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Abstract

Fine scale rainfall observations for modeling exercises are often not available, but rather
coarser data derived from a variety of sources are used. Effectively using these data
sources in models often requires the probability distribution of the data at the applicable
scale. Although numerous models for scaling distributions exist, these are often based5

on theoretical developments, rather than on data. In this study, we develop a model
based on the α-stable distribution of rainfall fields, and tested on 5 min radar data
from a Belgian weather radar. We use these data to estimate functions that describe
parameters of the distribution over various scales. Moreover, we study how the mean
of the distribution and the intermittency change with scale, and validate and design10

functions to describe the shape parameter of the distribution. This information was
combined into an effective model of the distribution. Finally, the model was fitted to data
from numerous storms, and the resulting parameters were compared to investigate the
change in scaling behavior through time.

1 Introduction15

Hydrological models are used for a variety of applications such as watershed man-
agement (Rahman et al., 2009), flash flood predictions (Ferraris et al., 2002; Castelli,
1995; Rebora et al., 2006) and the hydrological projection of future climate models
(Bergström et al., 2001; Dibike and Coulibaly, 2005). These models typically operate
on a spatial scale of less than 100 km (Ferraris et al., 2003b) and a temporal scale20

of about an hour, thus requiring hydrological observations at a similar spatio-temporal
scale. However, such data are often not available at the required scales.

Whenever suitable data are not available, the scaling behavior in rainfall can be ex-
ploited to yield an estimate of the rainfall at a finer scale. This can be done with a variety
of methods, generally referred to as stochastic downscaling methods, which generally25

rely on the fractal, or scale invariant, behavior of rainfall. This behaviour of rainfall ex-
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tends over a wide range of scales (Lovejoy and Schertzer, 1990, 2006; Lilley et al.,
2006; Lovejoy et al., 2008, 2001) and is exploited to build various models to produce
realistic rainfall fields in both space and time (Schertzer and Lovejoy, 1987; Gupta and
Waymire, 1993; Menabde et al., 1997; Menabde and Sivapalan, 2000; Deidda, 2000;
Koutsoyiannis et al., 2010; Lovejoy and Schertzer, 2010a). Although some more recent5

models use continuous cascades (Lovejoy and Schertzer, 2010a, b), most studies still
use discrete cascades. This assumption of discreteness provides an attractive sim-
plification of the equation, easing modelling and investigation, which gives some clue
to their popularity. These discrete, multiplicative cascades pose that rainfall at spatial
scale K can be modelled as10

RK = R0

K∏
k=0

Wk , (1)

where RK is a rainfall field at the scale to which the cascade is developed, and R0 is
the coarse departure field. In downscaling, R0 is an observed rainfall field which is dis-
aggregated, where each pixel is separately evolved according to the above equation.
Hence Eq. (1) can be said to describe the evolution of a single pixel with decreasing15

size. Then, Wk is a multiplicative increment, which evolves the rainfall field from one
scale to the next. Both ln(Wk ) and ln(Rk ) are assumed to be an α-stable random vari-
able, with ln(Wk ) assumed to be independent and identically distributed (iid) (Lovejoy
and Mandelbrot, 1985). Hence, the actual value ln(Wk ) is drawn from some α-stable
distribution. Effectively, this creates volatility in the field at finer scales, where most pix-20

els tend to have very small values, but a few have very large values. Then an observed
rainfall field is effectively obtained by an integration of such a cascade, after it has been
developed to infinitesimally fine scales, integrated to the resolution of interest. Such an
integration is generally termed a dressed cascade, whereas the unintegrated version
is referred to as the bare cascade (e.g. Deidda, 2000).25

The above (simple) scaling model deals exclusively with the active rainfall pixels,
i.e. those where it is raining. The reason for this is that rainfall is often assumed to
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be the result of two separate processes, and one for the support of the rainfall field
which determines whether a pixel is wet or dry, and one for the actual rainfall intensity
(Lovejoy and Mandelbrot, 1985). Several different models have been proposed for the
support: those which assume a fractal support (e.g. Rebora et al., 2006), and those
which assume that values below a certain threshold are zero (e.g. Ferraris et al., 2002).5

