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Abstract. A larger antecedent effective precipitation (AEP)
indicates a higher probability of a debris flow (Pdf) being
triggered by subsequent rainfall. Scientific topics surround-
ing this qualitative conclusion that can be raised include what
kinds of variation rules they follow and whether there is a
boundary limit. To answer these questions, Jiangjia Gully in
Dongchuan, Yunnan Province, China, is chosen as the study
area, and numerical calculation, a rainfall scenario simula-
tion, and the Monte Carlo integration method have been used
to calculate the occurrence probability of debris flow under
different AEP conditions and derive the functional relation-
ship between Pdf and AEP. The relationship between Pdf
and AEP can be quantified by a piecewise function. Pdf is
equal to 15.88 %, even when AEP reaches 85 mm, indicating
that debris flow by nature has an extremely small probability
compared to the rainfall frequency. Data from 1094 rainfall
events and 37 historical debris flow events are collected to
verify the reasonability of the functional relationship. The
results indicate that the piecewise functions are highly cor-
related with the observation results. Our study confirms the
correctness of the qualitative description of the relationship
between AEP and Pdf, clarifies that debris flow is a small-
probability event compared to rainfall frequency, and quan-
titatively reveals the evolution law of debris flow occurrence
probability with AEP. All the above discoveries can provide
a clear reference for the early warning of debris flows.

1 Introduction

Antecedent effective precipitation (AEP) is likened to a Tro-
jan horse lurking inside a loose soil mass, which can coop-
erate with subsequent rainfall at any time to trigger debris
flow in a debris flow gully. AEP is equivalent to the precip-
itation preserved in soil mass before the triggering rainfall
process; it represents the saturation degree of loose soil mass
(Segoni et al., 2018). Therefore, the soil moisture that has ac-
cumulated from antecedent rainfall since the beginning of a
rainfall season has a significant influence on how new storm
rainfall interacts with the loose soil mass within a gully (Fio-
rillo and Wilson, 2004; Long et al., 2020). The increase in
AEP can decrease the shear strength of a loose solid material
provided by shallow landslides or channel erosion (Papa et
al., 2013; Senthilkumar et al., 2017; Liu et al., 2020), and, as
a consequence, the supply rate of solid material resources can
be significantly enhanced in the subsequent rainfall process
(Wei et al., 2008; Bennett et al., 2014; Zhang et al., 2020).
Additionally, increased AEP and moisture content have been
shown to enhance rainfall-induced surface runoff in a variety
of environments (Tisdall, 1951; Luk, 1985; Le Bissonnais et
al., 1995; Castillo et al., 2003; Jones et al., 2017; Hirschberg
et al., 2021). Thus, AEP plays an important role in the for-
mation of debris flows (Hong et al., 2018).

Rainfall thresholds represent the difficulty degree of de-
bris flow triggered by rainfall (Marra et al., 2017). Investiga-
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tions including the influence of AEP on the rainfall thresh-
old can be helpful in examining the relationship between
AEP and debris flow occurrence. Currently, the relationship
between AEP and the rainfall threshold indicates that there
is a negative correlation between AEP and rainfall condi-
tions that trigger debris flows (Huang, 2013). AEP also rep-
resents the saturation degree of loose soil mass (Zhao et
al., 2019a; Abraham et al., 2021), and integrating soil mois-
ture with rainfall thresholds has been proven effective in im-
proving prediction performance (Segoni et al., 2018; Zhao
et al., 2019b; Abraham et al., 2020). Scholars also have at-
tempted to analyze the influence of antecedent soil moisture
on the rainfall threshold triggering debris flow (Cui et al.,
2007; Hu et al., 2015), and there is still a negative correla-
tion between antecedent soil moisture and triggering rainfall
conditions (Chen et al., 2017), just like the relationship be-
tween AEP and the rainfall threshold. The above investiga-
tions show that an increase in AEP can significantly decrease
the rainfall conditions for triggering a debris flow, which in
turn means that debris flow is more likely to occur. Gener-
ally, the qualitative description of “the greater the AEP, the
higher the probability (Pdf) of subsequent rainfall triggering
the debris flow” (De Vita et al., 2000; Bel et al., 2017) has
gradually become a consensus. Therefore, discovering a spe-
cific function to describe this qualitative description is help-
ful in further demonstrating the above consensus, revealing a
certain evolutionary law of debris flow with rainfall in nature.

To quantify the evolution law of Pdf with the changing
AEP, a numerical model denoted as the “Dens-ID” can cor-
relate the rainfall parameters (I and D) with the debris flow
density (Zhang et al., 2020; Long et al., 2020; Zhang et al.,
2023), and it has been used to construct the rainfall intensity–
duration (ID) threshold curves under different AEP condi-
tions. The ID threshold curves with upper and lower bounds
can delineate the closed region in the ID coordinate system,
which represents the set of all rainfall conditions that can
trigger debris flow at a certain AEP. Consequently, the prob-
ability of natural rainfall falling into a closed region is equiv-
alent to Pdf, which can then be calculated based on Monte
Carlo integration. The next section introduces the basic in-
formation of study area including the rainfall and debris flow
event data collected from the study area. The third section ad-
dresses how to establish the functional relationship between
the AEP and Pdf using the Dens-ID and Monte Carlo inte-
gration method. Sections 4, 5, and 6 discuss the results and
state the conclusions of this study.

