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Abstract. Following the Budyko framework, the soil wet-
ting ratio (the ratio between soil wetting and precipitation)
as a function of the soil storage index (the ratio between soil
wetting capacity and precipitation) is derived from the Soil
Conservation Service Curve Number (SCS-CN) method and
the variable infiltration capacity (VIC) type of model. For the
SCS-CN method, the soil wetting ratio approaches 1 when
the soil storage index approaches∞, due to the limitation of
the SCS-CN method in which the initial soil moisture condi-
tion is not explicitly represented. However, for the VIC type
of model, the soil wetting ratio equals the soil storage in-
dex when the soil storage index is lower than a certain value,
due to the finite upper bound of the generalized Pareto dis-
tribution function of storage capacity. In this paper, a new
distribution function, supported on a semi-infinite interval
x ∈ [0,∞), is proposed for describing the spatial distribu-
tion of storage capacity. From this new distribution function,
an equation is derived for the relationship between the soil
wetting ratio and the storage index. In the derived equation,
the soil wetting ratio approaches 0 as the storage index ap-
proaches 0; when the storage index tends to infinity, the soil
wetting ratio approaches a certain value (≤ 1) depending on
the initial storage. Moreover, the derived equation leads to
the exact SCS-CN method when initial water storage is 0.
Therefore, the new distribution function for soil water stor-
age capacity explains the SCS-CN method as a saturation ex-
cess runoff model and unifies the surface runoff modeling of
the SCS-CN method and the VIC type of model.

1 Introduction

The Soil Conservation Service Curve Number (SCS-CN)
method (Mockus, 1972) has been popularly used for direct
runoff estimation in engineering communities. Even though
the SCS-CN method was obtained empirically (Ponce, 1996;
Beven, 2012), it is often interpreted as an infiltration ex-
cess runoff model (Bras, 1990; Mishra and Singh, 1999).
Yu (1998) showed that partial area infiltration excess runoff
generation on a statistical distribution of soil infiltration char-
acteristics provided a similar runoff generation equation to
the SCS-CN method. Recently, Hooshyar and Wang (2016)
derived an analytical solution for Richards’ equation for
ponded infiltration into a soil column bounded by a water
table, and they showed that the SCS-CN method, as an in-
filtration excess model, is a special case of the derived gen-
eral solution. The SCS-CN method has also been interpreted
as a saturation excess runoff model (Steenhuis et al., 1995;
Lyon et al., 2004; Easton et al., 2008). During an interview,
Mockus, who developed the proportionality relationship of
the SCS-CN method, stated that “saturation overland flow
was the most likely runoff mechanism to be simulated by
the method” (Ponce, 1996). Recently, Bartlett et al. (2016a)
developed a probabilistic framework, which provides a sta-
tistical justification of the SCS-CN method and extends the
saturation excess interpretation of the event-based runoff of
the method.

Since the 1970s, various saturation excess runoff mod-
els have been developed based on the concept of probabil-
ity distribution of soil storage capacity (Moore, 1985). TOP-
MODEL is a well-known saturation excess runoff model
based on spatially distributed topography (Beven and Kirkby,
1979; Sivapalan et al., 1987). To quantify the dynamic
change of saturation area during rainfall events, the spatial
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variability of soil moisture storage capacity is described by
a cumulative probability distribution function in the Xinan-
jiang model (Zhao, 1977; Zhao et al., 1992) and the vari-
able infiltration capacity (VIC) model (Wood et al., 1992;
Liang et al., 1994). The spatial distribution of storage capac-
ity in these models is described by the generalized Pareto
distribution, which has been used for catchment-scale runoff
prediction and large-scale land surface hydrologic simula-
tions. Bartlett et al. (2016b) proposed an event-based prob-
abilistic storage framework for unifying TOPMODEL, the
VIC type of model, and the SCS-CN method, and the frame-
work includes a spatial description of the runoff concept of
“prethreshold” and “threshold-excess” runoff (Bartlett et al.,
2016a).

Even though the SCS-CN method has been interpreted as
a saturation excess runoff model in the literature, there is a
knowledge gap for the direct linkage between the SCS-CN
method and the Xinanjiang and VIC type of model based on
a probability distribution function for the spatial variability
of soil water storage capacity. If the SCS-CN method is a
saturation excess runoff model, is there a distribution func-
tion for soil water storage capacity which leads to the SCS-
CN method? If yes, what is the probability density function
(PDF)? This is an unsolved research question. The objective
of this paper is to fill this knowledge gap, i.e., discovering
the distribution function for soil water storage capacity which
leads to the SCS-CN method. This is a procedure of inverse
modeling, i.e., identifying the distribution function of the sat-
uration excess runoff model for a known functional form of
runoff generation.

