameddy and Wurbs, 77 

1996; Fredericks et al., 1998; Ilich et al., 2000; Dai and Labadie, 2001; Chou and Wu, 78 

2010). The NFP represents the physical aspect of a water resources system as a directed 79 

network G(N, L), where N is the set of n nodes and L is the set of m links. The 80 

formulation of a minimum cost NFP problem can be expressed as (Ahuja et al., 1993): 81 

  ∑
∈

⋅
L),( ji

ijij xcMinimize      (1) 82 

Subject to 83 

  0
}),(:{}),(:{

=− ∑∑
∈∈ LL ijj

ji
jij

ij xx  for all N∈i     (2) 84 

  ijijij uxl ≤≤  for all L∈),( ji    (3) 85 

where, i, j are the indices of node; (i, j) is the link from the tail node i to the head node j; 86 

xij represents the amount of flow on link (i, j); cij is the unit shipping cost along link (i, j); 87 

lij and uij is the lower and upper limits on flow in link (i, j).  88 

In a NFP-based water allocation model, nodes can represent storage or non-89 

storage points of confluence or divergence, and links represent reservoir outlet works, 90 

channels or pipes, water consumption, and carryover storage. Eq. (2) indicates the 91 

continuity and availability of water at a node, for it states that the flow out of the node 92 

should equal to all incoming water. The upper and lower limits of a link represent its 93 

physical flow capacity, thus Eq.(3) states the transportability of water conveyance. The 94 

cost coefficient promotes flow routes that minimize net cost, thus determining the most 95 

preferable allocation of water supply with respect to a given allocating rule. Thus, 96 
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correct assignment of link cost coefficients to reflect respective priorities is a necessary 97 

condition for any effective applications of not only NFP but LP-based water allocation 98 

models. Most common applications directly assign the cost coefficients related to the 99 

links of carryover storage or water consumption to represent the priorities of associated 100 

stakeholders. However, there are situations while internal links other than demand or 101 

storage have to be assigned with nonzero costs in order to achieve specific allocation 102 

requirements, such as water conveyance preference or surplus water diversion. This type 103 

of assignment is not straightforward for practitioners with little theoretical background, 104 

especially when forced to deal with a regional system of multiple reservoirs, water 105 

conveyance routes, instream flow requirements and trans-basin water diversions. 106 

The concept of developing a method for establishing cost coefficients of NFP 107 

models to adequately represent water allocation priorities was originally proposed by 108 

Israel and Lund (1999). Ferreira (2007) further broadened the scope for more general LP 109 

problems by demonstrating how different types of side constraints and variables in the 110 

LP formulation may affect the priorities defined by the cost coefficients of links in the 111 

NFP subset. These previous works represented the priority requirement as a set of rules. 112 

The rules were compiled into an LP problem that is solved as a means of initializing the 113 

actual allocation model (Ferreira, 2007). The present study follows and expands upon 114 

this principle with the proposal of additional allocation rules and a path-enumeration 115 

algorithm to facilitate automation of the cost-determination procedure. The presented 116 

rules allow one to simulate such water allocation priorities as reservoir rule curves, 117 

storage allocation among multiple reservoirs, preferred water mains, and trans-basin 118 
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diversion of surplus water. Path enumeration analysis is adopted to convert user-119 

specified water supply allocation rules into a set of constraints; solving these constraints 120 

yields the cost coefficients that adhere to all specified rules. Further, an approach to 121 

prune the original system into a reduced network is proposed to establish the precise 122 

constraints of nonzero cost coefficients which can then be efficiently solved. This 123 

pruned procedure thus functions successfully to efficiently initialize an effective 124 

application of water allocation models.  125 

 126 

2 Water Allocation Model  127 

2.1 Alternative approaches: linear programming versus network flow 128 

programming  129 

The following presentation of methodology uses an NFP framework to 130 

demonstrate the procedure of determining cost coefficients. This concept is helpful to 131 

interpret the establishment of an objective function for more generalized LP-based 132 

models. One of the major differences between these alternative optimization approaches 133 

in modeling water resources allocations is how the non-NFP constraints, which cannot 134 

be represented by Eqs. (2) and (3), are incorporated. These constraints usually originate 135 

from the need to simulate physical water movement processes, such as return flows, 136 

flow losses, reservoir evaporation, and channel routing effects. In pure NFP-based 137 

models, these features have been handled through the use of successive iterations (Ilich, 138 

2008, 2009). These iterative processes are external to the algorithmic solving procedure. 139 

Usually the lower or upper limits of links are iteratively adjusted to meet non-NFP 140 
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constraints; thus the priorities specified by link costs are unchanged during iterations. By 141 

contrast, an LP solver can directly incorporate non-NFP features into the formulation 142 

and the algorithmic solving procedure. However, this flexibility may impair the 143 

characteristic of priority-based water allocation of NFP. One simple example is that 144 

water may be allocated to a junior-priority demand with less flow loss, rather than a 145 

senior demand with greater flow loss, if the objective function is not appropriately set up 146 

in the LP formulation. Another example is the effect of channel flow routing, which may 147 

be easily modeled by the Muskingum method and incorporated into an LP formulation. 148 

Suppose that there are two demands located at the upstream and downstream ends of a 149 

river channel, respectively, with junior and senior priorities. The travel time required for 150 

water to flow through the channel from the location of upstream (junior) demand to 151 

downstream (senior) demand exceeds the unit time period of an LP-based simulation 152 

model. The portion of water that does not reach the point of downstream demand cannot 153 

explicitly contribute to the objective function in the current unit time period. The 154 

solution to this issue, similar to that for the flow loss case, consists of allocating water to 155 

the junior demand first instead of maximizing satisfaction of the senior downstream 156 

demand, if the discrepancy between their assigned cost coefficients is not large enough 157 

to compensate for the retained and ineffective portion of water.  158 

While NFP-based models are still widely utilized, several general software 159 

packages have updated their optimization engines with LP solvers to manage the rising 160 

demand for simulating non-NFP constraints and variables. Some examples include 161 

CALSIM (Draper et al. 2004), OASIS (Hydrologics, Inc., 2009) and WEAP (Stockholm 162 
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Environment Institute, 2011). Nonetheless, the impacts of non-NFP features on water 163 

allocation have not been adequately discussed; only Israel and Lund (1999), Labadie and 164 

Baldo (2001) and Ferreira (2007) have addressed this topic. Since non-NFP constraints 165 

must be strictly satisfied, they could be regarded as a higher level of priorities that would 166 

supersede and may disturb the priorities originally defined in the NFP subset as stated by 167 