2 Study areas

The Jiangjia Gully (JJG) is a primary tributary of the Xi-
aojiang River, which is located in the Dongchuan District
of Kunming, Yunnan Province, China (Fig. 1). As shown in
Fig. 1, JJG has a drainage area of 48.6 km2, with elevations
ranging from 1040 to 3260 m. In this gully, the relative re-

lief from the ridge to the valley reaches 500 m, and most of
the slope gradient is greater than 25°. Slopes within JJG are
covered by abundant loose soil with a thickness of more than
10 m. Shallow landslides are frequently triggered by intense
rainfall processes in JJG, providing a large number of solid
materials for debris flow (Yang et al., 2022). Before 1979,
the Menqian and Duozhao gullies were the two main trib-
utaries of JJG, accounting for 64.7 % of the entire drainage
area. The upstream areas of the two main tributaries are the
initiation zones of the debris flows, and the channels of the
upstream tributaries are narrow and V-shaped (Zhang et al.,
2020). However, several check dams have been constructed
in Duozhao Gully since 1979, which have significantly re-
duced debris flow activity in this sub-gully (Zeng et al.,
2009). Currently, Menqian Gully with an area of 13.2 km2 is
the primary source area. The slope gradient of its both sides
is very steep; i.e., the mean slope in Menqian Gully is 32°,
and the maximum slope can reach 70°. Bedrock that mainly
consists of slates formed in lower Proterozoic crops out in the
unvegetated or sparsely vegetated lower part. The bedrock is
fragmented and mostly disintegrates into clasts with the size
more than 20 mm. The upper part of the bedrock is lain by
soil mantles with thicknesses of 0.5–20 m, which are cov-
ered by grasses and shrubs or are used for terrace farming.
The soil mantle is poorly sorted and composed of particles
from clay to boulder. The translational zone from the upper
to the lower parts of the slope is prone to shallow landslides.
Some landslides directly evolve into debris flows, while the
others release sediment to the channel, which is mobilized by
runoff in debris flow events (Yang et al., 2022).

Steep terrain provides a beneficial potential energy condi-
tion for transporting a large amount of loose solid materials
from JJG to Xiaojiang River. Consequently, debris flows in
JJG can be easily triggered by high-intensity rainstorm or
long-duration rainfall processes (Zhang et al., 2020). The
solid material necessary for a debris flow in a gully may
be from shallow landslides (Iverson et al., 1997; Gabet and
Mudd, 2006; Zhang et al., 2020; Long et al., 2020) or runoff-
induced bed erosion (Berti and Simoni, 2005; Coe et al.,
2008; Tang et al., 2020; Bernard and Gregoretti, 2021). In
JJG, shallow landslides are the main sources for the solid ma-
terial supply (Zhang et al., 2014; Liu et al., 2016; Yang et al.,
2022), which is consistent with the assumptions of Dens-ID
(Zhang et al., 2020). Thus, JJG is used as the study zone for
deriving the function that describes the relationship between
AEP and Pdf.

3 Methods and data

3.1 Dens-ID

Debris flow gullies characterized by a solid source supply
from landslides are widely distributed in southwest China
(Zhang et al., 2014). For this type of debris flow gully, our
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Figure 1. Location of JJG.

previous study proposed Dens-ID, aiming at correlating de-
bris flow density to rainfall parameters based on a water–soil
coupling mechanism (Zhang et al., 2020; Long et al., 2020).
Den-ID assumes debris flow to be a water–soil mixture. It
contains three core simulating contents: hydrological simula-
tion, water–soil coupling to calculate the water–soil mixture
density, and the correlation of density to rainfall parameters.

1. Simulating hydrological processes. The purpose is
to provide parameters for estimating rainfall-induced
runoff and the supply volume of rainfall-induced loose
solid materials. Based on the digital elevation model
(DEM) of a gully, Den-ID can simulate the rainfall-
induced runoff and water diffusion in the vertical direc-
tion within the soil mass. The rainfall infiltration border
is controlled by Eq. (1).

−D(θ)
∂θ

∂z
+K (θ)= I (t) , (1)

where θ is the soil water content; D(θ)=

K(θ)/(dθ/dψ), which represents the soil water
diffusivity; z is the soil depth, which is positive down-
wards along the soil depth as the topsoil is taken as
the origin point; K (θ) is the hydraulic conductivity;
I (t) is the rainfall intensity; and ψ is the soil matrix
suction. When the rainfall intensity is less than the
surface infiltration capacity, Eq. (1) is used to represent
this physical process, whereas the case of precipitation
intensity exceeding the infiltration capacity of topsoil
means that the surface is saturated, and the excess
precipitation from the topsoil is converted into runoff.
Therefore, the pressure infiltration of each grid cell is
not considered.
∂θ

∂t
=
∂

∂z

[
D(θ)

∂θ

∂z

]
−
∂K (θ)

∂z
(2)

Equation (2) is the Richard differential infiltration equa-
tion (Richards, 1931), which is used to describe the wa-

ter movement along the vertical direction within soil
mass after precipitation infiltrates into topsoil. Dens-
ID uses the finite-difference method to solve Eqs. (1)
and (2) and can provide the runoff depth (denoted as
dw(i, t)), soil water content, and soil matrix suction for
each grid cell. Dens-ID then calculates the runoff vol-
ume using runoff depth dw(i, t) in Eq. (3).

Vw (t)=
∑T

t=1

∑n

i=1
Sg · dw(i, t), (3)

where n represents the total number of grid cells that
can generate runoff at time t , Vw(t) represents the total
volume of runoff within a gully at time t , Sg represents
the area of the grid cell generating runoff, and T repre-
sents the total duration of a rainfall process.

2. Calculating supply amount of loose solid materials and
density of the water–soil mixture. Taking hydrological
parameters such as soil water content and soil matrix
suction as inputs, Dens-ID uses Eqs. (4) and (5) to esti-
mate the supply amount of rainfall-induced loose solid
materials within a gully. Equation (4) calculates safety
factor Fs of each grid cell as a function of the matrix
suction and soil moisture. Fs> 1 indicates that the grid
cell is stable and cannot supply solid material to the
gully, whereas a grid with Fs< 1 can provide solid ma-
terial in the form of a shallow landslide.

