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Abstract. Water transit time distributions (TTDs) have been
widely used in hydrology to characterize catchment behav-
ior. TTDs are also widely used to predict tracer transport,
but the actual transit times of tracers, which may differ from
those of water because of different physical processes and
tracer input patterns, remain largely unexplored. Here, we ad-
dress the TTDs of tracers transported by water and subjected
to linear processes of sorption, degradation and interaction
with evapotranspiration. We focus on the special case of ran-
domly sampled systems (which are mathematically similar
to well-mixed systems), for which analytical solutions can
be derived. Through the analytical solutions and their nu-
merical implementation under time-variable flow conditions,
we explore how reactive transport parameters impact tracer
TTDs. Results show that sorption delays tracers as much as
a larger water storage does. Evapotranspiration can both in-
crease tracer transit times (in the case of evapoconcentra-
tion) or decrease them (in the case of net evaporation extrac-
tion), while degradation can be seen as an additional output
flux that always shortens tracer transit times. Combinations
of randomly-sampled systems are widely used as transport
models and we show how tracer TTDs may differ from water
TTDs in the building blocks of such models. Distinguishing
the TTDs of tracer from those of water is important for an
improved understanding of water quality dynamics and the
circulation of solutes at the catchment scale.

1 Introduction

The time water spends moving through the landscape fun-
damentally influences the transport and release of solutes
to streams (Li et al., 2021). Therefore, understanding how
catchments store, mix, and release water through the lens
of transit times is useful for interpreting water quality dy-
namics (Hrachowitz et al., 2016), such as predicting contam-
inant transport and nutrient export to streams. Water transit
time (TT), usually defined as the time interval between the
entrance of a water parcel into a catchment as precipitation
and its exit as streamflow or evapotranspiration (Botter et al.,
2010), is often described through distributions (TTD) that re-
flect the large heterogeneity in flowpaths and velocities that
characterize the subsurface environment. TTDs are usually
described mathematically through various classes of models,
including: compartment models (Metzler et al., 2018; Bot-
ter, 2012; Zenger and Niemi, 2009), Lagrangian approaches
based on stochastic advective-reactive processes or mass re-
sponse functions (Cvetkovic and Dagan, 1994; Cvetkovic
et al., 2012; Botter et al., 2005; Rinaldo et al., 1989), and
(ground)water age equations based on the dispersion model
(Ginn et al., 2009; Ginn, 1999; Cornaton and Perrochet,
2006). While usually developed independently, these classes
of models have clear connections among them (see Benettin
et al., 2013a; Leray et al., 2016).

In this study we focus on TTDs from compartment models,
because they are a useful descriptor of catchment-scale hy-
drological processes that can be directly linked to tracer mea-
surements in streamflow. In this context, TTDs and stream
tracer concentration Cg are coupled through a convolution
integral:
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where ¢ is time, T is transit time, C g (¢) is the stream concen-
tration series, Cs (7, t) is the concentration of a water parcel
entered at time t — T after traveling (and possibly reacting)
for a time interval T, and p (T, t) is the time-variable TTD.
The term “tracer” is used here in a general sense to refer to
solutes and isotopes, whether conservative or reactive. The
convolution integral (Eq. 1) has a dual use: it allows us to
infer TTDs from tracer concentration series (inverse prob-
lem, see McGuire and McDonnell, 2006), or it allows us to
use the TTDs as a transport model and predict tracer con-
centration in streamflow (direct problem, see Nguyen et al.,
2021). The parcel’s tracer content during transport to the out-
let (Cs(T, 1)) is typically modeled by applying reactions on
top of the initial parcel’s concentration. Examples of reac-
tions include linear decay (Matoszewski and Zuber, 1982),
evapoconcentration (Bertuzzo et al., 2013), first-order kinet-
ics (Druhan and Benettin, 2023). Many research papers used
water TTDs as a transport model along with some reactive
treatment of the tracer to simulate the transport of reactive
tracers like nitrate (Nguyen et al., 2022; Yu et al., 2023),
dissolved organic carbon (Grandi et al., 2025), pesticides
(Bertuzzo et al., 2013; Lutz et al., 2017), silicon (Benettin
et al., 2015a) and tritium (Wang et al., 2023).

The TTD developments highlighted above have been
mainly carried out by hydrologists, and so they can be seen
as “water-centric” in the sense that the ultimate goal has usu-
ally been that of inferring TTDs from tracer series and use
them as catchment descriptors. While a great expansion in
the theoretical characterization of water TTDs occurred in
the last 15 years (Benettin et al., 2022), the transit times of
tracers carried out by water, which are generally expected
to be different from those of water, have not been addressed
explicitly. Even when tracer TTD equations have been de-
veloped (Harman and Xu Fei, 2024), they have been used
to compute tracer content, not to investigate tracer transit
times. There is thus an opportunity to learn how different
processes influence tracer transit times in hydrological sys-
tems. Tracer transit time can be defined as the time interval
between the entrance of tracer mass into a system and its exit
through any output (streamflow, root water uptake but also
reaction). Physical processes like sorption, degradation and
the interaction with vegetation may cause tracers to spend
longer/shorter time in a catchment than the water carrying
them. Consequently, water transit time may not be a good
predictor of the time tracers have to interact with the envi-
ronment.