Ferreira (2007). A desired resolution may be to achieve a simultaneous satisfaction of 168 

these two levels of priorities, if such a condition is feasible. In order to achieve this goal, 169 

the impact of non-NFP features on the allocation mechanism must be explicitly 170 

incorporated into the cost-determining procedure. Such as the two non-NFP constraints 171 

mentioned above, water transmission loss and flow routing can be modeled as the 172 

portion of water that is lost or delayed while allocating water to senior demands. This 173 

portion of water is ineffective to the objective function; the assigned link costs should be 174 

able to withstand these impacts to preserve the priorities of water allocation. For 175 

practical purposes, however, the present study focuses solely on determination of link 176 

costs for NFP-based modeling. Future research may extend to derive a comprehensive 177 

approach for more generalized LP-based models, thus accounting for all types of non-178 

NFP constraints that may be encountered in real world applications.  179 

 180 

2.2 Framework of network flow programming–based allocation model 181 

NFP-based water allocation models can be used to allocate water over single or 182 

multiple time steps. For models that allocate water across multiple time steps, links 183 

connect reservoir nodes in different time periods to represent carryover storage. These 184 
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models have been applied in reservoir sizing (Kuzera 1989; Khaliquzzaman and 185 

Chander 1997), capacity expansion (Martin 1987; Gondolfi et al. 1997), the derivation 186 

of reservoir operating rules (Lund and Ferreira, 1996; Bessler et al., 2003), water 187 

transfer during droughts (Cheng et al., 2009), and the optimal real-time flood control 188 

operation of reservoirs (Braga and Barbosa, 2001). Single time step models allocate 189 

water only within an operational unit period, but the allocation is sequentially solved in 190 

every step during the simulation time horizon. Routing results produced in this manner 191 

are useful for quantifying the expected water supply situation and the risks of water 192 

shortage under the simulated conditions. This study discusses the assignment of cost 193 

coefficients for the single time step model. 194 

Fig. 1 illustrates a water resources system as a network during a unit operational 195 

period. Virtual links illustrated by dotted lines satisfy Eq. (2), which specifies continuity 196 

equations of nodes, by conveying water into and out of the system. These virtual links 197 

signify the inflow of system, initial and carryover storage of reservoir, water consumed 198 

by the stakeholders, and the water body that receives surplus flow. 199 

 200 
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 201 

 Fig. 1. Network structure of water resources system 202 

 203 

2.3 Principle in assigning cost coefficients and the necessity of preprocessing 204 

analysis 205 

The cost coefficients of links, generalized by Fig. 1, quantify the relative priority 206 

of each respective water user. These cost coefficients must reflect the flow priorities 207 

associated with demand or storage under predefined operating conditions. One 208 
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straightforward way to achieve this is to assign decreasing unit costs for demand/storage 209 

links of higher priority to ensure that the highest priority stakeholder is satisfied first in 210 

the cost minimization problem (Israel and Lund, 1999). The costs of internal links other 211 

than demand or storage can be kept as zero, thus the allocation will be solely driven by 212 

the relative value of costs on the virtual links as shown in Fig. 1. Nevertheless, there are 213 

situations while only assigning cost coefficients on demand or storage links is not 214 

enough to achieve the allocation requirements. One simple example is that minor costs 215 

such as -1 or +1 are commonly assigned on links where flow is to be encouraged, such 216 

as hydropower plant, or discouraged such as routes with high transmission loss. 217 

Another example is the transbasin diversion of surplus water, which requires 218 

diverting the required surplus water of a system into the adjacent system to enhance the 219 

efficiency of water utilization. An intuitive way to achieve this requirement is to use the 220 

iterative approach suggested by Labadie and Baldo (2001). This approach recommends a 221 

conceptual “flow-through” demand to be placed in the transbasin tunnel. This demand is 222 

given a lower priority than all demands or storage in the system to be diverted, which 223 

guarantees that transbasin diversions only occur once all demands in the original system 224 

are satisfied. According to the water supplied to the flow-through demand, iterations are 225 

then performed to artificially inject this diverted water into the adjacent system. Thus 226 

transbasin diversion will work as long as the original system has surplus water, 227 

regardless of the hydrological condition of the other system. However, there is no need 228 

to perform diversion when both systems are in abundance of water, for the diverted flow 229 

will become surplus to the other system. Although the “flow-through” approach is 230 
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capable of simulating physical water movement process such as non-consumptive water 231 

usage, it may not properly model the operational features, such as adequate timing of 232 

diversion in this situation. This is especially critical when the transbasin diversion is 233 

charged with money, thus unnecessary diversions should be avoided. Inevitably, 234 

satisfying the condition of surplus water diversion requires assigning a positive cost on 235 

the link of transbasin tunnel, without using the flow through demand approach. 236 

The determination of cost becomes more complicate if a combination of various 237 

allocation rules is involved, such as different operating rule curves for individual 238 

reservoirs, preferences of water conveyances in multiple locations, the allocation of 239 

multi-reservoir storage, and trans-basin water diversions. When multiple links in the 240 

system have to be assigned with nonzero cost coefficients, the accumulation of costs 241 

along a flow path to a demand/reservoir might impair its priority which is originally 242 

dictated by the cost of virtual link. The connectivity between links of nonzero costs has 243 

to be identified to ensure that the sum of cost coefficients in paths to a water usage of 244 

higher priority is always less than the total costs of any path to a lower priority 245 

stakeholder. If the user can not ensure assigning nonzero costs on which links to achieve 246 

the allocation requirements, a general preprocessing analysis will have to assume that 247 

the cost coefficient of every link in the system is unknown. 248 

This study develops a procedure to establish the objective function of NFP-based 249 

water allocation models, in which representative allocation rules encountered are all 250 

considered. The allocation associated with reservoir operating rule curves and multi-251 

reservoir storage balancing was preliminarily addressed in Chou and Wu (2011). These 252 
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two rules are more elaborated in this paper, with two additional rules, trans-basin surplus 253 

diversion and water conveyance preference, being proposed to constitute the 254 

comprehensive analyzing framework as shown in Fig. 2. Water allocation rules and cost-255 

determining procedure is described in detail in the following section.  256 

 257 

 258 

Fig. 2 Cost determining procedure proposed in this study 259 

 260 

3 Water Allocation Rules 261 

3.1 Rule 1: Trans-basin diversion of surplus water  262 

Generally, the development of a new trans-basin water diversion project must not 263 

impact existing users of the system. Fig. 3 depicts a simple example, in which only 264 

surplus water in the system associated with reservoir B can be diverted for storage in 265 

reservoir A. Thus, the first rule allows users to specify a link in the network representing 266 
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a way of distributing water with last priority. The priorities of all paths through this 267 

specific link are junior to any other paths to demands and storage in the system. 268 