Meanwhile, the identification of the new distribution
function is intrigued by the linkage between the SCS-CN
method and the Budyko equation (Budyko, 1974). By ap-
plying the generalized proportionality hypothesis from the
SCS-CN method to mean annual water balance, Wang and
Tang (2014) derived a one-parameter Budyko equation for
the mean annual evaporation ratio (i.e., the ratio of evapora-
tion to precipitation) as a function of the climate aridity index
(i.e., the ratio of potential evaporation to precipitation). As an
analogy to the Budyko framework, the SCS-CN method and
the VIC type of model at the event scale can be represented
by the relationship between the soil wetting ratio, defined as
the ratio between soil wetting and precipitation, and the soil
storage index, which is defined as the ratio between soil wet-
ting capacity and precipitation. The representation of runoff
generation in the Budyko type of framework facilitates the
identification of the new distribution function for soil water
storage capacity leading to the SCS-CN method.

The identified new distribution function for soil water stor-
age capacity will unify the SCS-CN method and the VIC type
of model. In Sect. 2, the SCS-CN method is presented in the
form of the Budyko-type framework with two parameteri-
zation schemes. In Sect. 3, the VIC type of model is pre-
sented in the form of the Budyko-type framework. In Sect. 4,
the SCS-CN method is then compared with the VIC type of

model from the perspectives of the number of parameters and
boundary conditions (i.e., the lower and upper bounds of the
soil storage index). In Sect. 5, the proposed new distribution
function is introduced and compared with the generalized
Pareto distribution of the VIC type of model, and a modi-
fied SCS-CN method considering initial storage explicitly is
derived from the new distribution function. Conclusions are
drawn in Sect. 6.

2 SCS curve number method

In this section, the SCS-CN method is described in the form
of surface runoff modeling and then is presented for infil-
tration modeling in the Budyko-type framework. The initial
storage at the beginning of a time interval (e.g., rainfall event)
is denoted by S0 (mm), and the maximum value of average
storage capacity over the catchment is denoted by Sb (mm).
The storage capacity for soil wetting for the time interval,
Sp (mm), is computed by

Sp = Sb− S0. (1)

The total rainfall during the time interval is denoted by P
(mm). Before surface runoff is generated, a portion of rainfall
is intercepted by vegetation and infiltrates into the soil. This
portion of rainfall is called initial abstraction or initial soil
wetting denoted byWi (mm). The remaining rainfall (P−Wi)

is partitioned into runoff and continuing soil wetting. This
competition is captured by the proportionality relationship in
the SCS-CN method:

W −Wi

Sp −Wi
=

Q

P −Wi
, (2)

whereW (mm) is the total soil wetting,W−Wi is continuing
wetting and Sp−Wi is its potential value,Q (mm) is surface
runoff, and P −Wi is the available water and interpreted as
the potential value of Q. Since rainfall is partitioned into to-
tal soil wetting and surface runoff, i.e., P =W +Q, surface
runoff is computed by substituting W = P −Q into Eq. (2):

Q=
(P −Wi)

2

P + Sp − 2Wi
. (3)

This equation is used for computing direct runoff in the SCS-
CN method.

The SCS-CN method can also be represented in terms of
the soil wetting ratio

(
W
P

)
. Substituting Eq. (3) into W =

P −Q and dividing P on both sides, the soil wetting ratio
equation is obtained:

W

P
=

Sp
P
−
W 2

i
P 2

1+ Sp
P
− 2Wi

P

. (4)

The climate aridity index is defined as the ratio between po-
tential evaporation and precipitation. In the climate aridity
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Figure 1. The wetting ratio
(
W
P

)
versus the soil storage index

(
Sp
P

)
from the SCS-CN method based on two parameterization schemes:
λ=

Wi
Sp−Wi

(scheme 1) and ε = Wi
W

(scheme 2).

index, both available water supply and water demand are de-
termined by climate.

8sc =
Sp

P
(5)

A similar dimensionless parameter for the ratio between the
maximum soil storage capacity and mean rainfall depth of
rainfall events was defined in Porporato et al. (2004). In the
soil storage index, water demand is determined by soil and
available water supply is determined by climate. Substituting
Eq. (5) into Eq. (4), the soil wetting equation for the SCS-CN
method is obtained:

W

P
=

8sc−
W 2

i
P 2

1+8sc− 2Wi
P

. (6)

There are two potential schemes for parameterizing the initial
wetting in Eq. (6). As the first scheme, the initial wetting is
usually parameterized as the ratio between initial wetting and
storage capacity in the SCS-CN method. The detail of this
scheme is described in Appendix A and plotted in Fig. 1. As
we can see, the range of 8sc is dependent on the parameter
λ= Wi

Sp−Wi
.