Here, we address the time-variable TTDs of reactive trac-
ers transported by water under the simplifying condition of
a well-mixed system — or more precisely, a system that is
“randomly sampled” by the outflows. Although a single ran-
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domly sampled system may not be a realistic representation
of any real-world landscape, combinations of randomly sam-
pled systems arranged in series and in parallel form the basis
of many lumped and distributed transport models (e.g. Re-
mondi et al., 2018; Kuppel et al., 2018; Hrachowitz et al.,
2015; Rodriguez et al., 2018; van Huijgevoort et al., 2016).
Therefore, this study aims to uncover the tracer TTDs dy-
namics at the core of such models. Our specific goals are to
(1) Derive new analytical solutions addressing the TTDs of
reactive tracers and (2) Use these expressions to investigate
how the processes of sorption, degradation and evapoconcen-
tration influence tracer transit times and their partitioning to
different pathways. Distinguishing the TTDs of tracer from
those of water is important for an improved understanding
of stream solute sources and water quality dynamics at the
catchment scale.

2 Theoretical developments
2.1 Starting points
2.1.1 Water age equations

The general time-variable theory of water TTDs in catch-
ments mainly originates from the works of Botter et al.
(2011), van der Velde et al. (2012) and Harman (2015), and
was later expanded (Rigon et al., 2016; Rigon and Bancheri,
2021) and summarized in a review work (Benettin et al.,
2022).

The starting point is considering some simple hydrologic
system, in which a “control volume”, representing e.g. a
catchment, a hillslope or a soil plot, is characterized by a wa-
ter storage (S) that evolves over time ¢ in response to an input
flux J (¢), which may represent precipitation, and two output
fluxes: streamflow Q(¢) and evapotranspiration ET(¢). Mass
conservation results in the hydrologic balance equation:
di# =J(1)— Q1) —ET(@) 2
with some initial condition S(0) = Sp.

For any parcel of water entering through the input flux J,
we can define the parcel’s age T as the time elapsed since its
entrance into the system. When the principle of water mass
conservation is extended to incorporate the age dimension,
the “water age balance” can be expressed as:

W — JOS(T) — Q) po(T. 1)
—ET(t) per(T, 1) 3)

with initial condition pg(T, ¢ = 0) = ps, (T) and null bound-
ary condition. Here, 1()_5 represents the age distribution of wa-

. . < <~ . .
ter in storage, while pp and pgr represent the age distribu-
tions of water leaving the system via discharge and evapo-
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transpiration, respectively. The input water flux J(¢) is asso-
ciated with a Dirac delta distribution §(T'), reflecting the fact
that by definition incoming water has an age of zero (Botter
etal., 2011).

Equation (3) is usually solved numerically after introduc-
ing a “StorAge Selection” (SAS) function, which is a mathe-
matical expression linking the outflow and storage age dis-
tributions (Botter et al., 2011; van der Velde et al., 2012;
Harman, 2015). A special case is the one where all outflows
are made of a uniform (or random) sample of the stored wa-
ter parcels. This condition, which is mathematically equiv-
alent to a “well-mixed” system, leads to a simple analyti-
cal solution, which is useful to explore how the hydrologic
fluxes and storage of a system influence the transit times
through it. Under a uniform-sampling condition, all age dis-
tributions are identical: p%(T, t) = pZ(T, 1) = pET(T, t). By
substituting this condition into Eq. (3) and removing the in-
put term (to be treated as a Dirichlet boundary condition
FS(T =0,1) =J(@)/S(1)), Eq. (3) can be developed into the
first-order partial differential equation:

aps(T,n]  aps(T,0)]
Jt oT
(1) +BT() + 5
L S0 ps(T, 1) )

which can be solved analytically (see Appendix A and

Polyanin et al., 2001) for ;7_5 and thus for ;;_Q and pET (Botter
et al., 2011; Botter, 2012). The solution reads:

<« <«
po(T,1) =ps(T,1)

J(—T) f O(t)+ET(1)
=—"exp|- | =————~
S(t) S(T)

t—T

dr 4)

As the system is not at hydrologic steady state, the mean tran-
sit time changes over time. The water long-term mean transit
time (WMTT) can be well approximated by the mean of pg
at steady state, which is simply the ratio between the system’s
long-term storage and fluxes:

— S
WMTT = ———
0 +ET

(6)

which is valid for any system, not just randomly sampled
ones.

While Eq. (5) describes the “backward” TTD, i.e. the dis-
tribution of ages of water parcels leaving the system at time ¢
via a given outflow, transit time distributions can also be de-
fined in a “forward-in-time” sense, by defining transit times
with respect to a group of water parcels entering a system at
injection time #; and leaving the system at subsequent time
t =t; + T in a particular outflow. This transit time distribu-
tion is defined as the forward transit time distribution and in-
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dicated as p_)Q (Harman, 2015). The forward transit time dis-
tribution can be computed by developing and solving a “for-
ward” water age balance equation (Benettin et al., 2015b).
Alternatively, one can obtain it from the continuity relation-
ship that links forward and backward TTDs (Niemi, 1977;
Botter et al., 2011), which for a system with one input (J)
and multiple outputs (e.g. Q and ET) reads:

J(t=T)og(t — T)po(T.t = T) = Q(t) po(T. 1) )

where the parameter 0 is a partitioning coefficient, repre-
senting the fraction of precipitation that entered at time ¢ — T
and whose fate was to leave via streamflow. The forward
TTD, though less popular than the backward TTD, is useful
for interpreting breakthrough curves. To ease the notation,
we use the entrance time #; of a water parcel and express
the current time as t = #; + 7. By considering a water parcel
entering the system at time #;, its normalized breakthrough
curve (WNBTC) to streamflow is the fraction of the parcel’s
initial mass which is found in streamflow at subsequent lag
times 7. The wNBTC is obtained by inserting Eq. (5) in
Eq. (7):

WNBTC(T, ;) =9Q(t,-)17Q(T )

_Q6+T)

T / (1) —l—ET(T) ®)
(4 + T)

S(r)

Note that, because not all the mass ends up in the streamflow
output, the wNBTC is not a probability density function as
it does not integrate up to one. Rather, it will integrate to the
total fraction of initial mass that ends up in streamflow, which
is g ().