 269 

 270 

Fig. 3 Example of trans-basin water diversion 271 

 272 

Let L be the set of all links, LD be the set of virtual demand links, LS be the set of 273 

virtual storage links in the network, and (LD + LS) be the union of LD and LS. Define a 274 

path as a sequence of links without the repetition of head nodes, i.e., with no cycle in the 275 

path. Use LPR  to represent the set of paths containing the specific link for the diversion 276 

of surplus water, and 
SD LL +R  to represent the set of paths with the final links belong to 277 
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(LD + LS). The mathematical formulation of priority requirement for surplus water 278 

diversion can be expressed as: 279 

)](cost[min)](cost[max LPLP RRR <−+ SD LL    (4) 280 

where, )( LPRR −+ SD LL  is the same as 
SD LL +R  but excluding LPR , cost is a function used 281 

to calculate the sum of the cost coefficients of the links in a path, and cost( LPR ) 282 

represents the set of total costs for all paths in LPR . Eq. (4) states that the largest cost 283 

conducted by paths which do not pass from the trans-basin link is less than the least cost 284 

by passing from the trans-basin link. Because the lowest priority should correspond to 285 

the largest cost under the framework of NFP, a set of cost coefficients which satisfies 286 

this condition should guarantee that the trans-basin link will work only in case of surplus.  287 

For a total of np1a paths in LPR  where the kth path is represented as kaP1 , a 288 

Kronecker delta function can be used to represent if kaP1  contains link (i, j): 289 

⎩
⎨
⎧ ∈

=∈∀
otherwise

aPjiif
aji k

k
ji

0
1),(1

1,),( ),(δL    (5) 290 

Suppose that )( LPRR −+ SD LL  contains np1b links and kbP1  represents the kth path in 291 

)( LPRR −+ SD LL . Another Kronecker delta ),(1 ji
kbδ  can be used to represent if kbP1  292 

contains link (i, j): 293 

⎩
⎨
⎧ ∈

=∈∀
otherwise

bPjiif
bji k

k
ji

0
1),(1

1,),( ),(δL    (6) 294 

Eq. (4) can then be expressed by the following constraints: 295 
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aMin
ji

jik npkCca ji
11

),(
),( ,....,11 ),( =≥∑

∈L

δ    (7) 296 

bMax
ji

jik npkCcb ji
11

),(
),( ,....,11 ),( =≤∑

∈L

δ     (8) 297 

11 MinMax CC ≤+ε        (9) 298 

where, c(i, j) is the cost coefficient per unit flow of link (i, j), 1MinC  represents the lower 299 

bound of the total costs of paths in LPR , 1MaxC  represents the upper bound of the total 300 

costs of paths in )( LPRR −+ SD LL , and ε  is an arbitrary positive integer specified by the 301 

user. 302 

3.2 Rule 2: Priorities between water usages and reservoir storage 303 

The basic framework of water allocation in the water resources system is the 304 

priorities between water usages and reservoir storage. The priorities may be defined by 305 

water rights, judicial or legislative actions to protect specific water usages, private 306 

agreements between stakeholders or the operating rule curves of reservoirs. Chou and 307 

Wu (2011) illustrated the setting of priorities between demands and storage for the 308 

operating rule curves commonly adopted in individual reservoir operating systems of 309 

Taiwan. The proposed mathematical formulation was as following: 310 

Assume that (LD + LS) is the set that consists of all virtual demand and storage 311 

links. (LD + LS)(k) is the link prioritized kth among (LD + LS). Eq. (10) prioritizes all 312 

virtual demand and storage links that comprise a water supply network as follows: 313 

1~1]},min{cost[]}[costmax{ )1()( −+=−<− +++ sdLPkLPk mmkRRR
SDSD LLLL R  (10) 314 
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In Eq. (10), the set )( kSD LL +R  consists of all potential flow routes with final link as 315 

)(kSD LL + , LPR  is the same as defined in Eq. (4) of section 3.1; and md + ms represents 316 

the number of links in (LD + LS). Eq. (10) states that the largest cost among paths to a 317 

senior priority demand or storage is less than the least cost conducted by paths to a 318 

junior priority water usage. It thus guarantees finding coefficients which projects the 319 

defined priorities. 320 

The following constraints can be established from the concept of Eq. (10), 321 

derived by a similar process of converting Eq. (4) into Eqs. (7) ~ (9) as shown in section 322 

3.1. 323 

sdMax
ji

jilkMin mmknplCcC
k

ji

k
+==≤≤ ∑

∈

,..,1;,..,12 k2,2
),(

),(,2
),(

L

δ  (11) 324 

1,....,1
122 −+=≤+
+ sdMinMax mmkCC

kk
ε    (12) 325 

where kMaxC 2  and kMinC 2 define the feasible range of net conveyance costs for flow paths 326 

in LPk RR −+ )(SD LL ; the Kronecker delta function ),(
,2 ji
lkδ  indicates whether the  lth flow path 327 

of LPk RR −+ )(SD LL  includes the link ),( ji ; np2,k is the number of paths exist in 328 

LPk RR −+ )(SD LL , and ε  is the same as in Eq. (9), which is used to maintain an interval of 329 

costs between consecutive priorities. 330 

 331 

3.3 Rule 3: Preferences in water conveyance  332 

Although there are multiple ways to meet a demand, for water the routes with 333 

less transmission loss, lower operating costs, and the potential for additional hydro-334 
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electric generation are generally preferred. This rule allows users to specify the priorities 335 

of water conveyance through paths between two specific nodes. For example, possible 336 

paths between the reservoir and demand nodes in Fig. 4 are listed in the sequence of 337 

their priorities as follows: (1) A－B－D－E－F－H, (2) A－B－D－G－H, (3) C－D－338 

E－F－H and (4) C－D－G－H. 339 

Suppose that there are np3 possible paths between the specified source and target 340 

nodes. We assume that these paths are arranged in sequence according to their 341 

conveyance priorities, i.e., if kP3  represents the kth path, then water conveyance through 342 

kP3  should be prior to P3k+1. The function ),(3 ji
kδ  indicates whether kP3  includes the 343 