Evidently, the latter makes an assumption that is at odds with the earlier assumption
that rainfall is the result of two distinct, but both fractal, processes and as a result
this introduces a break in scaling behavior (Rupp et al., 2009). Nonetheless, practical
analysis of this problem has proven difficult, and it remains unclear which assumption
is the best.10

Based on the above, a very basic downscaling model to develop the rainfall field is
based on the use of Eq. (1) up to a scale k = K . Subsequently, the distinction between
dry pixels and wet pixels is made using either the cut-off approach: RK ≤ rz = 0, where
rz is some suitably chosen cut-off value; or, by developing a binary fractal field to the
same resolution as the field and resetting RK to RK · IK , i.e. using the binary fractal field15

as a mask for the rainfall. Finally, the developed field, with dry pixels, is integrated back
up to the scale of interest

Rtarget(i , j) =
1

l2k

ilk∑
x=(i−1)lk+1

j lk∑
y=(j−1)lk+1

RK (x ,y ) , (2)

i.e. by taking the mean of the pixels within each of the coarser scale pixels at the scale
of interest; lk denotes the side length of the pixel at scale k in basic pixels, i.e. lk = 2K−k

20

where K − k is used to reverse the scale.
To summarize the above, consider Fig. 1 where a simple downscaling model is de-

scribed for a slice through a field. Figure 1a describes the bare cascade, where each
rainfall value at a scale level k is multiplied with two values drawn from the distribution
of Wk ; in a 2-D setting, 4 values would be drawn. In contrast, Fig. 1b describes the25

dressing procedure, where each group of rainfall values at scale level k −1 is averaged
to obtain the coarser scale pixel at scale level k .
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Empirical investigation of the scaling behavior shows that not all rainfall fields obey
the basic assumption that the increments between scales are iid. Divergences from this
behavior were described by various authors who observed that the increments were
dependent on factors such as large scale rainfall intensity (Deidda, 2000; Over and
Gupta, 1994) and pixel size (Menabde et al., 1997; Over and Gupta, 1994; Paulson and5

Baxter, 2007). These deviations from perfect scaling are further examined in Veneziano
et al. (2006); Serinaldi (2010), and Rupp et al. (2009), who showed that it is possible
to model these imperfections in scaling through empirical functions of the parameters
of various downscaling models.

The distributions involved in the above model are often assumed to belong to the10

family of α-stable distributions (Nolan, 2012), such that their logarithm is distributed
as ln(Rk ) ∼ Sα(−1,γ,δ). The α-stable distribution Sα is said to be maximally skewed
(Rupp et al., 2009), such that its positive moments do exist, or converge to a finite
value, allowing for tractable analysis. Despite the obvious relationship between the
downscaling model in Eq. (1) and these distributions, no suitable methods exist to15

reveal which distributions go with which cascades. Although no specific reason for this
is known, this can be partly attributed to the fact that the moments in log-space do not
uniquely relate to the moments in the untransformed space: E [log(R)q] ≤ E [log(R)]q for
some moment q, evidently complicating the problem. Moreover, α-stable distributions
have no closed form for their Cumulative Distribution Function (CDF) nor does it admit20

definitive forms of multivariate distributions, resulting in complicated analyses being
required to obtain tractable results. Because of this, empirical models are used to relate
the distributions to the downscaling model, e.g. see Rupp et al. (2009); Menabde et al.
(1999).

In this paper, we wish to develop a model that directly estimates the distributions at25

various scales of the rainfall field. To do this, we have to approximate the distribution
of ln(W ), which may be dependent on scale. Moreover, there may be dependencies
between the scale levels, which have to be taken into account. Hence, the following
questions need to be investigated
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– Is the distribution of ln(Wk ) the same for all k?

– Is there dependence between the rainfall field ln(Rk ) and its increment ln(Wk )?

– Can we characterize the scaling behavior with a suitable set of equations such
that it works for a large number of storms?

Additional to these question, it is interesting to know how well the model works for5

different rainfall fields. Moreover, characterizing the rainfall field as a set of functions
allows us to gain some insight in the behavior of the distribution. As such, the following
additional questions will be answered:

– Do the same functions provide an equal fit for all rainfall fields?