Fs =
tanϕ
tanβ

+
c+ψ tan(ϕb)
γtds cosβ sinβ

, (4)

where Fs represents the safety factor of each grid cell; c
is the soil cohesion force; ϕ is the internal friction angle;
ϕb is related to the matrix suction and is approximately
equal to ϕ as the low matrix suction is small; ds is the
soil depth; and ψ is the matrix suction, which is a func-
tion of soil water content and can be described by the
Van Genuchten model (Van Genuchten, 1980).
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Equation (4) is used to estimate the total volume of solid
materials from all the unstable grid cells during a rain-
fall process.

Vs (t)=
∑T

t=1

∑m

j=1
Sg · ds (j, t) , (5)

where m represents the number of grid cells that can
provide solid material at time t , and Vs (t) is the to-
tal volume of solid material within a gully at timet . At
time t , the density of the water–soil mixture after full
coupling between runoff and solid material can be cal-
culated using Eq. (6).

ρmix (t)=
ρwVw (t)+ ρsVs(t)

Vmix(t)
, (6)

where ρmix (t) is the density of the water–soil mixture;
ρw is the water density; ρs is the density of the soil
particles; and Vmix (t) is the volume of the water–soil
mixture, which is the sum of Vw (t) and Vs(t). Vw (t)
and Vs(t) are the key variables that can be derived using
Eqs. (3) and (5).

3. Correlating density to rainfall parameters including
rainfall intensity and duration. After firstly presetting
the density of the water–soil mixture as ρmix, Dens-
ID also needs to simulate many rainfall scenarios in-
cluding long durations with low-intensity rainfall and
short durations with high-intensity rainfall in order to
obtain a sufficient number of [Di , li]. Using each [Di ,
Ii] as input, Dens-ID then can calculate the density us-
ing Eq. (6). If the calculated density is equal to ρmix,
the [Di , Ii] combination is saved by Dens-ID. After
Dens-ID completes the trial calculations, all combina-
tion data of [Di , Ii] that satisfy the constraints of the
preset density (ρmix) can be collected as a dataset. Each
collected [Di , Ii] within the dataset corresponds to the
preset ρmix. Accordingly, Dens-ID can correlate rainfall
parameters (D and I ) to debris flow density (Long et
al., 2020). Dens-ID can derive ID threshold curves by
fitting the selected [Di , Ii] data, and each ID curve cor-
responds to a debris flow density value (Zhang et al.,
2020). As the density of debris flow in JJG varies in a
specific interval of 1.2–2.3 g cm−3 (Zhang et al., 2014;
Zhuang et al., 2015; Long et al., 2020), the threshold
curve that corresponds to the boundary value can form
a closed area with the I and D axes in the ID coor-
dinate system. The case of monitoring or forecasting
rainfall falling into this closed area indicates that the
rainfall condition may trigger debris flow. The verifi-
cation results in JJG show that Dens-ID can effectively
describe the mechanism and process of debris flow for-
mation, and its prediction accuracy is approximately
80.5 %, which is 27.7 % higher than that of statistical
models (Zhang et al., 2020). Such a high prediction ac-
curacy can further indicate that the closed area formed

by the derived ID curves has a very reasonable location
and coverage in the ID coordinate system, providing ex-
tremely reliable analytical data in this study.

3.2 JJG data for model Dens-ID

The JJG datasets for Dens-ID are terrain data, hydrologi-
cal parameters, and soil mechanical parameters. The DEM is
the basal data for deriving other terrain data, including slope
length, gradient, and river channels; the spatial resolution of
the DEM is 0.5 m, and a DEM with a grid size of 10 m was
generated using the resampling technology in ArcGIS. The
hydrological parameters are related to the soil types within
JJG; the five key parameters are the saturated soil water con-
tent, residual soil water content, the two parameters of soil
water characteristic curve including n and m, and the infil-
tration rate of topsoil. The soil mechanical parameters are
the soil cohesion force and internal friction angle obtained
through direct shear tests on the soil samples. Detailed data
are available in Zhang et al. (2020) and Long et al. (2020).

3.3 Historical rainfall and debris flow data

Rainfall data for the rainy seasons between 2006 and 2020
have been collected from the JJG observation station, and it
is necessary to identify each rainfall process from the long-
term rainfall sequences. Inter-event time (IET) is defined as
the minimum time interval between two consecutive rainfall
pulses (Adams et al., 1986). IET has a strong influence on the
rainfall event starting and ending times (Bel et al., 2017), and
Peres and Cancelliere al. (2018) have identified that IET de-
pends on whether the mean daily potential evapotranspiration
(MDPE) is larger than precipitation within the IET. The long
observation of evaporation within JJG showed that MDPE is
about 4 mm; precipitation during IET> 0.5 mm is considered
the end of a rainfall process. Under this standard, 1094 rain-
fall events and 37 debris flow events were identified during
the sampling period. Detailed rainfall data information can
be found in Table S1 in the Supplement. The AEP listed in
Table S1 is considered the weighted sum of the rainfall peri-
ods before the occurrence of debris flow (Long et al., 2020),
and it can be calculated using Eq. (7).

AEP=
∑n

i=1
KnRi, (7)

where AEP is the antecedent effective rainfall;K is the atten-
uation coefficient, which is equal to 0.78 based on the field
test in JJG (Zhang et al., 2020); and n is the number of days
preceding the debris flow occurrence.