Together, Eqs. (5)—(8) provide a complete description of
water TTDs from precipitation to streamflow and form the
basis for the development of the new equations addressing
tracer TTDs.

2.1.2 Tracer mass balance

For the same randomly sampled system described in
Sect. 2.1.1, we can now consider tracer mass fluxes and re-
late them to the mass in storage through a mass conserva-
tion equation. The input mass entering the control volume
is termed m1(¢), and, importantly, it does not need to enter
via a water input like precipitation. The tracer mass can exit
the storage via streamflow (112 (¢)) and evapotranspiration
(mgT(t)). In addition to transport processes, biogeochemical
reactions and decay may alter the tracer mass within storage.
The transformation rate due to such reactions is expressed as
mg(t). The changes in the stored tracer mass Mg are thus
expresses as:

dMs (1)
dt

=mi(t) —mg(t) —mer(r) +mg(t) €))
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Figure 1. Schematic representation of the hydrological system under consideration (a) with example water fluxes (b, ¢) and tracer fluxes (d).
The approach requires series of rainfall (J), discharge (Q), evapotranspiration (ET) and input tracer mass (r11), and computes all other mass
fluxes based on the random sampling assumption and specified linear transformations.

starting from an initial condition Ms(0) = Ms,. Figure lail-
lustrates the system.

We assume that mass transport occurs solely via water
movement. For simplicity, we also assume that mass inputs
not associated with precipitation (e.g., dry deposition or dry
fertilizer applications) are instantaneously dissolved into the
existing water storage. Alternative dissolution models (e.g.
through chemical kinetics) can be used at no loss of gener-
ality. Because water fluxes are assumed to randomly sam-
ple the water in storage, their tracer concentrations reflect
the tracer concentration in storage (Cs(¢)), but we consider
three processes that make tracer transport different from a
pure passive transport: sorption, degradation and evapocon-
centration.

We account for sorption by considering that tracer mass in
storage can be present in two states: a dissolved mobile state
(My), and a sorbed immobile state (My,), such that Ms(t) =
My(t) + My(t). The dissolved mass in storage is expressed
through a classic approach accounting for linear, reversible
and instantaneous sorption: My(¢) = Ms(t)/R, where R is
usually termed a “retardation” factor in the Advection-
Dispersion Equation literature (Genuchten, 1982) and can be
computed as a function of soil bulk density (p), volumetric
water content (w) and the distribution ratio between sorbed
and dissolved concentration (K4q) as R =14 Kqp/w (see
Bertuzzo et al., 2013). When considering sorption, the tracer
concentration in storage corresponds to the ratio between the
dissolved tracer mass and the water storage volume:

My(r) 1 Ms(2)

CO="50 TR s0

(10)

While we focus on sorption here, the retardation factor
framework can in principle be used for processes like an-
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ion exclusion (Gerritse and Adeney, 1992) and take values
R < 1.

We consider a linear mass degradation that applies to both
the dissolved and sorbed phase:

mr(t) = —k - Ma(t) —k - My(t) = —k - Ms(1) Y

where k is a decay constant that can be conveniently ex-
pressed in terms of the tracer’s half life (DT50) as k =
In(2)/DT50. Linear decay formulations have been widely
used for the transport of radioactive isotopes (Maloszewski
and Zuber, 1982; Morgenstern et al., 2010; Rodriguez et al.,
2021) and for degradable compounds (e.g., Queloz et al.,
2015).

We consider that the tracer concentration in the mass lost
through evapotranspiration, Cgr, is proportional to the tracer
concentration in storage through an “evapoconcentration”
constant a > 0:

Cer(t) =a-Cs()

For o = 0, tracer mass is completely excluded by evapotran-
spiration, thus increasing the storage concentration. For any
value 0 < & < 1, tracer mass is partly left behind by evap-
otranspiration, which also increases the storage concentra-
tion. = 1 corresponds to the case of a tracer passive to ET,
while values « > 1 indicate that the tracer is preferentially
extracted (e.g. a nutrient) and leads to a decrease in stor-
age concentration. Formulations similar to Eq. (12) have fre-
quently been used in the literature (e.g., Harman and Xu Fei,
2024) to model the evapoconcentration of water stable iso-
topes (Benettin et al., 2017) and solutes like agricultural
chloride (Benettin et al., 2013b; Harman, 2015), pesticides
(Bertuzzo et al., 2013) and other reactive solutes (Druhan and
Bouchez, 2024). Following Eq. (12), the mass output in the
ET flux is mgr(t) = - ET(2) - Cs(2).

12)
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Other types of linear reactions could be added to the mass
balance. For example, the dissolution of solutes originating
from mineral weathering like silicon (Druhan and Bouchez,
2024) could be modeled through first-order kinetics and ap-
pear as an additional input term.

2.2 New tracer transit time solutions

We define tracer age as the time elapsed since the incoming
tracer mass dissolved into the system’s storage. The dissolu-
tion time coincides with the time of entry when the tracer is
already in dissolved form or dissolves instantaneously, but it
may differ when dissolution is delayed. Based on this defi-
nition, the tracer age distribution ;(T, t) is the distribution
of tracer mass with respect to age T at time ¢. This concept
applies to the tracer mass stored within the system (either in
dissolved or sorbed form) and to that leaving the system.