link ),( ji . The following constraints can then be established: 344 

33
),(

),(3 ,....,13 ),( npkCcC
k

ji

k Max
ji

jikMin =≤≤ ∑
∈L

δ    (13) 345 

1,....,11 333 1
−=≤+

+
npkCC

kk MinMax    (14) 346 

where 
kMaxC 3  and 

kMinC 3  represent the upper and lower bounds of costs associated with 347 

the paths between the specified source and target nodes.  348 

 349 
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 350 

Fig. 4 Water supply routes 351 

 352 

3.4 Rule 4: Priorities in multi-reservoir storage allocation  353 

The operation of a multi-reservoir system involves allocating water from 354 

multiple reservoirs to satisfy the joint demand. The respective priority rankings for 355 

carryover storage of each reservoir determine which reservoir should be used first to 356 

satisfy demand throughout a multi-reservoir system. For example, Fig.5 depicts a system 357 

with two parallel reservoirs, Reservoirs A and B, which both can provide water to the 358 

joint demand. Operating rules of this two-reservoir system dictate that joint demand be 359 

supplied by allocating water from available sources in the following order: (1) first from 360 
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Weir C until it has been emptied; (2) then from Reservoir A, provided that its water level 361 

is over its lower limit of rule curve; (3) finally, from Reservoir B. Accordingly, the 362 

storage components can be listed in the sequence of their associated priorities as: (1) the 363 

storage under the lower limit of Reservoir A, (2) the storage of Reservoir B, (3) the 364 

storage over the lower limit of Reservoir A and (4) the storage of Weir C.  365 

 366 

 367 

Fig. 5 Example of a multi-reservoir system 368 

 369 

Assume that LS(k) represents the kth-priority link in the set of storage links, LS. 370 

The priority constraint for allocating storage in a multi-reservoir system can be 371 

expressed as follows: 372 

1,....,1)](costmin[)](costmin[

)](costmax[)](costmax[

)1()(

)()1(

−=−+−

<−+−

+→

→+

sLPkLPJDk

LPkLPJDk

mkRRRR

RRRR

SS

SS

LL

LL  (15) 373 
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where )( kSLR is the set of all routes with final link as LS(k). JDk →)(SLR  consists of all flow 374 

paths that begin at the reservoir, where the link LS(k) originates, and culminate by 375 

supplying joint demand. )( )( LPJDk RR −→SL  is the same set after excluding LPR ; ms 376 

represents the net total of links in LS. The concept of Eq. (15) is explained as following: 377 

suppose that there is one unit of water initially stored in the reservoir for each of the 378 

storage links. The water can either be released to satisfy the joint demand or retained in 379 

the reservoir to contribute to the associated carryover storage. The left hand side of Eq. 380 

(15) represents the largest cost induced by storing water in the senior storage link (index 381 

k) and releasing water from the junior storage (index k+1) to supply joint demand. On 382 

the other hand, the right hand side represents the least cost induced by storing and 383 

releasing water in the converse way. The inequality ensures that a junior storage will 384 

release water in a higher priority to supply joint demand.  385 

According to similar process as shown from Eq. (4) to Eqs. (7) ~ (9), the 386 

following constraints can be established: 387 

skaaMax
ji

jilkaMin mknplCcaC
k

ji

k
,..,1;,..,14 ,44
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),(,4

),( ==≤≤ ∑
∈L

δ   (16) 388 

skbbMax
ji

jilkbMin mknplCcbC
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ji

k
,..,1;,..,14 ,44

),(
),(,4

),( ==≤≤ ∑
∈L

δ   (17) 389 

1,..,1
11 4444 −=+≤++
++ sbMinaMinbMaxaMax mkCCCC

kkkk
ε    (18) 390 

where 
kaMaxC 4  and 

kaMinC 4  define the feasible range of net conveyance costs for flow 391 

paths represented by )( )( LPJDk RR −→SL ; 
kbMaxC 4  and 

kbMinC 4  define the feasible range of 392 
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net conveyance costs for flow paths represented by )( )( LPk RR −
SL ; the functions ),(

,4 ji
lkaδ  393 

and ),(
,4 ji
lkbδ  indicate whether the  lth flow path of )( )( LPJDk RR −→SL  and )( )( LPk RR −

SL  394 

include the link ),( ji  respectively; np4a,k and np4b,k is the numbers of paths in 395 

)( )( LPJDk RR −→SL  and )( )( LPk RR −
SL  respectively, and ε  is the same as in Eqs. (9) and 396 

(12). 397 

 398 

3.5 Rule 5 (default): Minimization of surplus water 399 

The proposed method penalizes any water into the final receiving body by the 400 

following requirements: 401 

0])cost(min[
T

>LR        (19) 402 

0])cost(max[
SD

<+ LLR        (20) 403 

where, LT is a set that includes all terminal links originated from the node representing 404 

water receiving body; 
TLR  is a set that consists of all possible flow paths, each of which 405 

has a final link belongs to LT. Eq. (19) states that the least cost by paths which include 406 

the virtual terminal link is greater than zero, and Eq. (20) states the largest cost to a 407 

virtual demand or storage link is less than zero. In this manner, the NFP algorithm will 408 

then try to allocate unregulated flows to water users, and release spill flows from 409 

reservoir only if absolutely necessary to prevent inducing positive cost. The following 410 

inequalities can then be established:  411 
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6
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jik
ji =≥∑

∈

εδ      (22) 413 

where, δ5k
(i, j) and δ6k

(i, j) are Kronecker delta functions to represent whether link (i, j) is 414 

in the kth path in 
SD LL +R  and 

TLR , respectively; np5 is the number of paths in 
SD LL +R  and 415 

np6 denote the number of paths in 
TLR . 416 

Furthermore, we assume that the cost coefficients of all links other than demand, 417 

storage and terminal are greater than 0: 418 

)(),(0),( TSD LLLL −−−∈≥ jiallforc ji     (23) 419 

 420 

3.6 Linear programming for determining cost coefficients 421 

The constraints (7)~(9), (11)~(12), (13)~(14), (16)~(18) and (21)~(23) define the 422 

feasible region for cost coefficients. Linear programming (LP) can be employed to solve 423 

the problem, by coupling the constraints with the following objective function:  424 