Based on the observed rainfall data, the 1094 AEP events
are calculated using Eq. (7) and listed in Table S1. The AEP
corresponding to each rainfall event varies from 0–88 mm.
Taking this variation range as a reference, the variation range
of the AEP input in the Dens-ID model is set between 10 and
85 mm. Since AEP in JJG ranges from 0–88 mm according
to the measured rainfall data, Dens-ID presets several AEP
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values including 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 60, 65,
70, 75, 80, and 85. The cases of AEP= 0 and AEP= 5 mm
are excluded, because the two cases represents such a low
initial rainfall condition that any ID curve cannot be derived
from Dens-ID. The purpose of increasing AEP by an interval
of size 5 is to get adequate ID curves, which will be helpful
to calculate Pdf under different AEP conditions.

3.4 Monte Carlo method for calculating the definite
integral

Because of the boundary of the debris flow density in JJG
(1.2–2.3 g cm−3), Dens-ID produces the corresponding up-
per and lower boundary curves under a specific AEP con-
dition. The two boundary curves can be described using a
power function.{
f (D)up = Iup = α1D

β1 Dε[a1,b1]

f (D)low = Ilow = α2D
β2 Dε[a2,b2]

(8)

These two threshold curves can delineate an enclosed area in
the ID coordinate system, denoted as WID. The independent
variable (D) and dependent variable (I ) in Eq. (8) also form
a closed rectangular region in the ID coordinate system, de-
noted as RID. In the ID coordinate system, the coverage of
RID is larger than that of WID, as will be shown in detail in
Sect. 4.1. Limited within RID, any rainfall processes located
in WID can trigger debris flow. If the probability of rainfall
process falling into the range of WID under random condi-
tions is determined, the occurrence probability of debris flow
can be estimated. Many physical phenomena are stochas-
tic in nature and governed by stochastic partial differential
equations with nondeterministic initial and boundary condi-
tions or integral equations (Peres and Cancelliere, 2014; Yan
and Hong, 2014). Albert (1956) proposed the Monte Carlo
method for solving integral equations. This method is subse-
quently used to estimate the peak flow and volume of debris
flow (Donovan and Santi, 2017; De Paola et al., 2017) and
the entrainment of the underlying bed sediment (Han et al.,
2015) and for risk assessment (Calvo and Savi, 2009; Li et
al., 2021). The rainfall process is randomly selected within
the RID, and the probability of the chosen one falling into the
WID can be determined using WID /RID. The physical mean-
ing of the Monte Carlo solving definite integral lies in calcu-
lating the area enclosed by the function curve and horizontal
axis. Therefore, the area of WID can be calculated by the dif-
ference in the definite integral formula of the two equations
in Eq. (8).

WID = Sup−Slow =

∫ b1

a1

f (D)updD−
∫ b2

a2

f (D)lowdD, (9)

where Sup and Slow represent the area enclosed by the two
threshold curves and the horizontal axis, respectively, and a1,
b1, a2, and b2 are the boundary values ofD in the two curves.
For the upper boundary line (or lower boundary), if the prob-
ability distribution function of D between [a1, b1] is p(D),

Eq. (10) can be derived by substituting p(D) into Eq. (9).
Sup =

∫ b1
a1
f (D)updD =

∫ b1
a1

f (D)up
p(D)

p(D)dD ≈ 1
n

n∑
k=1

f (Di )up
p(Di )

Slow =
∫ b2
a2
f (D)lowdD =

∫ b2
a2

f (D)low
p(D)

p(D)dD ≈ 1
n

n∑
k=1

f (Di )low
p(Di )

(10)

WID =
1
n

n∑
k=1

f (Di)up

p(Di)
−

1
n

n∑
k=1

f (Di)low

p(Di)
, (11)

where n represents the number of random samples drawn
from the variation range of D, and p(Di) is the probabil-
ity density distribution function of D in the interval [a1, b1]
or [a2, b2]. The key to solving Eq. (10) depends on sampling
from p(D). The following steps are used to explain how sam-
ples were taken using p(Di).

Step 1. Based on the probability density distribution function
p(D), the cumulative probability distribution function
can be derived by cdf(D)=

∫ b
−∞

f (D)dD.

Step 2. Assume thatU (i) obeys a uniform distribution within [0,
1], which can be randomly collected from this interval
and denoted as U (i) ∼ U(0,1).

Step 3. Substitute U (i) into the inverse function of the cumu-
lative probability distribution cdf(D) to obtain random
sample D(i), denoted by D(i) = cdf−1(U (i)). Then, a
dataset composed of n data points of D(i) is obtained.

Step 4. WID can be calculated by substituting n data points
of D(i) into Eq. (10), and the Pdf

(
Pdf =

RID
WID

)
corre-

sponding to a specific AEP is determined. Pdf repre-
sents the probability that the subsequent precipitation
process may trigger debris flow for a certain AEP. Thus,
the influence of the AEP on the occurrence probability
of debris flows can be quantified.

3.5 Correlation analysis between numerical and
observation results

The relationship between the AEP and Pdf fitted through the
observational data is used as a reference standard, and the
correlation analysis method is used to verify the function
of the AEP–Pdf derived by Dens-ID. Correlation analysis is
used to study the degree of linear correlation between vari-
ables, which is represented by correlation coefficient r:

r =

∑n
i=1(xi − x)(yi − y)√∑n

i=1(xi − x)
2
n∑
i=1
(yi − y)2

, (12)

where x represents the Pdf derived from the observed data, y
represents the Pdf derived from Dens-ID, x and y represent
the averages, r represents the correlation coefficient, and n
represents the number of samples. |r| ≥ 0.8 can be regarded
as a high correlation between two variables, 0.5≤ |r|<0.8
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represents a moderate correlation, 0.3≤ |r|<0.5 represents
a low correlation, and |r|<0.3 indicates that the degree of
correlation between the two variables is weak and can be re-
garded as uncorrelated.