The random sampling assumption introduced in Sect. 2.1
implies that all water age distributions are identical to the
storage age distribution, and thus, the streamflow concentra-
tion equals the storage concentration. Under this assumption,
it can be shown that tracer mass is also uniformly sampled,
leading to equal mass age distributions across storage and
fluxes: ,o(_Q(T, 1) = pET(T, t) = ,(;e(T, 1) = ,(()_S(T, t). This re-
lationship holds even in the presence of reactions that may
alter tracer concentration during transport through the sys-
tem.

We introduce a tracer age balance, which is analogous to
the concept of water age balance, describing the evolution of
tracer mass within the system as a function of both time and
age. Under the random sampling assumption, the tracer age
balance corresponding to the mass balance in Eq. (9) is given
by:

WEOLSTON _ iy 0s(1) g 35T 1

— gt (D) ps(T, 1) + g (Ops(T,1)  (13)

with initial condition pg(T, 7 = 0) = ps, (T) and null bound-
ary condition. The input tracer mass flux # is again asso-
ciated with a Dirac delta function §(7T'), as by definition the
new tracer mass dissolving into the system has age zero. The
mass age balance described by Eq. (13) may appear similar
to the one introduced by Harman and Xu Fei (2024), but it
has an important structural difference in the way that age is
tracked. While the mass age balance by Harman and Xu Fei
(2024) addresses the mass (potentially of different ages) as-
sociated with a water parcel of a given age, our balance ad-
dresses directly the mass of a given age (regardless of the
age of the water it is associated with). In many cases, these
two approaches coincide in practice. However, they are no-
tably different in case of dissolution processes: new dissolv-
ing mass is associated with (water of) multiple ages in the
approach of Harman and Xu Fei (2024), while it is only as-
sociated with an age of zero in our tracer-oriented balance.
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Incorporating Egs. (10)—(12) into Eq. (13), and mov-
ing the input mass to the boundary condition ,z;_S(T =
0,1) =my(t)/Ms(t), Eq. (13) can be developed into the first-
order partial differential equation:

aps(T,1)  dps(T.1)
ot oT
{0 +a-ET@) s\
——<W+k+m ps(T,t) (14)

which can be solved analytically (see Appendix A and
Polyanin et al., 2001). The general solution is:

<« <«
po(T.1) = ps(T.1)

t
Q1) +a-ET(1)
T

_m(t=T)
O Ms()

Both the water TTD (Eq. 5) and the tracer TTD (Eq. 15) have
an equivalent formula where the input fluxes rather than out-
put fluxes appear inside the integral (see Appendix A). How-
ever, such formula does not allow one to see the model pa-
rameters explicitly and so it is not reported. Because the hy-
drologic and mass fluxes may vary over time, the mean tracer
transit time will change over time as well, but the long-term
mean tracer transit time mMTT can be approximated through

the mean of /;_Q at steady state:

mMTT = — i' S — (16)
Q+4+a-ET+k-R-S

The mean transit time does not have much meaning in practi-

cal applications because it’s very difficult to estimate reliably

(Kirchner, 2016a; Benettin et al., 2022), but it’s useful here

for interpreting the analytical expressions.

To derive the formula for the mass breakthrough curve in
streamflow (i.e. the fraction of the input tracer mass found in
streamflow at subsequent lag times), we proceed as we did
with the water breakthrough curve, by invoking the Niemi
relationship (Eq. 7) applied to the mass age distributions. We
term 6y, the partitioning coefficient that quantifies the frac-
tion of mass entering the system at time #; that will ultimately

exit the system via streamflow. The function /?Q(T, t;) de-
notes the “forward” TTD for tracer mass entering at time t;
and leaving through streamflow (which is formally equal for
all output fluxes in a randomly sampled system). The result
for the mass normalized breakthrough curve is:

mNBTC(T, 1;) = 0,1 (1) po (T 1;)

ti+T

_ QG+ T) exp {_ / (Q(T)+06-ET(T) +k) dr:| (17)
R-S#+T) R-S(1)

Equations (15) and (17) provide a complete description of

tracer transit times through the simplified hydrological sys-

tem described here. They are the tracer counterparts to the
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water transit time distributions (Eqs. 5 and 8) and as such
they are the starting point to explore how tracer TTDs are
different from water TTDs. While the more general case of
non-randomly sampled systems could theoretically be inves-
tigated through the introduction of tracer mass-StorAge Se-
lection functions (the tracer equivalent of water StorAge Se-
lection functions), those would introduce substantial techni-
cal difficulty and are not necessary to pursue our goals, i.e.
understanding the key principles governing the discrepancies
between water and tracer transit times.

3 Numerical implementation

The system described in Sect. 2.1-2.2 was implemented nu-
merically and solved using a fixed hourly time step. Any se-
ries of hydrologic fluxes and input tracer data can be used to
run the model. Here, we use as a case study the hydrologic
data from Duchemin et al. (2025) because it is a ready to
use and realistic hydrologic series. An excerpt of the data
is shown in Fig. 1b, c. The rainfall timeseries correspond
to hourly intensity rates recorded at the Basel (Switzerland)
meteorological station run by the Swiss Federal Office of
Meteorology and Climatology (MeteoSwiss). Over the se-
lected time period, the average annual rainfall amount is
806 mm. The output water fluxes (Q and ET) were simulated
by Duchemin et al. (2025) through a three-compartment hy-
drological model, which is based on the two-box framework
presented by Kirchner (2016b, 2019). While generated from
a multiple-box model, these fluxes were subsequently used
to drive a single randomly sampled box model in our study.
The yearly average ET and Q equal 449 and 357 mm, respec-
tively. The initial storage Sp was set equal to the average an-
nual rainfall amount (806 mm) to induce a mean transit time
of water equal to 1 year.