In order to avoid the situation where the range of 8sc is
dependent on the parameter λ, we can use the following pa-
rameterization scheme (Chen et al., 2013; Tang and Wang,
2017):

ε =
Wi

W
. (7)

Substituting Eq. (7) into Eq. (6), we can obtain the following
equation:

W

P
=

1+8sc−
√
(1+8sc)

2
− 4ε (2− ε)8sc

2ε (2− ε)
. (8)

Equation (8) has the same functional form as the derived
Budyko equation for the long-term evaporation ratio (Wang

and Tang, 2014; Wang et al., 2015). Equation (8) satisfies
the following boundary conditions: W

P
→ 0 as 8sc→ 0 and

W
P
→ 1 as 8sc→∞. Based on Eq. (7), the range of ε is

[0, 1], and ε = 1 corresponds to the upper bound (Fig. 1).
Equation (8) becomes Eq. (A3) as ε→ 0, and it is the lower
bound. Figure 1 plots Eq. (8) for ε = 0.1 and 0.3. Due to the
dependence of the range of 8sc on the parameter λ in the
first parameterization scheme, the second parameterization
scheme is focused on in the following sections.

In the SCS-CN method, the soil wetting ratio is a function
of the soil storage index with a parameter for describing ini-
tial wetting. The average wetting capacity at the catchment
scale is used for computing the soil storage index, but the
spatial variability of wetting capacity is not represented in
the SCS-CN method.

3 Saturation excess runoff model

The spatial variability of soil water storage capacity is explic-
itly represented in the saturation excess runoff models such
as VIC and Xinanjiang. In these models, the spatial variation
of the point-scale storage capacity (C) is represented by a
generalized Pareto distribution:

F (C)= 1−
(

1−
C

Cm

)β
, (9)

where F (C) is the cumulative probability, i.e., the fraction of
the catchment area for which the storage capacity is less than
C (mm), and Cm (mm) is the maximum value of the point-
scale storage capacity over the catchment. The water storage
capacity includes vegetation interception, surface retention,
and soil moisture capacity; β is the shape parameter of the
storage capacity distribution and is usually assumed to be a
positive number. β ranges from 0.01 to 5.0 as suggested by
Wood et al. (1992). The storage capacity distribution curve
is concave down for 0< β < 1 and concave up for β > 1.
The average value of storage capacity over the catchment is
equivalent to Sb in the SCS-CN method, and it is obtained
by integrating the exceedance probability of storage capacity
Sb =

∫ Cm
0 (1−F(x))dx:

Sb =
Cm

β + 1
. (10)

Similarly, for a given C, the catchment-scale storage S (mm)
can be computed as follows (Moore, 1985):

S = Sb

[
1−

(
1−

C

Cm

)β+1
]
. (11)

To derive the wetting ratio as a function of the soil storage
index, the initial storage at the catchment scale is parameter-
ized by the degree of saturation:

ψ =
S0

Sb
. (12)
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Recalling Eq. (1) and the definition of the soil storage index
(i.e., Eq. 5), we obtain

Sb

P
=

8sc

1−ψ
. (13)

The value of C corresponding to the initial storage S0 is de-

noted as C0, and S0 = Sb

[
1−

(
1− C0

Cm

)β+1
]

is obtained by

substituting S0 and C0 into Eq. (11). When P +C0 ≥ Cm,
each point within the catchment is saturated and soil wet-
ting reaches its maximum value; i.e., W = Sp. Substituting

C0 = Cm−Cm

(
1− S0

Sb

) 1
β+1 into P +C0 ≥ Cm, we obtain

8sc ≤ b, where b = (β + 1)−1(1−ψ)
β
β+1 . (14)

Therefore, this condition is equivalent to

W

P
=8sc when 8sc ≤ b. (15)

Next, we will derive W
P

for the condition of 8sc > b. The
storage at the end of the modeling period (e.g., rainfall–
runoff event) is denoted as S1, which is computed by

S1 = Sb

[
1−

(
1−

P +C0

Cm

)β+1
]
. (16)

From Eq. (16) one obtains (see Appendix B for details)

W

P
=8sc

[
1−

(
1− b8−1

sc

)β+1
]

when 8sc > b. (17)

The limit of Eq. (17) for 8sc→∞ can be obtained as fol-
lows (see Appendix C for details):

lim
8sc→∞

W

P
= (1−ψ)

β
β+1 . (18)

Equations (15) and (17) provide W
P

as a function of 8sc with
two parameters (ψ and β). Figure 2 plots Eqs. (15) and (17)
for ψ = 0 and 0.5 when β = 0.2 and 2. As we can see, W

P
de-

creases as β increases for given values of ψ and 8sc, and W
P

decreases as ψ increases for given values of β and 8sc, im-
plicating that the soil wetting ratio decreases with the degree
of initial saturation under a given the soil storage index.