∑
−−−∈ )(),(

),(
TSD LLLLji

jicMinimize       (24) 425 

Eq. (24) will keep the costs of links other than storages, demands and terminals to 426 

be zero as long as feasible. Only a few links will be assigned with nonzero costs when 427 

absolutely necessary. For example, rule 3 may require assignment of nonzero costs on 428 

particular links to discourage flow through routes with high loss rates. The assigned cost 429 

will then be minimized to be +1 based on the objective function and Eqs. (13) and (14). 430 
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Under this setting, the allocation of water will be primarily dictated by the costs of 431 

virtual links, while the minor costs on particular non-virtual links guide local flow 432 

conveyance.  433 

 434 

3.7 Determination of values of the Kronecker delta functions  435 

The Kronecker delta functions for each link as described in sections 3.1~3.5, can 436 

be established using the path enumeration algorithm of Kroft (1967). Here a path refers 437 

to a sequence of nodes such that from each node there is a link to the next node in the 438 

sequence. Furthermore, there should be no cycle, i.e., repetition of nodes, in the path. 439 

Repeated identifying possible paths between different associate nodes can help 440 

determining the values of the above Kronecker delta functions. The computing 441 

procedure of Kroft’s algorithm is provided in Appendix A. 442 

 443 

4 Case Study 444 

The proposed method was applied to determine cost coefficients of NFP model 445 

for simulating the joint water allocation of the Hsintein and Tahan Rivers water 446 

resources system of northern Taiwan. This case study simulates projected conditions of 447 

the given system in 2021. The Feitsui Reservoir, with an effective storage capacity of 448 

336×106 m3, is located on the Peishih Creek, one of the two major upstream tributaries 449 

of Hsintein River. It serves mainly to supply the demand for domestic water in Taipei 450 

(TP) district. Downstream from the confluence of Peishih and Nanshih Creeks are the 451 

Cihukeng, Chihtan, and Chintan Weirs, which serve to regulate upstream flow and raise 452 
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the water level for the diversion of water into three treatment plants. Cihukeng Weir also 453 

serves to raise the water level to divert flow into the off-channel Cihukeng hydropower 454 

plant through a man-made canal. The tail-water from the hydropower plant is then 455 

diverted to the downstream Chintan Weir.  456 

The other river in the joint operating system, the Tahan River, has its own 457 

reservoir, the Shihmen Reservoir. The capacity of Shihmen Reservoir is 215×106 m3 458 

according to the survey in 2011. It was designed for irrigation, hydropower generation, 459 

public water supply, and flood moderation. Downstream from the Shihmen Reservoir are 460 

its afterbay and the Yuanshan Weirs, which serve to regulate the reservoir release. The 461 

Shanshia Pumping Station on the Shanshia River, which is a tributary of the Tahan River, 462 

can also support public water supply in this region. 463 

The primary demands for water in the Shihmen Reservoir system are irrigational 464 

and the public demand of southern, northern Taoyuan (TY) and Pan-Hsin (PH) districts. 465 

Pingcheng, Longtang, and Shihmen Treatment Plants withdraw raw water from the 466 

Shihmen Reservoir and supply the southern TY district. The northern TY district is 467 

supplied by Danan Treatment Plant, which withdraws raw water from the Yuanshan Weir.  468 

The Tahan River and Hsintien River systems jointly supply the public demand 469 

from PH district. The Panhsin Treatment Plant receives raw water from both the 470 

Yuanshan Weir and Shanshia Pumping Station. The Hsintien River system will provide a 471 

maximum of 1.01 million m3/day of treated water to the PH district after year 2016 472 

through the under constructed trans-basin pipeline of the “Pan-Hsin Water Supply 473 

Improvement Plan, Phase II” (PH-Phase II).  474 
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There is also a trans-basin raw water diversion project being planned in Nanshih 475 

Creek in the upstream of Hsintein River, which will focus on building a diversion weir, 476 

called Limogan Weir, and a trans-basin tunnel upstream of Nanshih Creek. It aims to 477 

divert surplus water from Nanshih Creek to an upper section of Sanshia River, thereby 478 

increasing the water utilization efficiency through joint operations. The network of this 479 

water resources system is depicted in Fig. 6.  480 
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Fig. 6 Joint operation system of Feitsui and Shihmen Reservoirs 482 

 483 

4.1 Priority requirement for trans-basin water diversion  484 

The diversion link of Limogan Weir is specified as the last priority link of rule 1, 485 

because it should only divert surplus water from Nanshih Creek. This setting ensures 486 
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that the trans-basin tunnel will not withdraw water originally intended to meet the 487 

demands of the Hsintein River system. 488 

 489 

4.2 Priority requirement for reservoir operating rule curves  490 

The rule curves of Feitsui Reservoir include the severe limit (SL), lower limit 491 

(LL), middle limit (ML) and upper limit (UL). The Feitsui Reservoir Administration 492 

specifies the following conditions for operation in 2021 (Chou and Wu, 2011): 493 

1. While reservoir water level is below the SL, it only has to provide 80% of TP demand.  494 

2. While reservoir level is above the SL but below the LL, it only has to provide 80% of 495 

TP and PH demands. 496 

3. 100% of TP and PH demands should be satisfied while the reservoir level is above the 497 

LL. 498 

4. While the reservoir level is raised to range between the ML and UL, extra water may 499 

be released for peak-hours hydropower generation. 500 

5. Sufficient water should be released to support full-capacity hydropower generation 501 

while reservoir level exceeds the UL. 502 

Fig. 7, which identifies a variable for each virtual link, illustrates the 503 

determination of storage and demand links with respect to the five operating rules 504 

delineated above. The codes of virtual links associated with the operating rule curves of 505 

Feitsui Reservoir are listed in the sequence of their associated priorities as following: (1) 506 
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TPD %80 , (2) F
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 Fig. 7 Virtual demand and storage links of the joint operation system of 510 

Feitsui and Shihmen Reservoirs 511 

 512 

Shihmen Reservoir operating rule curves must comply with the following criteria: 513 

1. While reservoir level is below the SL, it only has to provide 50% of irrigational and 514 

80% of TY and PH demands. 515 

2. While reservoir level is above the SL but below the LL, it only has to provide 75% of 516 

irrigational and 90% of TY demands. 517 
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3. 100% of irrigational and public demands for TY district should be satisfied while the 518 

reservoir level is above the LL. 519 

4. Extra water should be released to support peak-hours hydropower generation while 520 

the level is raised beyond the UL. 521 

According to the above operating rules, the setting of virtual storage and demand 522 

links of the water resources system of Tahan River is also depicted in Fig. 7 with a code 523 

for each virtual link. The codes of virtual links associated with the operating rule curves 524 

of Shihmen Reservoir are listed in the sequence of their priorities as following: (1) AD %50 , 525 