The water balance (Eq. 2) was solved using the hydrologic
time series by Duchemin et al. (2025). The tracer mass bal-
ance (Eq. 9) was solved using a fourth-order Runge-Kutta
method. The input mass flux (#17) was defined as a sine wave
with an annual frequency (Fig. 1d), representing an arbitrary
tracer subject to seasonally variable inputs (e.g., fertilizers,
pesticides, or water stable isotopes). The sine wave was set to
peak in summer and reach its minimum in January. While in-
put mass flux timeseries were provided to the model, the out-
put mass fluxes (11, mgr and mg) were computed dynam-
ically during the numerical integration. This was achieved
by evaluating the intermediate stages of the state variables
Ms(t) and S(¢) within the Runge-Kutta 4 scheme, ensuring
that the overall mass balance was preserved. All fluxes were
assumed constant within each time step, while state variables
were defined at the beginning of each time step. To attenu-
ate the influence of initial conditions on the simulated output
mass fluxes, My was set equal to its steady-state value based
on the average hydrological fluxes and mass input.

Hydrol. Earth Syst. Sci., 30, 1247-1260, 2026
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The numerical implementations of the water and tracer age
distribution (Egs. 5 and 15), as well as the normalized water
and tracer mass breakthrough curve (Egs. 8 and 17) were per-
formed after computing the time series of water storage S().
These equations require a second layer of discretization, as
they depend not only on time ¢ but also on transit time 7,
which must also be discretized. The discretization of transit
time is aligned with the time stepping of the model. For the
age distributions, the first transit time bin, 7j—o, corresponds
to water or tracer mass that entered and exited the system
within the same time step ¢. Similarly, for mNBTCs, Tj—¢
corresponds to tracer mass that entered at time #; and ex-
ited within the same time step. Subsequent transit time steps
represent progressively longer transit times, defined in incre-
ments equal to the model time step (i.e., one hour). All data
and code used or generated in this case study are available in
a publicly accessible repository under Miazza (2026).

4 Results and discussion
4.1 Insights from the analytical expressions

The water and mass age equations (Eqs. 4 and 14) are first-
order, linear, partial differential equations whose solutions
(Egs. 5 and 15) are exponential distributions with time-
variable exponents that depends primarily on the hydrologic
fluxes and storage.

In the case of an ideal passive tracer — that is, one that does
not undergo sorption, evapoconcentration or decay (R =1,
o = 1, k = 0) — the breakthrough curves for water and tracer
mass (Egs. 8 and 17) coincide. This is expected as tracer mass
in our system moves transported by water. However, even if
each mass application moves exactly like water, the age dis-
tributions (i.e., backward TTDs) of water and tracer are not
the same because the input timeseries (or more precisely, the
timeseries of the ratio between input and storage) are differ-
ent. This is clearly visible when comparing Egs. (5) and (15),
which only differ in the term in front of the exponential. As
the age distribution in streamflow represents the contribution
of past inputs to present streamflow, different input patterns
will generate different distributions. Concrete examples with
seasonal tracer input patterns are given in Sect. 4.2.

Another insight that emerges is that one does not need
tracer data to compute the breakthrough curves mNBTC
(Eq. 17) nor the long-term mean transit time mMTT (Eq. 16),
as they are entirely determined by the hydrologic variables
(Q, ET and §) and the transport parameters (R, « and k). The
effect of such parameters can thus be investigated theoreti-
cally. The retardation factor R > 1, which is used to reduce
the total tracer mass storage to the soluble mass storage, al-
ways appears as a multiplier of the water storage S and can be
virtually interpreted as a storage magnifier. Thus, the effect of
sorption is effectively equivalent to the effect of a larger stor-
age: it will delay the tracer and result in longer tracer transit
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times. The evapoconcentration parameter « can be seen as a
regulator directing mass to ET. When « < 1, less mass will
go to ET, resulting in tracer accumulation in storage and thus
longer transit times. Conversely, when « > 1 (net tracer ex-
traction) the larger tracer output rate will result in a depleted
tracer storage, with faster turnover and shorter transit times.
Degradation can be seen just as an additional tracer output
flux controlled by the kinetic rate constant k [T~!]. Because
of this additional exit pathways, which results again in a de-
pletion of the storage mass and faster turnover, transit times
through the system are reduced. Therefore, the outflowing
mass will generally be younger when degradation is faster.
While the theoretical analysis of tracer TTDs proves al-
ready insightful, further explorations under realistic, time-
variable conditions based on the numerical implementation
described in Sect. 3 are presented in Sect. 4.2—4.5.