– How does the scaling behavior change through time?10

This paper is structured as follows: in Sect. 2 the data are described, and transfor-
mations and operations on the data are explained and motivated. Section 3 presents
a basic, preliminary, scaling analysis. In Sect. 4 the α-stable distribution and some
of its basic properties are introduced, together with a suitable error measure. Then,
the methodology is described in Sect. 5. Subsequently, the results are presented and15

discussed in Sect. 6. Finally, some conclusions and directions for future research are
presented in Sect. 7.

2 Data

The data for this study were acquired by a C-band weather radar near Wideumont,
Belgium, operated by the Belgian Royal Meteorological Institute (RMI). This installa-20

tion covers a circular area with a radius of 240 km, producing a multi-level scan every
five minutes. The region covered includes coastal landscapes to the west, and a low
mountain range, the Ardennes, to the east with land cover mostly composed of forests,
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urban development and agriculture. The entire region has a temperate climate and re-
ceives about 800 mm of rain annually, almost uniformly distributed throughout the year
(De Jongh et al., 2006) and a mean monthly temperature which varies between 18 ◦C
in June and 3 ◦C in January.

The actual 5 min radar images are taken from large events during 2009, with 9 winter5

storms and 17 summer storms. These images were extracted from a 6 month time se-
ries during which larger storm episodes were selected to ensure sufficient data. These
images correspond to the basic 5 min interval images, however, to reduce the data
load, we opted to use only the first image of each hour. The images used were not ag-
gregated in order to retain the basic spatial scaling behavior as well as to avoid ripple10

effects (Delobbe et al., 2006) and possible temporal scaling.
The raw radar data are produced by a 5-elevation scan performed every 5 min. Mea-

surements are collected up to 240 km with a resolution of 250 m in range and 1 ◦ in
azimuth. A time-domain Doppler filtering is applied for ground clutter removal. An addi-
tional treatment, based on a static clutter map, is applied to eliminate residual perma-15

nent ground clutter (e.g. buildings). The radar data are then stored as digital numbers
representing the reflectivity values ranging from −31.5 dB to 95.5 dB in steps of 0.5 dB.
A two-dimensional radar product is then extracted from the three-dimensional polar
data on a Cartesian grid with a resolution of 0.6km×0.6km (Goudenhoofdt and De-
lobbe, 2009). Reflectivity values are then converted into precipitation rates using20

R0 =
b

√
100.1·ZdB

a
, (3)

where ZdB is the reflectivity in [dB] and a and b are dimensionless parameters, respec-
tively equal to 200 and 1.6. Finally, only the inner 100 km are used in the analysis, as
the radar does not produce reliable quantitative estimates outside this range. A sample
data image is shown in Fig. 2, where the black circle denotes the 100 km range. Small25

deviations from this circle are allowed to accommodate the square, aggregated pixels.
Additionally, if the image contains less than 10 % active pixels, the image is discarded.
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The processed data were artificially downgraded to obtain a scale cascade of each
rainfall image with scales ranging from a pixel size of 0.6km×0.6km to 9.6km×9.6km,
with factors lk = 2K−k ·0.6km where k = 0...4. These degraded pixels are obtained by
spatially averaging the rainfall depths over squares of the appropriate size (Ferraris
et al., 2003a; Deidda, 2000). Thus, the relation between the fine scale field Rk and the5

coarse scale field R0, can be expressed through Eq. (2). Generally, the scale of the
pixels is expressed as

λk =
lk

Leff
, (4)

where Leff is the effective outer scale at which the moments converge. This is an a-priori
unknown quantity, which has to be estimated from the data (Lovejoy et al., 2008).10

3 Scaling analysis

A first step in the analysis of scaling behavior is to establish whether or not the rainfall
field is actually scaling, and whether this scaling is multifractal. To provide some insight
into this, a single image was analyzed, shown in Fig. 2. For this analysis the field was
made conservative by transforming it as (Lovejoy et al., 2008)15

Rcons
λK

=
|∇2(RλK

)|
〈|∇2(RλK

)|〉
, (5)

where ∇2 is the 2-D laplacian, and 〈·〉 denotes the average of the field.
A first tool to assess the scaling behavior is the radially averaged power spectrum,

shown in Fig. 3. This figure analyses the full image, without any cutoffs or modifications.
In this image, the expectation is to find a linear slope, indicating scaling behavior. Such20

behavior is observed, as indicated by the linear fit, although a small deviation exists
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at lower scales. This break is likely due to the threshold of the rainfall field as a result
of the radar not being able to accurately measure rainfall intensities below 0.1 mmh−1