TYD %80  and PHD %80 , (2) S
SLS , (3) AD %75 and TYD %90 , (4) S

LLS , (5) AD %100 and TYD %100 , (6) S
ULS , (7) 526 

HPS
PD _ , (8) S

FCS , (9) WSS _ , and (10) PHD %100 . 527 

 528 

4.3 Priority requirement for the joint operating rules 529 

The following rules guide the joint water allocation of this system: 530 

1. The storage of weirs downstream from reservoirs is first allocated to meet demand. 531 

2. While all weirs are dry but Feitsui Reservoir level exceeds the SL, its storage should 532 

be allocated to PH demand regardless of Shihmen Reservoir water level. This means 533 

that the priority of Feitsui storage above its SL should be junior than the storage of 534 

Shihmen Reservoir. 535 

3. While all weirs are dry and Feitsui Reservoir level is unable to attain the SL, water 536 

from the Shihmen Reservoir may be allocated to supply no more than 80% of PH 537 

demand. 538 
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The first condition in the above rules essentially means that the weirs are at the 539 

last priority to store water, because their storage is always consumed first. The logic of 540 

whether supplying water to the joint demand can be used to compare and determine the 541 

priorities of different storage components in Feitsui and Shihmen Reservoirs. For 542 

instance, water stored in the Feitsui Reservoir under the SL should be senior to all 543 

Shihmen Reservoir storage, because the third condition prevents Feitsui from supplying 544 

PH when its storage falls below the SL. Aside from the SL, the priorities of other storage 545 

of Feitsui should be junior to the storage of Shihmen Reservoir, because the Feitsui 546 

Reservoir should be the default water source for PH demand during normal conditions. 547 

According to these characteristics, the codes of virtual storage links are listed in the 548 

order of their associated priorities as following: (1) F
SLS , (2) S

SLS , (3) S
LLS , (4) S

ULS , (5) 549 

S
FCS , (6) F

LLS , (7) F
MLS , (8) F

ULS , (9) F
FCS , (10) WFS _  and WSS _ . 550 

 551 

4.4 Result and discussion 552 

Fig. 8, which applies a value of 10 to the variable ε , quantifies the cost 553 

coefficients that follow from the priorities specified in the previous sections. Fig. 8 554 

shows a cost-coefficient value of -370 for the SL link in Feitsui Reservoir. This value is 555 

lower than the coefficient for satisfying PH demand. Operating rules thus require that 556 

Feitsui water supplies only 80% of TP demand while its water level is unable to attain 557 

the SL. Under these conditions, the alternate supply source, the Shihmen Reservoir, will 558 

supply 80% of the PH district demand. The cost of supplying the remaining PH demand 559 
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would be -190 (= -270+80), which is larger than the cost of simply storing that water in 560 

the storage facilities in the Tahan River system. 561 

 562 

Fig. 8 Assigned coefficients based on conditions specified in sections 4.1~4.3 563 

 564 

Assume that both the Feitsui and Shihmen Reservoirs each have one unit of water 565 

and that the Feitsui water level is higher than its SL. If the water from Shihmen 566 

Reservoir is allocated to supply 80% of the joint demand, the other one unit of water can 567 

be stored in Feistui Reservoir to achieve the minimum unit cost of -280. On the other 568 

hand, the unit cost of supplying joint demand with Feitsui Reservoir water (and thus 569 

retaining Shihmen Reservoir storage) is only -290. Hence, minimum-cost NFP-based 570 

water allocation ensures that the joint demand will be satisfied by the Feitsui storage in a 571 

higher priority, provided that its water level exceeds the SL. 572 
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The trans-basin diversion link in Fig. 8 has a positive cost coefficient of +180. 573 

The minimum total cost of paths through this link is -180, which is the sum of the costs 574 

of the diversion link and the highest priority demand in the Tahan River system. The 575 

lowest priority in the Hsintein River system is storage in weirs, each of which has a cost 576 

of -210. Thus the model will not allocate water from Nanshih Creek unless all of the 577 

weirs of Hsihtein River are full. In other words, the trans-basin tunnel will only divert 578 

surplus water from Nanshih Creek. 579 

In the joint operation of Fig. 8, Feitsui Reservoir is the primary regular source 580 

and Shihmen Reservoir provides the backup source for PH district. Another operating 581 

strategy is to maintain the storage of these two reservoirs at the same intervals as their 582 

individual rule curves. For instance, the storage zones between the LL and SL of both 583 

reservoirs would share the same priority. Based on this concept of storage balancing 584 

joint operation, the virtual storage links are listed in the order of their associated 585 

priorities as following: (1) F
SLS , (2) S

SLS , (3) F
LLS  and S

LLS , (4) F
MLS  and S

ULS , (5) F
ULS , (6) 586 

F
FCS  and S

FCS , (7) WFS _  and WSS _ . Under this setting, the reservoir with the higher 587 

storage is charged with supplying the joint demand to maintain the storage of the two 588 

reservoirs in the same interval. The analyzed cost coefficients based on the storage 589 

balancing joint operation are illustrated in Fig. 9.  590 
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 591 

Fig. 9 Cost coefficients for storage balancing of two reservoirs 592 

 593 

Based on Fig. 9, possible joint operating scenarios include the following: 594 

1. Any water over the UL in the Shihmen Reservoir will be allocated to the PH district to 595 

meet 80% of its full demand, provided that Feitsui level does not exceed its UL. 596 

2. When the level of Shihmen Reservoir is between its UL and LL, the Feitsui Reservoir 597 

will satisfy the joint demand as long as the its level exceeds the ML. However, if 598 

Feitsui storage is unable to attain the LL, then water from the Shihmen Reservoir will 599 

be allocated to meet 80% of PH district demand in a higher priority.  600 

3. Provided that the Shihmen Reservoir water level ranges between the SL and LL and 601 

the water level in the Feitsui Reservoir exceeds the LL, water from Feitsui Reservoir 602 

will be allocated to PH district demand. Shihmen Reservoir water will be released to 603 
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independently satisfy 80% of joint demand only when the Feitsui water level drops 604 

below its SL. 605 

4. When the Shihmen Reservoir water level drops below the SL, the Feitsui Reservoir 606 

will independently fulfill PH district demand provided that its own water level 607 

exceeds the SL. If the Feitsui Reservoir water level is below the SL, then Shihmen 608 

Reservoir water will be allocated to ensure that 80% of PH demand is satisfied. 609 