4.2 Passive tracers

As shown theoretically in Sect. 4.1, if the input timeseries
of water and passive tracers differ, these differences will be
reflected in the age distributions. Using the numerical im-
plementation, we illustrate these discrepancies in Fig. 2, by
considering a seasonally variable input timeseries of passive
tracer mass (R =1, « =1, k =0) to the system (Fig. 1d),
with larger mass inputs in the summer and lower mass in-
puts in the winter. This seasonal variability may be repre-
sentative of seasonal patterns in water stable isotope content
or agricultural products application. While the overall time-
averaged water and tracer TTDs appear similar (Fig. 2a), as
they reflect approximately steady-state conditions, the indi-
vidual (time-varying) TTDs vary considerably, as shown by
the thin lines in Fig. 2a. Moreover, the input tracer seasonal
cycle influences the TTD of tracer mass over different times
of the year. During the winter months (Fig. 2b), when tracer
inputs are low, most of the tracer mass leaving the system
originates from inputs that occurred during previous high-
input periods (i.e. in summer). This is reflected in the time-
averaged tracer TTD which shows most of its weight around
a transit time of approximately 200d. In contrast, during
summer (Fig. 2¢), a large fraction of mass in or leaving the
system will be relatively young, due to the high input rates of
(necessarily young) tracer at that time. Because the water in-
put fluxes in this study exhibit less seasonality than the tracer
inputs, such patterns are not observed in the water TTDs. As
a result, even for passive tracers, the transit times of water
and tracer leaving the system differ under these conditions.
These discrepancies imply that, although the convolution in-
tegral relating output to input tracer concentrations (Eq. 1)
remains valid, it may also be reformulated explicitly in terms
of tracer-specific transit time distributions.
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4.3 Non-passive tracers

Based on Eq. (15), it is clear that tracer-specific characteris-
tics influence the shape of tracer age distributions. To illus-
trate this effect, we compute the overall time-averaged age
distributions by varying one parameter at a time, allowing us
to isolate and visualize the influence of each parameter sepa-
rately (Fig. 3). As expected, increasing the retardation factor
leads to longer transit times, as reflected by the flattening of
the TTDs for higher retardation values in Fig. 3a, compared
to the TTD of water. The increased sorption effectively slows
the movement of tracer mass through the system. Tracer mass
fluxes leaving through evapotranspiration have the potential
to slow down (o < 1) or accelerate (o« > 1) the tracer move-
ment through the system compared to water (Fig. 3b). As ex-
plained in Sect. 4.1, this behavior arises from how the evap-
oconcentration factor influences the total mass stored in the
system, ultimately affecting the tracer’s turnover rates. Fi-
nally, while ET can both accelerate or decelerate the tracer’s
transport through the system, degradation consistently accel-
erates tracer transport relative to water, potentially by large
factors depending on the decay rate associated with the tracer
(Fig. 3c). Similar to the effect of high mass rates extracted
by ET (« > 1), this behavior is explained by the reduction
in total tracer mass stored in the system under high decay
rates, which increases the overall turnover and shortens tran-
sit times.

4.4 Tracer breakthrough curves

While age distributions reflect the distribution of transit times
of tracer mass leaving the system at a given time—strongly
shaped by the history of input time series—the tracer break-
through curves in streamflow (mNBTC) describe the distri-
bution of transit times for a tracer mass parcel that entered the
system at a specific time. In addition, mNBTCs reflect the
fraction of that tracer mass that ultimately reached stream-
flow at subsequent time steps. They are therefore influenced
both by the overall velocity of tracer mass through the sys-
tem and by how that mass is partitioned among the differ-
ent outflow fluxes. To assess how different tracer charac-
teristics influence the mNBTCs, we computed the mNBTC
for every individual tracer mass input across the study pe-
riod. Following the approach in Sect. 4.3, we varied each
of the three tracer parameters separately, keeping the other
two fixed at their passive-tracer values. Results for a single,
arbitrary input time step are presented in Fig. 4, where pan-
els (a)—(c) show the mNBTCs, and panels (d)—(f) display the
corresponding cumulative mNBTCs for the same tracer mass
injection, thereby illustrating the progressive recovery of the
input mass in streamflow over time.

Individual, time-varying mNBTCs are typically irregular
(Fig. 4a—c), reflecting the dynamic nature of the hydrolog-
ical system considered here. As previously shown for wa-
ter TTDs by Botter et al. (2010), discharge plays a key role
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Figure 3. Time-averaged age distributions for water and tracer mass leaving the system, illustrating the effect of different tracer characteris-
tics. (a) Increasing tracer age with increasing retardation factor R. (b) Tracer age decreases with increasing evapoconcentration factor (o > 1)
and increases with decreasing evapoconcentration factor (o < 1). (¢) Decreasing tracer age with decreasing DT50 value. In each panel, the
two non-varying parameters are held constant at their passive tracer values.

in shaping the tracer breakthrough curves, as it is a multi-
plier of the exponent in Eq. (17) and regulates the exported
mass. A discharge timeseries is reported for comparison in
Fig. 4a. The transport parameters affect tracer transport in in-
tuitive ways. An increase in sorption (higher retardation fac-
tor R) visibly slows the release of tracer mass to the stream
(Fig. 4a), as shown by the flattening of the mNBTC. This
effect is solely due to a reduction in tracer velocity through
the system as the mass partitioning among the different out-
puts is unchanged (because the other parameters are held at
their passive-tracer settings). All curves shown in Fig. 4d will
reach the same plateau of 0.41, corresponding to the par-
titioning term 6y, , of the considered mass application, al-
though this is not apparent in Fig. 4 due to the cutoff at 400 d.
In contrast, increasing the fraction of mass that is extracted
by ET (« > 1, Fig. 4b, e) accelerates turnover through the
system but reduces the tracer recovery in streamflow, leading
to a breakthrough curve that is always lower than that of the
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passive tracer. The effect of changing o only becomes rele-
vant when ET fluxes are important. This is visible in Fig. 4b,
e where summer starts around day 100. Finally, higher degra-
dation rates (lower DT50) decrease tracer recovery in stream-
flow and shorten transit times due to faster mass turnover
(Fig. 4c, ).