4 Results

4.1 ID threshold curves and warning zone closed by the
derived curves

Dens-ID yields the upper and lower boundary lines of the
ID threshold in each condition of a preset AEP, and these
two boundary lines are characterized by different debris flow
density and listed in Table 1. It can be seen from Table 1
that the maximum density corresponding to the ID thresh-
old curve cannot reach 2.2, when AEP is less than 15 mm.
A small AEP indicates the supply rate of solid resources in
JJG is far less than the runoff generation rate during a subse-
quent rainfall process. In this situation, runoff dominates in
the water–soil coupling process, yielding a water–soil mix-
ture with low density value.

Under the condition of AEP< 10 mm, Dens-ID cannot de-
rive the threshold curve corresponding to even the minimum
density value of 1.2 g cm−3, which indicates that the subse-
quent rainfall can hardly trigger debris flow in JJG. Table 1
also shows that the AEP ranging from 10 to 85 mm can sig-
nificantly affect the ID threshold curve because the param-
eters including α and β regularly respond to the change in
AEP.

There are two ID threshold curves in each panel of Fig. 2,
which correspond to 1.2 and 2.2 g cm−3, respectively. Be-
cause the debris flow density in JJG varies within a cer-
tain range from 1.2–2.3 g cm−3, the two ID threshold curves
shown in each panel can be regarded as the upper and lower
boundary lines for determining the occurrence of debris flow
(Zhang et al., 2020). Within the ID coordinate system, the
two derived curves together with the I and D axes delineate
a closed area shown in Fig. 2c. Any subsequent rainfall rep-
resented by the combination of I andD falling intoWID may
trigger a debris flow. As shown in each panel, the threshold
curve can be represented by the power function I = αDβ .
The variation intervals of the independent (D) and depen-
dent (I ) variables of the power function are [1,Dmax] and [1,
Imax], respectively, where Dmax represents the rainfall dura-
tion required to trigger debris flow when I = 1 mm h−1, and
Imax represents the rainfall intensity required for debris flow
formation for D = 1 h. As shown in Fig. 2c, the independent
variable D and dependent variable I can delineate a larger
rectangular area (AOBC) in the ID plane than WID, which is
denoted asRID. The coverage area ofRID is much larger than
that of WID, indicating that the proportion of rainfall condi-
tions that can trigger debris flows is low. Therefore, even for
AEP= 85 mm, the occurrence probability of debris flows re-
mains low. As shown in each panel, each AEP corresponds

Figure 2. ID threshold curves derived by Dens-ID (the blue dotted
line corresponds to 1.2 g cm−3, and the orange dotted line corre-
sponds to 2.2 g cm−3).

to a differentWID and RID, which provides basic data for the
quantitative evaluation of the effect of different AEP condi-
tions on the occurrence probability of debris flows.

4.2 Occurrence probability of debris flow under
different AEP conditions

Based on the Monte Carlo method of calculating the defi-
nite integral, it is necessary to explore the probability density
function of rainfall duration (D) to calculate the occurrence
probability of debris flow under different AEP conditions.
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Table 1. ID threshold curve database under different AEP conditions.

AEP (mm) ID threshold curve function for JJG

1.2 g cm−3 2.2 g cm−3

10 I1.2 = 19.85D−0.54 D ∈[1, 269] (R2
= 0.991) I1.8 = 15.85D−0.48 D ∈[1, 263] (R2

= 0.990)
15 I1.2 = 21.69D−0.55D ∈[1, 236] (R2

= 0.993) I2.0 = 16.10D−0.50 D ∈[1, 229] (R2
= 0.995)

20 I1.2 = 23.22D−0.58 D ∈[1, 203] (R2
= 0.996) I2.2 = 17.20D−0.53 D ∈[1, 192] (R2

= 0.995)
25 I1.2 = 24.47D−0.60 D ∈[1, 171] (R2

= 0.997) I2.2 = 16.92D−0.53 D ∈[1, 160] (R2
= 0.998)

30 I1.2 = 26.24D−0.64 D ∈[1, 143] (R2
= 0.996) I2.2 = 18.09D−0.57 D ∈[1, 132] (R2

= 0.995)
35 I1.2 = 35.47D−0.65 D ∈[1, 123] (R2

= 0.958) I2.2 = 19.55D−0.58 D ∈[1, 112] (R2
= 0.985)

40 I1.2 = 40.59D−0.78 D ∈[1, 103] (R2
= 0.966) I2.2 = 22.15D−0.64 D ∈[1, 92] (R2

= 0.984)
45 I1.2 = 41.12D−0.78 D ∈[1, 83] (R2

= 0.932) I2.2 = 23.19D−0.69 D ∈[1, 72] (R2
= 0.981)

50 I1.2 = 41.26D−0.86 D ∈[1, 65] (R2
= 0.981) I2.2 = 23.50D−0.74 D ∈[1, 55] (R2

= 0.980)
55 I1.2 = 38.63D−0.88 D ∈[1, 53] (R2

= 0.950) I2.2 = 23.31D−0.70 D ∈[1, 42] (R2
= 0.932)

60 I1.2 = 31.49D−0.92 D ∈[1, 40] (R2
= 0.992) I2.2 = 20.73D−0.86 D ∈[1, 30] (R2

= 0.977)
65 I1.2 = 29.14D−0.95 D ∈[1, 32] (R2

= 0.957) I2.2 = 18.10D−0.91 D ∈[1, 22] (R2
= 0.893)

70 I1.2 = 23.05D−0.96 D ∈[1, 25] (R2
= 0.998) I2.2 = 13.04D−0.93 D ∈[1, 15] (R2

= 0.995)
75 I1.2 = 21.13D−0.97D ∈[1, 22] (R2

= 0.994) I2.2 = 10.90D−0.95 D ∈[1, 12] (R2
= 0.995)

80 I1.2 = 18.72D−0.98 D ∈[1, 20] (R2
= 0.997) I2.2 = 9.96D−0.95 D ∈[1, 11] (R2

= 0.999)
85 I1.2 = 18.47D−0.99 D ∈[1, 18] (R2

= 0.999) I2.2 = 8.17D−0.95 D ∈[1, 9] (R2
= 0.999)

Figure 3. Probability density function of f (D).