(Lovejoy et al., 2008).
A basic principle of multifractal behavior is that the (empirical) moments scale as

〈Rq
k 〉

〈Rq
0 〉

=
(

lk
Lref

)K (q)

, (6)5

where Rk is the rainfall field at scale l = 2(K−k ) ·0.6. Lref is a conveniently chosen outer
scale, in lieu of knowing the effective outer scale, and K (q) is the moment scaling
function. This function illustrates that if the field is multifractal, the various empirical
estimates of a moment q should lie on a straight line in a log-log plot of 〈Rq

k 〉/〈R
q
0 〉

against the scale λk . By plotting these lines for a variety of moments, shown in Fig. 4,10

the linearity, and thus multifractal scaling behavior, of each moment can be assessed.
As can be seen, these lines are close to linear, further suggesting fractal behavior. The
outer scale is the point at which all lines intersect (Lovejoy et al., 2008). This analysis is
shown in Fig. 4, for the conservative field, and all moments appear to be appropriately
scaling (i.e. linear), which is further confirmed by a Double Trace Moment analysis15

(Veneziano et al., 2006) shown in Fig. 5. The intersection point Leff can be difficult to
find, as small deviations from linear behavior may prevent the lines from converging.
This is solved by forcing the regression lines to convergence at a point for which the
RMSE is minimal. Based on this, the effective outer scale for this particular image was
found to be about 643 km for this particular storm. However, we should note that such20

an analysis can be inaccurate, and should only be used as a reference.

4 α -stable distributions

As mentioned in the introduction, the logarithm of the rainfall fields Rk and their incre-
ments Wk are assumed to be distributed according to the α-stable distribution. The
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α-stable family of distributions allows for a large variety in behavior, including right-
and left-skewed behavior, as well as symmetric behavior. Furthermore, the distribution
allows either a heavy tail or a light, vanishing, tail on either side, or on both sides,
of the mode. Due to this highly flexible behavior, it includes several well-known dis-
tributions such as the Normal distribution and the Cauchy distribution. The α-stable5

distribution does not have a closed form, but rather expresses its density as an integral
of the characteristic (moment-generating) function over all moments ranging from −∞
to +∞. This would result in an indefinite integral that only has a closed form in a few
special cases. Hence, an approximation is required. Although various different approx-
imations exist, they are all roughly equivalent and here we used that of Nolan (1997),10

as implemented in the R-package stabledist Wuertz et al. (2012).
There are a number of different parametrizations available for the α-stable distribu-

tion, all suitable for different purposes; we opted for the S1 parametrization of Nolan
(2012). Given this parametrization, different α-stable distributions with (necessarily) the
same stability parameter αs, which mainly determines the heaviness of the tail, can be15

summed as

αs
Z = αs

X = αs
Y = αs , (7)

βZ =
βXγ

αs

X +βYγ
αs

Y

γαs

X +γαs

Y

, (8)

γαs

Z = γαs

X +γαs

Y , (9)

δZ = δX +δY . (10)20

Here αs ∈ (0,2] is a stability parameter, or volatility index, which is necessarily the same
for all distributions involved in the above summation. The parameter β represents the
skewness and ranges from −1 to 1, where 0 represents symmetry, γ > 0 is the shape
parameter and the shift parameter −∞≤ δ ≤∞ controls the location of the distribution.25

When αs = 2, the α-stable distribution becomes the normal distribution. As a result,
the effect of the parameter β diminishes as αs → 2 and has no effect when αs = 2 as
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the normal distribution is necessarily symmetric. Additionally, when αs = 2, the shift
parameter δ is equal to the mean, and the shape parameter relates to the variance
as σ2 =

√
γ/2. Additionally, the distribution only has moments that are smaller than αs,

hence, if αs ≥ 1 the shift parameter is equal to the mean. Moreover, when β = −1, the
distribution is entirely left-skewed, meaning that it only has a “fat” tail towards the left.5

Consequentially, the positive moments converge, whereas the negative moments do
not. Fortunately, as we generally only deal with positive moments in rainfall analysis,
this property allows for an easy analysis.