4 Comparison between the SCS-CN model and the
VIC type of model

The SCS-CN model with the parameterization of the ratio be-
tween initial wetting and total wetting is compared with the
VIC type of saturation excess runoff model. In Sects. 2 and
3, we derived W

P
as a function of 8sc based on the SCS-CN

method and the VIC type of model, which uses a generalized

Figure 2. The impact of β and the degree of initial storage
(ψ = S0/Sb) on the soil wetting ratio (W/P ).

Pareto distribution to describe the spatial distribution of stor-
age capacity. The SCS-CN method is a function of storage
capacity Sp, but the VIC type of model is a function of stor-
age capacity Sp and the degree of initial saturation S0

Sb
. As a

result, the function of W
P
∼

Sp
P

for the SCS-CN method has
only one parameter (ε), but it has two parameters (β and ψ)
for the VIC type of model.

Table 1 shows the boundary conditions for the relation-
ships between W

P
and 8sc from the SCS-CN method and

the VIC type of model. The lower boundary of the SCS-CN
method with parameter ε is W

P
→ 0 as 8sc→ 0. However,

for the VIC type of model, W
P
=8sc when 8sc ≤ b. For the

SCS-CN method,W reaches its maximum (Sp) when rainfall
reaches infinity, while for the VIC type of model, W reaches
its maximum value (Sp) when rainfall reaches a finite num-
ber (Cm−C0). In other words, for the SCS-CN method, the
entire catchment becomes saturated when rainfall reaches in-
finity, while for the VIC-type model, the entire catchment
becomes saturated when rainfall reaches a finite number.

As shown in Table 1, the upper boundary of the SCS-CN
method (with parameter ε) is 1. However, for the VIC type of

model, the upper boundary is (1−ψ)
β
β+1 instead of 1. This is

due to the effect of initial storage in the VIC type of model.
When initial storage is 0 (i.e., ψ = 0), the wetting ratio W

P
for the VIC type of model has the same upper boundary con-
dition as the SCS-CN method.

5 Unification of the SCS-CN method and the VIC type
of model

Based on the comparison between the SCS-CN method and
the VIC type of model, a new distribution function is pro-
posed in this section for describing the spatial distribution
of soil water storage capacity, which unifies the SCS-CN
method and the VIC type of model. As discussed in Sect. 4,
the upper boundary condition of the SCS-CN model (i.e.,
W
P
→ 1 as 8sc→∞) does not depend on the initial stor-
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Table 1. The boundary conditions of the functions for relating the wetting ratio
(
W
P

)
to the soil storage index (8sc): (1) the SCS-CN method,

(2) the VIC type of model, and (3) the modified SCS-CN method based on the proposed new distribution for the VIC type of model.

Surface runoff model Parameters Lower boundary condition Upper boundary condition

SCS-CN, parameterization of initial Sp,ε
W
P
→ 0 as W

P
→ 1 as

wetting 8sc→ 0 8sc→∞

Generalized Pareto distribution for Cm,β
W
P
=8sc when W

P
→ (1−ψ)

β
β+1 as

storage capacity (VIC type of model) 8sc ≤ b 8sc→∞

Modified SCS-CN method based on Sb,a
W
P
→ 0 as W

P
→

the proposed distribution for storage 8sc→ 0

√
(m+1)2−2am+a−m−1

a

√
(m+1)2−2am

capacity as 8sc→∞

age. This upper boundary condition needs to be modified by
including the effect of initial storage so that the limit of W

P
as 8sc→∞ is dependent on the degree of initial saturation
like the VIC type of model. However, the lower boundary
condition of the VIC model needs to be modified so that the
lower boundary condition follows that of W

P
→ 0 as8sc→ 0

like the SCS-CN method. Through these modifications, the
SCS-CN method and the VIC type of saturation excess runoff
model can be unified from the functional perspective of the
soil wetting ratio.