For the 1094 rainfall events listed in Table S1, we found that
the probability distribution of rainfall duration D in JJG can
be described by a power function (Fig. 3). As shown in Fig. 3,
the number of samples with D<1 accounted for 37.7 %,
1<D<3 for 23.5 %, 3<D<5 for 14.7 %, and 5<D<10
for 16.9 %; the number of rainfall events with D exceeding
10 h accounted for only 6.7 %.

Based on the probability density distribution function
f (D)= 0.2312D−1.617, the cumulative probability function
cdf(D) can be obtained through integration. In cdf(D), de-
noted as in Eq. (13), the integration constant C needs to be
determined.

cdf(D)=
∫ D

−∞

f (D)dD =−0.3747 ·D−0.617
+C (13)

The range of 0–40 h is evenly divided into 56 statistical in-
tervals (the second column in Table S2), and each statistical

interval is separated by 0.5 h. The proportion of the sample
size in each interval among the 1094 samples can be calcu-
lated and listed in the second column in Table S2; the cumu-
lative proportion that increases with D is also derived and
listed in the third column in Table S2. The data in the first
and third columns of Table S2 are substituted into Eq. (13)
to calculate C. The results show that C increases with D but
gradually stabilizes at approximately 1.04 (the fifth column
in Table S2). Therefore, C is set to 1.04.

Based on the process of calculating Pdf under different
AEP conditions in Sect. 3.4, the Pdf corresponding to each
AEP in Table 1 is obtained, and the function Pdf = f (AEP)
for describing their relationship has been fitted using the AEP
and Pdf data.

Pdf = 0.3442e0.0457AEP (14)

As shown in Eq. (14), the relationship of AEP and Pdf obeys
the rule of exponential function as AEP changes from 10 to
85 mm, whereas Pdf = 0 when AEP is less than 10 mm. The
evolution of Pdf with AEP variation can be divided into two
stages (Fig. 4). Two key issues must be stated before dis-
cussing the two stages in depth. (1) Based on the calcula-
tion results of the Dens-ID model, an upper limit volume of
the rainfall-induced solid material supply is derived in JJG,
which is the basic condition for determining the scale of de-
bris flow in JJG (Zhang et al., 2020). (2) Based on the prin-
ciple of water balance, AEP is defined as the rainfall that
is preserved in the soil before the triggering rainfall process
(Kohler and Linsley, 1951); field observations in JJG show
that the AEP is positively correlated with the soil water con-
tent (Cui et al., 2007), and the field observations of the Li-
udaogou catchment in the northern Loess Plateau of China
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Figure 4. Relationship of Pdf and AEP derived from Dens-ID.

have the same result (Zhu and Shao, 2008). Therefore, the
AEP is typically used to estimate soil water content (Crozier,
1986; Chen et al., 2018; Zhao et al., 2019b). The water soil
content before the triggering rainfall process can be charac-
terized by AEP (Thomas et al., 2019; Schoener and Stone,
2020).

Stage 1. The probability of debris flow occurrence in JJG is
equal to 0 when the AEP is < 10 mm. Dens-ID estimates the
solid material volume by simulating rainfall-induced shal-
low landslides. According to Eq. (4), the key hydrological
process that triggers shallow landslides is the continuous in-
crease in soil water content caused by rainfall infiltration.
The increase in soil moisture content reduces soil matrix suc-
tion and eventually contributes to shallow landslides. The
soil water content of the loose soil mass in JJG is low when
the AEP< 10 mm (Long et al., 2020), and a long duration of
rainfall infiltration is needed to increase the soil water con-
tent. However, based on the infiltration border of Dens-ID
(Eq. 1), limited by the infiltration capacity of the topsoil in
JJG, the portion of precipitation that exceeds the infiltration
capacity is be converted into runoff; therefore, when the wa-
ter content of the soil layer in JJG is low, the surface runoff
can be rapidly generated. Therefore, the runoff generation
rate can be much higher than the supply rate of solid mate-
rial in the condition of AEP< 10 mm. In this hydrological
scenario, Dens-ID determines that even a soil–water mixture
with a density of 1.2 g cm−3 is difficult to generate in JJG;
thus, the probability of debris flow is 0.

Stage 2. When AEP varies within the interval of 10–
85 mm, the subsequent rainfall is capable of triggering debris
flow in JJG. Compared to AEP< 10 mm in Stage 1, the soil
water content within JJG increased significantly. Therefore,
the solid material from shallow landslides can be immedi-
ately ready without a long rainfall infiltration duration, and a
large water content of topsoil is beneficial to the rapid gen-
eration of runoff (Jones et al., 2017; Hirschberg et al., 2021).
When there is a sufficient supply of solid material and runoff,
the probability of debris flow occurrence in Stage 2 is signif-
icantly increased by the increasing AEP. The relationship be-
tween Pdf and AEP can be described by an exponential func-

tion of Pdf = 0.3442e0.0457AEP. The exponential function and
its boundary show that the increasing tendency of Pdf is a lit-
tle sluggish before AEP is equal to 50 mm. The occurrence
probability of debris flow in JJG is only 15.88 % even when
AEP is equal to 85 mm.