In addition to the allocation priorities defined by operating rule curves and joint 610 

operating rules, preference for flow through hydropower plant can be simulated by 611 

directly assigning a negative unit cost to the links connecting to the run-of-river or 612 

reservoir hydro plants to encourage associated flows. Because the interval of costs 613 

between consecutive priorities of demands or storage is set as 10, this unit cost will not 614 

impair the priority requirements by the above rules, as long as the accumulations of 615 

minor costs to demands or reservoirs are within the range between -10 to 10. 616 

 617 

5 A Pruned Analyzing Procedure 618 

In the aforementioned analyzing procedure, the bulk of the computational load is 619 

expended on network path enumeration analysis. For a complete network, in which 620 

every pair of distinct nodes is connected by a unique link (as an extreme example), if 621 

there are n nodes in the network, then the number of links will be nC22× , resulting in 622 

∑
−

=

−
2

1

2
n

i

n
iC  paths between any two distinct nodes. This means that the number of paths 623 

would grow exponentially with an increase in the number of nodes for such a dense 624 
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network. The enormous number of resulting paths would not only require considerable 625 

time for enumeration, but would also expand the size of the subsequent LP problem. 626 

Path enumeration is required because the cost coefficient of every link is assumed to be 627 

unknown in the default condition. If additional conditions could be included, such as the 628 

assignment of only a few links with nonzero costs and the costs of other links set at 0, 629 

then a simpler analyzing procedure could be employed to reduce the required 630 

computational load. 631 

Using ),( LNG  to present the under analyzing network, which is defined by a set 632 

N  of n nodes and a set L  of m links. Suppose that there are mP non-virtual links within 633 

L  which are assigned with nonzero costs and mP < m. Defining PL  as the set containing 634 

these specified links, PTN  and PHN  as the sets of tail and head nodes of links in PL , 635 

respectively. Defining )( TSD NNN ++  as the set which contains all nodes which 636 

represent demands, reservoirs or final water receiving bodies in N , and )( TSD LLL ++  637 

as the set of demand, storage or terminal links. Then the cost determining procedure can 638 

be simplified as below:  639 

1. From each of the nodes which convey inflow into the system, using the depth first 640 

search (DFS) algorithm to identify the downstream reachable nodes in ),( PLLNG − . 641 

The detail of DFS algorithm can be found in Ahuja et al. (1993). 642 

2. A fictitious node, denoted as node f, is created. If node )( TSDi NNN ++∈  is 643 

identified to be reachable from inflow nodes in the previous step, then a fictitious 644 

link (f, i) is created. This fictitious link serves to replace all paths to node i which 645 
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consist of only links with zero cost in ),( LNG . Define FL  as the set which contains 646 

these fictitious links.  647 

3. Using DFS to identify the downstream reachable nodes in ),( PLLNG −  from the 648 

head node of each link in PL .  649 

4. Suppose that link (i, j) belongs to PL  and node k belongs to either PTN  or 650 

)( TSD NNN ++ . If k can be reached from j in ),( PLLNG − , then a fictitious link 651 

(j,k) is created and added into FL . These fictitious links represent the connectivity 652 

between links with nonzero costs. 653 

5. Establish a reduced network ),( LNG ′′′ , in which N ′  is the union of PTN , PHN , 654 

)( TSD NNN ++  and node f, and L′  is the union of PL , FL  and )( TSD LLL ++ . 655 

6. The same procedure described in section 3 can be followed to determine the cost 656 

coefficients of links in PL  and )( TSD LLL ++ , except that ),( LNG  is replaced by 657 

),( LNG ′′′ . 658 

The above procedure takes advantage of the fact that total costs of a path are 659 

determined only by the links with nonzero cost coefficients in the path. Thus the 660 

enumeration of paths containing all links in L can be reduced to only enumerating 661 

feasible combinations of links in PL  and )( TSD LLL ++ . Because DFS is a basic 662 

algorithm with worst case complexity as only O(m), the reduced network G′  can be 663 

efficiently established from the original network G. The scale of G′  should be much less 664 
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than G because typically mP<<m. Thus enumerating paths in G′  will require much less 665 

computational time and the size of the consequent LP problem can be greatly reduced.  666 

This pruned procedure was employed to finally evaluate the two illustrative 667 

problems of section 4. In these final evaluations, only the transbasin diversion link and 668 

the links connecting to 20% joint demand are specified with nonzero costs. The original 669 

system was pruned into a reduced network similar to the schematic shown in Fig. 8. For 670 

each problem, the number of constraints in the LP formulation was reduced from the 671 

original 3,227 to only 486. The analyzing results using the pruned procedure were 672 

identical to those as illustrated in Figs. 8 and 9. 673 

 674 

6 Conclusions  675 

This paper presents a methodology for determining the cost coefficients of the 676 

objective function of an NFP-based model for simulating river/reservoir system 677 

operations and associated water allocation. This issue is of great importance because 678 

adequate simulation of water allocation rules is the key to successful implementations of 679 

any water allocation models. Among the many studies on water allocation within 680 

reservoir/river systems in the literature, this paper is one of the very few which explicitly 681 

study how to appropriately set up the objective function for a NFP-based simulation 682 

model. The assignment of cost coefficients was usually performed intuitively, as 683 

practices of art by researchers. This issue is treated by a scientific manner in this paper, 684 

with systematic presentations of representative allocation rules encountered in real world 685 
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applications. A general procedure is proposed to solve the problem. Although additional 686 

analyzing efforts are required, the obtained coefficients guarantee that the allocation 687 

requirements are satisfied. Thus the possibly time-consuming trial and error process to 688 

check the validity of assigned costs can be avoided. 689 

For an experienced analyst, the adequate assignment of cost coefficients may be 690 

done without any preprocessing procedure. But this is not necessarily true for 691 

practitioners with less theoretical background, especially when they are dealing with 692 

systems of complex networks and allocation rules. For a system consists of multiple 693 

reservoirs and trans-basin diverting tunnel or pipe as shown in the case study, achieving 694 

surplus water diversion and storage allocation inevitably requires assigning nonzero 695 

costs on internal links other than demands or storage. This practice is not as 696 

straightforward as for systems with simple allocation priorities on demands or reservoir 697 

storage. Even for an experienced practitioner, there is always a chance of wrong 698 

assignment of costs due to the variety and complexity of water resources systems. The 699 

proposed procedure can also serve to validate the effectiveness of the intuitively 700 

assigned costs.  701 

Furthermore, if the links to be assigned with nonzero costs can be specified in 702 

advance, a simpler procedure can be employed to reduce the computing effort of 703 

preprocessing analysis. This procedure prunes the original system into a reduced 704 

network. Thus the time required to establish and solve the constraints of cost coefficients 705 

can be greatly shortened, which further increases the merit of the proposed method.   706 