Tracer application (or tracer “labeling”) experiments are
routinely used to investigate transport processes in soils. In
some cases, contrasting breakthrough curves have been re-
ported for different tracers (e.g. Benettin et al., 2019; Groh
et al., 2018), likely due to differences in sorption, degra-
dation, or interactions with root water uptake. The analyti-
cal breakthrough curves developed here, especially when ar-
ranged in parallel or in series to move beyond a single ran-
domly sampled unit, are useful for the quantitative interpre-
tation of empirical data from tracer experiments, particularly
when multiple tracers are used.
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Figure 4. Tracer normalized breakthrough curves (mNBTC) illustrating the effect of different tracer characteristics on the release of tracer
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4.5 Mass partitioning to multiple outputs

While tracer characteristics influence their transit times
through the system, they also affect the ultimate fate of the
tracer mass entering the system. As described in Sect. 4.4,
these characteristics shape the tracer breakthrough curves in
streamflow, but more generally, they influence how mass is
ultimately partitioned among the different output fluxes. A
convenient way to explore this partitioning is to compute
the partitioning coefficients. Because the system is dynamic,
these partitioning coefficients will differ for each individual
mass input. Accordingly, we compute the three partitioning
coefficients (GmQ, Origr»> and G, ) corresponding to the three
output mass fluxes, for every tracer mass input. The parti-
tioning coefficients were computed by integrating the break-
through curves for discharge, evapotranspiration and degra-
dation fluxes over all transit times 7 (see formulas in Ap-
pendix B).

Figure 5 presents box plots of the three partitioning co-
efficients computed over the entire time window, for four
cases with different combinations of tracer-characteristic pa-
rameters. The spread of the partitioning coefficients in the
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box plots is primarily driven by variations in hydrological
fluxes and storage, which may include a seasonal compo-
nent, and is therefore largely influenced by the specific time
series used in this study. In the first case (Fig. 5a), the pa-
rameter set is chosen such that the partitioning coefficients
are approximately balanced, with the tracer behaving as a
passive tracer in all respects except for its decay. In the sec-
ond case (Fig. 5b), the retardation factor is increased, leading
to a significant shift in tracer mass partitioning towards de-
cay. This outcome reflects the fact that the combination of
strong sorption and degradation is particularly effective at
removing mass from the system via decay, at the expense
of the two other output fluxes. This effect is also evident in
the steady-state analytical expressions for partitioning coef-
ficients (Appendix B), where the product of the decay rate k
and the retardation factor R directly influences the partition-
ing toward reactive loss. The third case (Fig. 5c) represents a
scenario with prominent evapoconcentration (i.e., « << 1). As
a consequence, the mass partitioned toward evapotranspira-
tion drops sharply, while partitioning toward both streamflow
and decay increases. In the final case (Fig. 5d), the DT50
value is doubled, effectively halving the decay rate. As ex-
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pected, this leads to a substantial decrease in the partition-
ing toward decayed mass, accompanied by increases in the
fractions reaching streamflow and evapotranspiration. More
generally, Fig. S5c—d illustrate that similar tracer recovery in
streamflow can result from very different internal processes—
high evapoconcentration in one case, and low degradation in
the other.

5 Conclusions

We derived novel analytical solutions describing the transit
times of tracers in randomly sampled systems and their dis-
crepancies with water transit times. Building on the frame-
work introduced by Botter et al. (2010, 2011) for water tran-
sit times, we extend it to the case of reactive tracers. We
show that processes like linear tracer sorption, degradation
and evapoconcentration can be easily included into a tracer
age balance equation. For randomly sampled systems, this
framework supports an analytical solution for the tracer age
distribution that is similar to that of the water age distribu-
tions, while allowing us to investigate the key principles gov-
erning the transport of both tracers and water. These solutions
demonstrate that even perfectly passive tracers that behave
like water will generally have an age distribution that differs
from that of water because of the difference between water
and tracer input timeseries.

While transport models based on transit time distributions
have rarely accounted for mass sorption processes, we show
here how sorption can affect tracer transit times in a way
analogous to that of increased storage. In addition, tracers are
on average younger than the water carrying them when they
are affected by degradation or there is a net extraction by ET
fluxes, whereas they are older than water when there is sorp-
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tion and evapoconcentration. Those same physical processes
not only affect the velocity at which tracers move through a
system, but also their recovery through the different outputs.
Accounting for these discrepancies in transit times and par-
titioning is therefore essential for accurately characterizing
tracer transport and fate in catchments.

Appendix A: Analytical solution of the age balance
equations in the case of random sampling

The solutions to the water age balance and the tracer age
balance equations are structurally similar, differing only by
certain coefficients. To unify the derivations, we introduce a
general notation and provide a common formulation for both
cases. Let y denote the transit time distribution to be solved,
expressed as a function of both transit time 7" and clock time
t. With this notation, Eqgs. (4) and (14) can be rewritten as:

ay(T,t) dy(T,t)
ot aT

= f(O)y(T.1) (A

where f(f) = — Q(I?EET([) — dS;’()tgd’ in the case of Eq. (4),

and f(t) = —%('ST(” —k— % in the case of Eq.
(14). We can express both cases more generally as f(t) =
—A(t) — ng(xd’. In the case of the water age balance, A(f)
corresponds to the ratio of total outflows to water storage,
and B(t) is the water storage S(¢). For the tracer age bal-
ance, A(t) additionally includes the effects of sorption, evap-
oconcentration and degradation, while B(¢) corresponds to
the tracer mass in storage Ms(t). Following Polyanin et al.