The α-stable distribution can be fitted in a variety of ways, including the well-known
Maximum Likelihood method. Nevertheless, fitting α-stable distributions is still a difficult10

exercise, partly due to the lack of a closed form. Despite these difficulties, numerous
different approaches are available and a summary of these approaches can be found
in Nolan (1999). For this study, the method of Koutrouvelis (1980) is used together with
that of McCulloch (1986). Although an in depth explanation is not within the scope of
this paper, the method of McCulloch (1986) relies on a look up table of quantile values15

and associated parameter values, which is interpolated to obtain a crude first guess
estimate of the parameters for the second step. The second step, that of Koutrouvelis
(1980), relies on an iterative regression on the characteristic function, together with its
empirical counterpart. Essentially, the parameters are updated stepwise by regressing
them against the empirical characteristic function E [exp(

√
−1qX )] for moment q.20

Although the above methods produce accurate results in a fast and convenient man-
ner, it was observed that the actual results tend to be biased, often as a result of
truncated tails in the data. This was mitigated by two procedures. First, several pa-
rameters were fixed a priori, namely β = −1 and δ = E [X ] where the latter obviously
relies on α ≥ 1. Evidently, fixing β = −1 ensures that the positive moments converge,25

and the second assumption δ = E [X ] ensures that the averages between the fitted and
the empirical probability distributions match. Moreover, the resulting fits were further
optimized using a local simplex search to find the optimal parameter set. The resultant
parameters provided a better fit than the raw output from the basic fitting algorithm.
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Finally, to quantify the quality of the fit, the Earth Movers Distance (EMD) is used.
The EMD is a measure similar to other error measures such as the Root Mean Squared
Error and the Mean Absolute Error (van den Berg et al., 2011; Rubner and Tomasi,
1999), however, it accounts for both vertical and horizontal differences between prob-
ability distribution functions such that, for example, shifts in mean are appropriately5

taken into account. This difference between RMSE and EMD becomes important when
the distribution has a strong peak, such as exponential-like distributions. As these can
be encountered in the subset of the α-stable distribution, this metric shows a more
stable performance than does the RMSE.

5 Methodology10

The starting point for any analysis is the rainfall intensity field R0. In this study, the
resolution of these images is degraded to find a synthetic cascade, using Eq. (2). The
result is a set of rainfall images Rk with k ∈ (0..K ) with increasing (coarsening) scale.
By taking the log-transform of these fields, the log-increments ln(Wk ),k ∈ (0..K −1) can
be extracted as15

ln(Wk ) = ln(Rk+1)− ln(Rk+1) = ln
(

Rk

Rk+1

)
, (11)

where the difference in the number of pixels is overcome by repeating the action for
each pixel and its coarse scale pixel. The resulting cascades can then be analyzed
by fitting an α-stable distribution to each of the fields ln(Wk ) and ln(Rk ) for k ∈ (0..K ).
Moreover, as mentioned earlier, the parameter αs should be the same for all these20

distributions. Therefore, the fit is done in two steps, first a preliminary step where all
distributions are fitted separately resulting in a set αs

i=0..K , which contains all values αs

for both the increments and the fields. Then, the distributions are fitted a second time,
forcing αs = 〈αs

i=0..K 〉. Although no formal relationship exists between distributions with
different αs, it was found that the mean of a set was in good agreement with optimized25
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values of αs. Hence, this analysis results in a set of parameters (αs
W ,−1,γWk

,δWk
) for

each scale level k , where it should be noted that δWk
is forced to be equal to 〈ln(Wk )〉.

A similar set is found for each rainfall field ln(Rk ), denoted by subscript Rk .
Besides the basic parameters of the distribution, we are also interested in establish-

ing whether or not the fields and their increments are actually iid. A simple test would5

be to use the correlation to assess whether or not these distributions are uncorrelated.
However, the α-stable distribution with stability parameter αs does not admit moments
q > αs, hence, if αs < 2 the (Pearson) correlation does not exist. As a result, using raw
correlations is not feasible, and a difficult problem in α-stable analysis arises. Many
different measures have been suggested, but to the authors’ knowledge all of these10

pertain to symmetric distributions, i.e. those with β = 0. Nonetheless, we adopt the
correlation value of Garel and Kodia (2009) as it offers important benefits and presents
a conceptually simple framework.