5 Discussions

5.1 Correlation analysis of the two curves derived from
Dens-ID and observation data

The AEP in Table S1 varied from 0–87.9 mm, and according
to this range, we can test the reasonability of the relationship
between Pdf and AEP shown in Fig. 4. We introduce how
to use the rainfall and debris flow data recorded in Table S1
to calculate Pdf. (1) The original AEP value is rounded to
one decimal place, and the rounded AEP values are listed in
the eighth column of Table S1, sorted from largest to small-
est. (2) The maximum AEPi was set to 85 mm, and [AEPi ,
AEPi−5] was used as the search window to collect the rain-
fall events and debris flow events. (3) We count the number of
debris flow eventsNdf and the number of rainfall eventsNrain
in each search window and then calculate Pdf =Ndf/Nrain.
Based on the above steps, the collected data and calculated
Pdf values are listed in Table 2. As shown in Table 2, a posi-
tive correlation between the probability of debris flow occur-
rence and AEP in JJG was determined. When AEP< 10 mm,
a total of 205 rainfall processes were recorded; however, no
debris flow events were observed, and the debris flow occur-
rence probability was 0, which is consistent with the results
of Stage 1 derived from Dens-ID.

Based on Pdf and AEP values listed in Table 2, their re-
lationship can be described by the exponential function de-
noted as Pdf = 1.5917e0.031AEP, which is similar to Eq. (14)
drawn in Fig. 4. The two curves were nearly parallel. Equa-
tion (12) was used to analyze the correlation of the two
curves, and r is equal to 0.93, suggesting they have a very
high correlation. Therefore, the function of Pdf = f (AEP)
derived from Dens-ID, which is used to describe the evolu-
tion trend of debris flow occurrence probability with AEP
variation, is reasonable.

We can also see from Fig. 5 that although the variation ten-
dencies of the two curves are consistent, a significant bias ex-
isted between them. Basically, the probability value derived
from the field observation data is larger than that from the
Dens-ID model in the condition of a given AEP. As shown
in Fig. 5, the blue line fitted through the observation data is
above the black line derived from Dens-ID, indicating that
Dens-ID underestimated the probability of debris flow oc-
currence if the observation data were used as the reference.
Taking the probability value in the sixth row of Table 2 as a
reference, the error of Eq. (14) was calculated using the AEP
in Table 2 as input and is listed in Table 3.
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Table 2. Collected and calculated Pdf in each search window.

Field observation data and calculated Pdf

AEP 10 15 20 25 30 35 40 45 50 75 80
Ndf 0 3 2 7 7 4 4 5 3 1 1
Nrain 205 133 111 127 124 106 106 49 31 8 5
Pdf (%) 0 2.3 1.8 5.5 5.6 3.8 3.8 10.2 9.7 12.5 20

Table 3. Error estimation on Eq. (14).

AEP 15 20 25 30 35 40 45 50 75 80

Error 0.70 0.53 0.81 0.76 0.63 0.44 0.67 0.57 0.17 0.35

Figure 5. Relationship of AEP and Pdf obtained from field obser-
vation data and Dens-ID model (the blue line is derived from field
observation data, and the black line is derived from Dens-ID).

It can be seen that very large bias of Eq. (12) is listed in Ta-
ble 2. However, we cannot conclude that there is a precision
problem in the calculation results of the Dens-ID. This is for
two reasons. (1) Although 1094 rainfall processes and 37 de-
bris flow events are the field observation data, there are many
uncertain factors in Eq. (7) for calculating AEP using these
rainfall data (Kim et al., 2021), such as the subjectivity ex-
isting inK and n of Eq. (7), which introduce uncertainty into
the calculated AEP. In this case, if the data in Table S1 are
used as the real value for evaluating the precision of Dens-ID,
the error evaluation result may be unfair to Dens-ID. In this
case, it is unfair to evaluate the Dens-ID error using the cal-
culated AEP in Table S1 as the true value. However, this un-
certainty can show consistent directional deviations because
of the fixed values ofK and n in Eq. (7); therefore, the uncer-

tainty has no effect on the correlation analysis. (2) To estab-
lish the functional relationship between Pdf and AEP, many
rainfall scenarios were simulated using the Dens-ID model.
Dens-ID simulated 3376, 3182, 2677, and 2677 rainfall pro-
cesses with AEP= 20, 40, 45, and 50 mm, respectively. The
total number of simulated rainfall processes was significantly
larger than that of the 1094 observed rainfall events. The col-
lected 1094 rainfall events still cannot fully reflect all rainfall
conditions in nature; that is, the number of observed rainfall
data, 1094, is still inadequate when used as the denomina-
tor for calculating the probability of debris flow occurrence
in JJG. Therefore, the Pdf calculated using the field obser-
vation data may be generally higher than that calculated us-
ing Dens-ID. With the accumulation of rainfall observation
data of JJG, it is believed that the Pdf derived from field ob-
servation data will gradually decrease until it is close to the
calculated value of the Dens-ID model. (3) Dens-ID cannot
fully and accurately describe the formation process of the de-
bris flow in JJG because of the simplification in theory and
boundaries. Dens-ID is also affected by the accuracy of the
input parameters (Zhang et al., 2020), which may eventually
lead to deviations between the simulation results and field
observations.

