
Supplement of Hydrol. Earth Syst. Sci., 23, 303–349, 2019
https://doi.org/10.5194/hess-23-303-2019-supplement
© Author(s) 2019. This work is distributed under
the Creative Commons Attribution 4.0 License.

Supplement of

Quantifying new water fractions and transit time distributions using en-
semble hydrograph separation: theory and benchmark tests
James W. Kirchner

Correspondence to: James W. Kirchner (kirchner@ethz.ch)

The copyright of individual parts of the supplement might differ from the CC BY 4.0 License.



1 

 

 

 

Formatting constraints required typesetting the matrices in Eqs. (40), (44), and (B7) with their lines wrapped, distorting their 

normal row and column organization. These equations are reproduced below in full-page width, allowing their matrices to be 

presented without line-wrapping.  5 

 

Equation (40), Section 4.2 

(

  
 

𝛽̂0
𝛽̂1
𝛽̂2
⋮
𝛽̂𝑚)

  
 
=

(

 
 

cov(𝑿0, 𝑿0) cov(𝑿0, 𝑿1) cov(𝑿0, 𝑿2) ⋯ cov(𝑿0, 𝑿𝑚)

cov(𝑿1, 𝑿0) cov(𝑿1, 𝑿1) cov(𝑿1, 𝑿2) ⋯ cov(𝑿1, 𝑿𝑚)

cov(𝑿2, 𝑿0) cov(𝑿2, 𝑿1) cov(𝑿2, 𝑿2) ⋯ cov(𝑿2, 𝑿𝑚)
⋮ ⋮ ⋮ ⋱ ⋮

cov(𝑿𝑚 , 𝑿0) cov(𝑿𝑚, 𝑿1) cov(𝑿𝑚, 𝑿2) ⋯ cov(𝑿𝑚 , 𝑿𝑚))

 
 

−1

(

 
 

cov(𝑿0, 𝒀)

cov(𝑿𝟏, 𝒀)

cov(𝑿2, 𝒀)
⋮

cov(𝑿𝑚 , 𝒀))

 
 
    ,  

 

Equation (44), Section 4.2 

(

  
 

𝛽̂0
𝛽̂1
𝛽̂2
⋮
𝛽̂𝑚)

  
 
=

(

 
 
 
 
 
 
 

cov(𝑿0, 𝑿0)(0,0)
𝑛𝑥0𝑥1
𝑛𝑥0

cov(𝑿0, 𝑿1)(0,1)
𝑛𝑥0𝑥2
𝑛𝑥0

cov(𝑿0, 𝑿2)(0,2) ⋯
𝑛𝑥0𝑥𝑚
𝑛𝑥0

cov(𝑿0, 𝑿𝑚)(0,𝑚)

𝑛𝑥1𝑥0
𝑛𝑥1

cov(𝑿1, 𝑿0)(1,0) cov(𝑿1, 𝑿1)(1,1)
𝑛𝑥1𝑥2
𝑛𝑥1

cov(𝑿1, 𝑿2)(1,2) ⋯
𝑛𝑥1𝑥𝑚
𝑛𝑥1

cov(𝑿1, 𝑿𝑚)(1,𝑚)

𝑛𝑥2𝑥0
𝑛𝑥2

cov(𝑿2, 𝑿0)(2,0)
𝑛𝑥2𝑥1
𝑛𝑥2

cov(𝑿2, 𝑿1)(2,1) cov(𝑿2, 𝑿2)(2,2) ⋯
𝑛𝑥2𝑥𝑚
𝑛𝑥2

cov(𝑿2, 𝑿𝑚)(2,𝑚)

⋮ ⋮ ⋮ ⋱ ⋮
𝑛𝑥𝑚𝑥0
𝑛𝑥𝑚

cov(𝑿𝑚, 𝑿0)(𝑚,0)
𝑛𝑥𝑚𝑥1
𝑛𝑥𝑚

cov(𝑿𝑚, 𝑿1)(𝑚,1)
𝑛𝑥𝑚𝑥2
𝑛𝑥𝑚

cov(𝑿𝑚, 𝑿2)(𝑚,2) ⋯ cov(𝑿𝑚, 𝑿𝑚)(𝑚,𝑚)
)

 
 
 
 
 
 
 

−1

(

  
 

cov(𝑿0, 𝒀)(0,𝑦)
cov(𝑿1, 𝒀)(1,𝑦)
cov(𝑿2, 𝒀)(2,𝑦)

⋮
cov(𝑿𝑚, 𝒀)(𝑚,𝑦))

  
 
  ,  
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Equation (B7), Appendix B 

(

  
 

𝛽̂0
𝛽̂1
𝛽̂2
⋮
𝛽̂𝑚)

  
 
=

(

 
 
 
 
 
 
 

cov(𝑿0, 𝑿0)
𝑛𝑥0𝑥1
𝑛𝑥0

cov(𝑿0, 𝑿1)
𝑛𝑥0𝑥2
𝑛𝑥0

cov(𝑿0, 𝑿2) ⋯
𝑛𝑥0𝑥𝑚
𝑛𝑥0

cov(𝑿0, 𝑿𝑚)

𝑛𝑥1𝑥0
𝑛𝑥1

cov(𝑿1, 𝑿0) cov(𝑿1, 𝑿1)
𝑛𝑥1𝑥2
𝑛𝑥1

cov(𝑿1, 𝑿2) ⋯
𝑛𝑥1𝑥𝑚
𝑛𝑥1

cov(𝑿1, 𝑿𝑚)

𝑛𝑥2𝑥0
𝑛𝑥2

cov(𝑿2, 𝑿0)
𝑛𝑥2𝑥1
𝑛𝑥2

cov(𝑿2, 𝑿1) cov(𝑿2, 𝑿2) ⋯
𝑛𝑥2𝑥𝑚
𝑛𝑥2

cov(𝑿2, 𝑿𝑚)

⋮ ⋮ ⋮ ⋱ ⋮
𝑛𝑥𝑚𝑥0
𝑛𝑥𝑚

cov(𝑿𝑚, 𝑿0)
𝑛𝑥𝑚𝑥1
𝑛𝑥𝑚

cov(𝑿𝑚, 𝑿1)
𝑛𝑥𝑚𝑥2
𝑛𝑥𝑚

cov(𝑿𝑚, 𝑿2) ⋯ cov(𝑿𝑚, 𝑿𝑚)
)

 
 
 
 
 
 
 

−1

(

 
 

cov(𝑿0, 𝒀)

cov(𝑿𝟏, 𝒀)

cov(𝑿2, 𝒀)
⋮

cov(𝑿𝑚, 𝒀))

 
 
  .  