The basis of the correlation value of Garel and Kodia (2009) relies on the notion that,
for properly scaled variables with finite second order moments, the slope of the re-15

gression E [R|W ] = E [W |R] (note that the logarithm and the scale indicators have been
dropped for notational convenience) is equal to the Pearson correlation ρ. However,
the regression line and its slope always exist, in contrast to the Pearson correlation
coefficient, even though we cannot generally say that it is finite or exchangeable (i.e. it
could be that E [R|W ] 6= E [W |R]). Hence, an appealing correlation measure is20

%(R,W ) = sign(θR|W )
√
θR|WθW |R , (12)

where θR|W is the slope of the regression line E [R|W ], and similarly for θW |R. Use of the
square root is to ensure that if the second order moment exists, the metric coincides
with the Pearson correlation. Finally, the sign function is used to ensure that negative
and positive correlations are differentiated. A proof for this metric is beyond scope of25

the paper, rather, we will investigate its practical skill.
The relationship between the shape parameters of the rainfall field and its incre-

ments, γW and γR, with %(R,W ) 6= 0 is dependent on the entire bivariate distribution
11397
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(Nolan, 2012). However, modeling such a distribution is highly cumbersome and not at
all evident as multivariate stable distributions are an area of ongoing research; There-
fore, a simplification is needed. We observe that if αs = 2 the relationship between γW
and γR is

γαs

R+W = γαs

R +γ
αS

W +ρ(2σαs

R )(1/αs)(2σαs

W )(1/αs) , (13)5

where ρ denotes the Pearson correlation coefficient. The above is dependent on the
notion that if αs = 2 the α-stable distribution becomes a normal distribution, with vari-
ance 2γαs

. Therefore, to simulate the effects of the summation of a correlated distribu-
tion, we use Eq. (13) where we substitute ρ with %. The effects of using this equation
are investigated in Fig. 6 by comparing shape parameters fitted to the empirical distri-10

bution with shape parameters computed according to Eq. (13). Note that, in general,
the errors appear to be mild, however, at lower values of αs, several large errors can be
observed. Fortunately, few rainfall images have distributions with low αs, making this
a tenable assumption.

To investigate the behavior of the scaling of the α-stable parameters through time,15

we first need to characterize this behavior for each of the images. This is done by fitting
a set of scale dependent functions to the α-stable parameters for each image and its
increments. The mean behavior of the α-stable parameters for all images was used as
a guideline for the function forms, shown in Figs. 7 to 9. These empirical functions all
admit relatively simple function forms, namely20

δk = aδ +bδ · ln(λ) , (14)

γk = eaγ+bγ ·ln(λ) , (15)

%k = a% +b% ·
1
λ

. (16)

Note that the subscripts identifying that these parameters apply to ln(Wk ) have been25

dropped for notational convenience. The exponent in the function for γk ensures that
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the range is [0,∞[. The equation for % is not bounded as the correlation measure
used is not. The fit of the above functions is examined in Figs. 7 to 9, for each of the
parameters respectively. The confidence intervals of each of the functions are relatively
small, and the behavior is well respected. Nevertheless, the function for δk appears to
have a slight curve to it, possibly suggesting a more complex behavior. However, due5

to the limited number of scale levels available fitting a more complex function was not
feasible.

To summarize the above, we retake Fig. 1, specifically the distribution W0 ∼
Sα(−1,γ0,µ0) and the same distribution at further scales. The values γk and δk at all
scales are found through Eqs. (14) to (16). Then, having the distribution of the coarsest10

scale rainfall, ln(R0), we can find R1 using %0 applying Eq. (13) with ρ substituted with
%. Applying this framework iteratively, it is possible to find R2 and so on.

Finally, the number of dry pixels are modeled based on the fractal box counting
dimension (Rupp et al., 2009). As the boxcounting dimension is directly based on the
number of dry pixels at each scale, it suffices to invert this relationship15

P(Y > 0)l =
(

1
lk

)Df

·P(Y > 0)lk=1 (17)

where Df is the fractal dimension and lk is the side length of the pixel at scale k ex-
pressed in elementary pixels. This relationship performs near perfect (Fig. 10).