5.2 Potential application and limitation

Deriving a quantified functional relationship of Pdf and AEP
would be more conducive to examining the correspondence
between these two parameters. Using a mathematical physics
method, the function of Pdf = f (AEP) was firstly derived,
which can help us to learn more from the derived Pdf =

f (AEP).
Firstly, AEP is indeed an important factor affecting debris

flow. Generally, there is the following consensus in the field
of debris flow: the greater the AEP, the higher the probabil-
ity (Pdf) of subsequent rainfall triggering the debris flow (De
Vita et al., 2000; Bel et al., 2017). However, this fuzzy quali-
tative description cannot explain the influence degree of AEP
on the probability of debris flow induced by subsequent rain-
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fall. It can be seen from Pdf = f (AEP) that there are two key
value nodes of AEP affecting Pdf:

1. The case of AEP< 10 mm indicates that any subsequent
rainfall cannot trigger debris flow in JJG. Because the
supply rate of solid material is much lower than the
runoff generation rate during subsequent rainfall in JJG,
the water–soil mixture within tends to be a hypercon-
centrated flow rather than a debris flow (Long et al.,
2020).

2. The case of 10 mm≤AEP≤ 50 mm means that the
soil water content increases significantly compared to
AEP< 10 mm, but a necessary infiltration time to in-
crease it to the critical state for triggering shallow land-
slides is still required. Therefore, limited by the sup-
ply rate of the solid material, the increasing rate of
Pdf is sluggish. The case of 50 mm<AEP≤ 85 mm
shows that the soil water content is relatively larger, the
solid material from shallow landslides can be immedi-
ately ready without a long rainfall infiltration duration,
and a large soil water content of topsoil is beneficial
to the rapid generation of runoff (Jones et al., 2017;
Hirschberg et al., 2021). When there is a sufficient sup-
ply of provenance and runoff, the probability of debris
flow occurrence in this subprocess is significantly en-
hanced by the increasing AEP.

Secondly, rainfall-induced debris flow is a small-
probability event compared with the rainfall frequency in na-
ture. JJG is well known due to its high-frequency debris flow
event. However, the formation probability of debris flow in
JJG induced by subsequent rainfall is only 15.88 %, even
when the AEP reaches 85 mm. Therefore, debris flow in-
duced by rainfall in JJG is a small-probability event com-
pared with the rainfall frequency. The figure of 15.88 %
means that the efficiency of rain-induced debris flow is ex-
tremely low, which also indicates that the formation of de-
bris flow is an extremely complex physical process, in which
rainfall is only one of the motivating factors, and there are
other more important internal factors affecting the formation
of debris flow, such as topography, source recharge, and fluid
characteristics of debris flow (Zhang et al., 2020). Thirdly, in
practical application, when the AEP in JJG is calculated ac-
cording to Eq. (7), the derived exponential function can help
us to assess the probability of debris flow in JJG triggered
by subsequent rainfall, according to which debris flow warn-
ing information can be issued in advance to provide technical
support for disaster prevention and reduction.

Our study also has its own limitations and needs to be
listed for providing directions for subsequent investigation.
(1) Long-term observation data should be used to deduce the
functions of Pdf = f (AEP); however, the number of debris
flow gullies with long-term observational data worldwide is
less than 10 (Hürlimann et al., 2019). Accordingly, the func-
tion of Pdf = f (AEP) cannot yet be derived in other debris

flow gullies. (2) The Dens-ID model assumes that the solid
material mainly comes from shallow landslides. However,
the formation mechanism and solid source supply mode of
runoff-induced debris flow are different. Therefore, the func-
tional of Pdf = f (AEP) for runoff-induced debris flow still
needs to be studied with the help of other physical mod-
els. (3) The calculation result of Pdf = f (AEP) derived from
Dens-ID model has a large bias from the observation data;
the authors think that the main reason is insufficient field ob-
servation data, especially inadequate rainfall data. Basically,
even for high-frequency debris flow gullies like JJG, the suc-
cess rate of debris flow induced by rainfall is still very low.
A continuous increase in rainfall and debris flow observa-
tion data will make the growth rate of Nrain in Table 2 much
higher than that of Ndf. Therefore, with the accumulation of
rainfall observation data of JJG, it is believed that the Pdf
derived from field observation data will gradually decrease
until it is close to the calculated result of Dens-ID model.
Therefore, the authors will continue to collect field observa-
tion data of JJG in the later period and constantly verify the
accuracy of Eq. (14) derived from Dens-ID.

6 Conclusions

The Dens-ID model and Monte Carlo integral equation is
used to derive function of Pdf = f (AEP). The functional re-
lationship is verified using a large number of field observa-
tion data from JJG. The following conclusions are drawn.

The positive relationship between Pdf and AEP is now de-
scribed by a clear mathematical equation in this study. The
range of AEP that can affect debris flow formation is veri-
fied within 10–85 mm. Based on the simulation results, the
probability of debris flow occurrence in JJG is 0 in condi-
tions where AEP< 10 mm, and the relationship between Pdf
and AEP can be described by an exponential function when
10 mm≤AEP≤ 85 mm. The plausibility of the first two evo-
lution stages of the Pdf–AEP piecewise function is effectively
confirmed by the field observation data because the Pdf–AEP
relationship obtained from field observation data is highly
correlated with the simulation results of Dens-ID. However,
the reasonability of the last two stages of the Pdf–AEP piece-
wise function cannot be tested because of the lack of field
observation data, and the errors of the Pdf–AEP piecewise
function cannot be verified because of the uncertainty of the
AEP derived from the observation rainfall data.

This study mathematically confirms that the greater the
AEP, the higher the probability of subsequent rainfall trig-
gering debris flow and quantifies this qualitative conclusion
using piecewise functions. This can effectively reveal the es-
sential relationship between the two natural events of rainfall
and debris flow, quantitatively describe the impact of differ-
ent AEP conditions on the probability of debris flow occur-
rence, and provide key technical support for the early warn-
ing of debris flows.
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