(2001), the general solution to this first-order partial differ-
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ential equation reads:
t
y(T,t)=®(¢ —T)exp /f(r)dr +C (A2)
0

with @ (¢ — T') being an arbitrary function determined by the
boundary conditions and C the integration constant. After ap-
plying the boundary condition y(T = 0,1) = g(t) specific to
each case (g(¢) = % and g(r) = 1’3;((?)* respectively), Eq.
(A2) becomes:

t
y(T.t)=g(t—T)exp /f(f)df (A3)

t—=T

The exponential term on the r.h.s. of Eq. (A3) can be fur-
ther developed:

! ! dB(z)
exp |: / f(f)d‘[:| =exp |: [ (— Bd(Tt) - A(r)) dri|
t—T t—T
[ d4B() !
= exp |:— / Bd(tt) dri| exp |:— / A(r)dr:|
t t

-T -T

_ B(t—T) . \
T exp|: / A(r)dr:| (A4)

t—T

Inserting Eq. (A4) into Eq. (A3) results in the fully derived
analytical solutions of the water and tracer age balances in
randomly sampled systems (Eqgs. 5 and 15).

Alternatively, Eqs. (5) and (15) can be equivalently refor-
mulated using inflows instead of outflows in the exponential
term. This equivalent formulation arises from rewriting the
general term f(¢) using the continuity equations (Egs. 2 and
9), leading to f(¢) =g(t) = % for the water age balance

and f(r) =g() = ;2((?) for the tracer age balance. Substi-

tuting these expressions into the general solution (Eq. A2)
and applying the boundary conditions leads to:

t

« _J@-=T) B LT)
po(T,t)= —S(t o exp / S dr (AS)
—T
t
« _om@—=T) (D)
po(T, 1) = —Ms(t 7 e i Ms(0) dr (A6)
t_

While these solutions are more compact, the equivalent solu-
tions Eq. (5) and especially Eq. (15) are more convenient for
exploring the effect of hydrologic and transport parameters
on TTDs.
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Appendix B: Derivation of normalized mass
breakthrough curves and partitioning coefficients for
tracer mass extracted through evapotranspiration or
degraded

The analytical formula for normalized breakthrough curves
in streamflow was derived from the Niemi relationship
(Niemi, 1977; Botter et al., 2011), which expresses continu-
ity for tracer mass in input and in streamflow over both time
and age. Similarly to water (Eq. 7), the Niemi relationship
for tracer mass in streamflow can be expressed as:

1 (t — T)6jny (t — T)po(T,t — T) =11 (1) po(T, 1)  (B1)

Since the system is randomly sampled, forward TTDs
are the same for all output fluxes (the same applies to the
backward TTDs, as shown in Sect. 2.2). Thus, ,fQ(T,t—
T) = per(T,t—T) = pr(T,t —T), where ppr(T,t —T) and
;R(T, t — T) represent the forward TTDs of mass entering
at time r — T and leaving through evapotranspiration or be-
ing degraded, respectively. More generally, the statement of
mass conservation over time and age can be expanded to all

output mass fluxes. For mass leaving through ET, the Niemi
relationship reads as:

ii(t — T)Bpigy (t — T) ppr (T, t — T) = rigr (1) ps (T, 1) (B2)
and for degraded mass, it reads as:
ig(t — T)Ong (t — T)pr(T,t — T) = 1R (1) ps(T, 1) (B3)

Since mNBTC are defined as the product between the par-
titioning coefficient and the forward TTD, these curves can
be obtained by rearranging Eqs. (B2) and (B3). Rewriting
these equations in terms of = #; + 7, and using Eq. (15), the
mNTBC can be expressed as:

MNBTCiey (T 1) = Oy (1) pEr (T 1;)

ti+T
0(1) +a - ET(7)
Xp [— / <1”(r)+k)dr:| (B4)

ti

_ o ET(t+7)
T R-S(ti+T)

mNBTCig (T, 1) = Oy (1) pR (T, 1;)
i+T
—k-exp _/ (MJJ{)M (B5)
R-S(v)

where mNBTC,;,., and mNBTC,;,;, represent the normalized
breakthrough curve of mass leaving through ET and de-
graded tracer mass, respectively. From Egs. (17), (B4) and
(BY), it follows directly that integrating the mNTBC over the
entire age domain yields the partitioning coefficient associ-
ated with a tracer mass input at time #; (since the integral of
the forward TTD equals unity).

Additionally, long-term mean partitioning coefficients can
be computed from the average hydrological and mass in-
put fluxes. Let a, ET, and S denote the average stream-
flow, evapotranspiration and water storage, respectively. By
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replacing the time-varying fluxes with their steady-state (i.e.,
time-averaged) counterparts in Egs. (17), (B4), and (BS), and
integrating over transit time for 7 — 4-00, the following ex-
pressions for the steady-state partitioning coefficients are ob-
tained:

= Q

— _ (B6)
O+a-ET+k-R-S

Oy = o ET (B7)

" O+a-ET+k-R-S

_ k-R-S

iR (B8)

"~ O+a-ET+k-R-S

Code and data availability. The code used in this paper is avail-
able at https://doi.org/10.5281/zenodo.18428618 (Miazza, 2026).
The data for the case study used in the numerical computations are
available from Duchemin et al. (2025).
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