6 Scaling behavior

In Fig. 11 all the correlations for each of the scales are shown, summarized as a box-20

plot. From this plot, it is evident that almost all storms exhibit a negative correlation be-
tween the increments and the rainfall field. This pattern is also seen in rank correlation
measures (not shown), further corroborating that there is indeed negative correlation.
Taking this negative correlation into account according to Eq. (13) indeed results in
a decrease in error, as is evidenced by the lower EMD for the correlated than for the25
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uncorrelated error (Fig. 12). Moreover, the significant decrease in the shape parameter,
γ further suggest that the iid assumption is, for these storms, incorrect.

The functions (14) to (16) are used to characterize the scaling behavior. These func-
tions exhibit a good fit for all storms, as determined through the relative error (Fig. 13).
The resulting parameters are shown for each storm in Figs. 14 to 16. From these box-5

plots, it can be seen that summer storms exhibit a higher spread of all parameter values
and a higher mean of the increments. However, the % shows no difference in intercept,
but the decrease in % for winter storms is higher than for summer storms. However,
there is no real clear pattern distinguishing the behavior between the winter and sum-
mer storms.10

The analyses confirm the common finding summer that storms tend to be more
energetic with higher variances and higher mean rainfall. Moreover, summer storms
appear to exhibit a smaller decrease in correlations, resulting in a stronger correlation
at the lower scale levels.

Figure 17 shows the difference between the EMDs of the modeled distributions and15

the direct fitted distributions, propagated over the four scale levels. It can be seen that
the model increases the EMD as the number of scale levels increases. Nonetheless,
the error remains relatively low, showing that the model captures the scaling behavior
quite well. The fractal model for the dry pixels works very well, as should be expected
due to the direct relation with the actual number of dry pixels.20

7 Conclusions

In this paper, we investigated the scaling behavior of the distributions of rainfall. To this
end, a novel scaling model was introduced that only relies on the basic assumptions re-
garding the cascade structure responsible for the fractal nature of rainfall. Furthermore,
this framework is based on direct empirical comparison with the observed distributions.25

In contrast, most previous work relied on theoretical considerations and indirect use of
the scaling distributions. Therefore, this framework allows for a more direct and empir-
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ical investigation into the scaling behavior of rainfall, and provides a more adaptable
framework to be used for practical purposes.

The empirical investigation into the distribution showed that the shape parameter,
loosely related to the variance, of finer scales is smaller than its parent scale. This
contradicts the classical scaling theory (Lovejoy and Mandelbrot, 1985) that uncorre-5

lated increment distributions are added, as this would cause an increase in the shape
parameter. Moreover, it was shown that it is possible to improve these predictions by
taking into account the correlation. Although the method used to add the correlations is
only correct when αs = 2, using an approximate equation improved performance. This
suggests that there is, in fact, imperfect scaling in all of the investigated images.10

In this paper, imperfect scaling behavior was characterized using three simple equa-
tions (Eqs. 14 to 16). It was found that these equations fit well, and are successful in
describing the general behavior of the distribution for all observed images.

In future research, the full dependence structure will need to be evaluated to allow
for a more accurate representation of the dependence between scale levels and their15

increments. This will allow for a deeper investigation into this aspect of imperfect scaling
and possible a better way of representing the scaling behavior. Finally, the difference
with respect to the scaling behavior, between convective and stratiform storms will
need further investigation, using a classification algorithm such as the Steiner algorithm
(Steiner et al., 1995). A careful analysis of the behavior of such algorithms will be20

required before using them to investigate the difference in scaling behaviour between
stratiform and convective precipitation.

Acknowledgements. We wish to thank the Special Research Fund (B.O.F.) of Ghent University
and the Flanders Research Fund (FWO, Grant Number: G.0837.10) for funding this research.
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procedure, whereas the right hand side is the generation.
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Fig. 14.The parameters for the mean of the increment, shown as boxplots for each storm
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Fig. 14. The parameters for the mean of the increment, shown as boxplots for each storm.
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Fig. 15.The parameters for theγ of the increment, shown as boxplots for each storm
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Fig. 15. The parameters for the γ of the increment, shown as boxplots for each storm.
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Fig. 16.The parameters for the correlation of the increment, shown as boxplots for each storm
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Fig. 16. The parameters for the correlation of the increment, shown as boxplots for each storm.
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Fig. 17.The difference between the EMD of the direct fit and the EMD of the modelled distribution.
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Fig. 17. The difference between the EMD of the direct fit and the EMD of the modelled distri-
bution.
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