 707 
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Appendix A: Kroft’s path enumeration algorithm 708 

Kroft’s algorithm aims to find all paths that connect a source node s and a target 709 

node t. It uses a stack (a data structure that stores elements in a last in first out manner) 710 

to store the path that has been built by the algorithm thus far. The recursive procedure is 711 

as follows: 712 

1. Upon entering the procedure, the element at the top of the stack, say node i, is selected. 713 

The procedure searches for the first outgoing link of node i, say link (i, j) of which the 714 

head node (node j) is not already on the stack. 715 

2. If a node j is found, then it is added to the stack. 716 

(1) If j = t, then the elements in the stack represent a new path from s to t. The path is 717 

output and j is deleted from the stack. 718 

(2) If j ≠  t, then the above steps are repeated recursively. 719 

3. If the algorithm is unable to find a link (i, j) for which node j is not already on the 720 

stack, node i is deleted from the stack. The above steps are then repeated recursively. 721 

When the above procedure is called for the first time, only source node s is 722 

initially contained within the stack in the algorithm. The algorithm terminates when the 723 

stack is empty.  724 

While implementing Kroft’s algorithm, a number of programming techniques 725 

similar to a common DFS algorithm are also used. For instance, an adjacency list may be 726 

used to store the network structure. The adjacency list for node i, denoted as A(i), is 727 

defined as the set of links emanating from node i. A data structure comprising a singly 728 
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linked list is used to establish an adjacency list for every node in the network. An array 729 

of pointer variables, known as first(i), is used to point to the first link of A(i) for each i 730 

that belongs to N. Another pointer array, currentarc(i), is also used to store the next 731 

candidate link that the algorithm is going to examine from node i. More details related to 732 

these skills and their implementation for a DFS algorithm can be found in Ahuja et al. 733 

(1993). 734 

 735 

Appendix B: A simplified demonstration example 736 

Fig. 10 depicts the network of an example simplified from the case study to 737 

demonstrate the LP formulation established by the proposed method. In this example, a 738 

specific index number designates to each respective link. The carryover storage of 739 

Reservoir A is represented by two dotted virtual links, numbers 9 and 10, which 740 

represent the capacities below and above the rule curve, respectively. Two virtual links, 741 

numbers 14 and 15, are assigned to Demand E to represent 80% and 20% of its total 742 

demand, respectively. The parenthesized numbers for link number 8 and all virtual links 743 

represent the assigned non-zero cost coefficients derived from the rules shown from B.1 744 

to B.4: 745 

 746 
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Fig. 10 Network of a simplified example 748 

 749 

B.1. Priority requirement for reservoir operating rule curves  750 

The assumed allocation priorities of Reservoir A and its accessible downstream 751 

demands are as follows: (1) satisfying Demand C, (2) elevating storage of Reservoir A 752 

up to its rule curve, (3) satisfying Demand E and (4) filling Reservoir A. According to 753 

Eqs. (11) and (12), the established inequalities will be: 754 

11 212212 MaxMin CAcccCA ≤++≤
   (25) 

755 

22 292 MaxMin CAcCA ≤≤
    (26) 

756 

33 214312 MaxMin CAcccCA ≤++≤
   (27) 

757 
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44 251312 MaxMin CAcccCA ≤++≤
   (28) 

758 

55 2102 MaxMin CAcCA ≤≤
    (26) 

759 

4~1
122 =≤+

+
kforCACA

kk MinMax ε
   (27) 

760 

where ci represents the cost coefficient of link number i. The assumed allocation 761 

priorities of Reservoir B and the associated demands are: (1) satisfying Demand D and 762 

80% of Demand E, (2) storing all surplus water in Reservoir B and (3) fulfilling Demand 763 

E. Consequently, the established inequalities are: 764 

11 23152 MaxMin CBccCB ≤+≤
   (28) 

765 

11 24162 MaxMin CBccCB ≤+≤
   (29)

 766 

22 2112 MaxMin CBcCB ≤≤
   (30)

 767 

33 25162 MaxMin CBccCB ≤+≤
   (31) 

768 

2~1
122 =≤+
+

kforCBCB
kk MinMax ε

  (32) 
769 

B.2 Priority requirement for the joint operating rules 770 

According to Eqs. (16) to (18), if the priorities of storage allocation are (1) the 771 

capacity below rule curve of Reservoir A, (2) the total storage of Reservoir B and (3) 772 

the capacity above the rule curve of Reservoir A, the converted constraints would then 773 

be: 774 



 44

11 494 bMaxbMin CcC ≤≤
   (33) 

775 

22 4114 bMaxbMin CcC ≤≤
   (34) 

776 

33 4104 bMaxbMin CcC ≤≤
   (35) 

777 

11 4314 aMaxaMin CccC ≤+≤
   (36) 

778 

22 464 aMaxaMin CcC ≤≤
   (37) 

779 

2112 4444 bMinaMinbMaxaMax CCCC +≤++ ε  (38) 780 

3221 4444 bMinaMinbMaxaMax CCCC +≤++ ε  (39) 781 

B.3 Priority requirement for trans-basin water diversion  782 

Link number 8 is specified as the last priority link, which will produce the 783 

following constraints according to Eqs. (7) to (9): 784 

1118 MinCcc ≥+    (40) 785 

11358 MinCccc ≥++   (41) 786 

11468 MinCccc ≥++    (42) 787 

11568 MinCccc ≥++    (43) 788 

12 5 MinMax CCA ≤+ ε   (44) 789 

123 MinMax CCB ≤+ ε   (45) 790 
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B.4 Linear programming formulation  791 

In addition to the above rules, the net costs of paths into the terminal water 792 

receiving body are designed to be positive: 793 

ε≥++ 1641 ccc    (46) 794 

ε≥+++ 16418 cccc    (47) 795 

ε≥+ 167 cc    (48) 796 

Further, the net costs of paths that include any demand or storage links are designed to 797 

be negative. By assuming that only link number 8 out of the other realistic links 798 

possesses a non-zero cost coefficient, the constraints can be simplified as follows:  799 

12,10,9=−≤ kforck ε    (49) 800 

15,14,13,118 =−≤+ kforcc k ε    (50) 801 

The last constraint states that all realistic links have non-negative costs 802 

8~10 =≥ kforck    (51) 803 

Coupling Eqs.(25) ~(51) with the following objective function and setting ε  as 10 will 804 

yield the solution as shown in Fig. 10. 805 

∑
=

8

1i
icMinimize    (52) 806 
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