Based on the comparison one may have the following
questions. (1) Can the SCS-CN method be derived from the
VIC type of model by setting initial storage to 0? (2) If yes,
what is the distribution function for soil water storage capac-
ity? Once we answer these questions, a modified SCS-CN
method considering initial storage explicitly can be derived
as a saturation excess runoff model based on a distribution
function of water storage capacity, and it unifies the SCS-
CN method and the VIC type of model. In this section, a
new distribution function is proposed for describing the spa-
tial variability of soil water storage capacity, from which the
SCS-CN method is derived as a VIC type of model.

5.1 A new distribution function

The probability density function (PDF) of the new distribu-
tion for describing the spatial distribution of water storage
capacity is represented by

f (C)=
(2− a)µ2[

(C+µ)2− 2aµC
]3/2 , (19)

where C is the point-scale water storage capacity and sup-
ported on a positive semi-infinite interval (C ≥ 0), a is the
shape parameter and its range is 0< a < 2, andµ is the mean
of the distribution (i.e., the scale parameter). Figure 3a plots
the PDFs for five sets of shape and scale parameters. When
a ≤ 1, the PDF monotonically decreases with the increase of
C; i.e., the peak of the PDF occurs at C = 0, while when

a > 1 the peak of the PDF occurs at C > 0 and the location
of the peak depends on the values of a and µ. For compar-
ison, Fig. 3b plots the PDF for the VIC model. As shown
by the solid black curve in Fig. 3b, when 0< β < 1, f (C)
approaches infinity as C→ Cm. It is a uniform distribution
when β = 1. The peak of the PDF occurs at C = 0 when
β > 1. Therefore, the peak of the PDF for the VIC model
occurs at C = 0 or Cm.

The cumulative distribution function (CDF) corresponding
to the proposed PDF is obtained by integrating Eq. (19):

F (C)= 1−
1
a
+

C+ (1− a)µ

a

√
(C+µ)2− 2aµC

. (20)

Figure 4a plots the CDFs corresponding to the PDFs in
Fig. 3a. For comparison, Fig. 4b plots the CDFs correspond-
ing to the PDFs in Fig. 3b. The storage capacity distribu-
tion curve for the proposed distribution is concave up for
a ≤ 1 and S shaped for a > 1 (Fig. 4a), while the storage
capacity distribution curve for the VIC model is concave up
for β > 1 and concave down for 0< β < 1 (Fig. 4b). The S
shape of the CDF (Fig. 4a) is more significant with a higher
value of a (e.g., a = 1.9). For a smaller value of a, the dif-
ference between the new PDF and the VIC type of model be-
comes smaller. The proposed distribution can fit the S shape
of the cumulative distribution for storage capacity which is
observed from soil data (Huang et al., 2003), but the general-
ized Pareto distribution of the VIC type of model is not able
to fit the S shape of the CDF.

5.2 Deriving the SCS-CN method from the proposed
distribution function

The soil wetting and surface runoff can be computed when
Eq. (20) is used to describe the spatial distribution of soil
water storage capacity in a catchment. The average value of
storage capacity over the catchment is the mean of the distri-
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Figure 3. The probability density functions (PDFs) with different
parameter values: (a) the proposed PDF represented by Eq. (24)
and (b) the generalized Pareto distribution of the VIC model, i.e.,
Eq. (25).

bution:

µ= Sb. (21)

For a given C, the catchment-scale storage S can be
computed by S =

∫ C
0 [1−F (x)]dx (Moore, 1985). From

Eq. (20), we obtain

S =
C+ Sb−

√
(C+ Sb)

2
− 2aSbC

a
. (22)

For a rainfall–runoff event, the average initial storage at the
catchment scale is denoted as S0 and the corresponding value
of C is denoted as C0. Substituting S0 and C0 into Eq. (22),
we obtain

m=
ψ (2− aψ)
2(1−ψ)

, (23)

where ψ = S0
Sb

is defined in Eq. (12) and m= C0
Sb

.
The rainfall in the catchment is assumed to be spatially

uniform and the rainfall depth is denoted as P . If the spatial
distribution of rainfall is not uniform, the method is applied
to sub-catchments where the effect of spatial variability of
rainfall is negligible. The average storage at the catchment

Figure 4. The cumulative distribution functions (CDFs) with differ-
ent parameter values: (a) the proposed distribution function repre-
sented by Eq. (26) and (b) the generalized Pareto distribution of the
VIC model represented by Eq. (13).

scale after infiltration is computed by substituting C = C0+

P into Eq. (22):

S1 =
C0+P + Sb −

√
(C0+P + Sb)

2
− 2aSb (C0+P)

a
. (24)

The soil wetting is computed as the difference between S1
and S0:

W =

P +
√
(C0+ Sb)

2
− 2aSbC0−

√
(C0+P + Sb)

2
− 2aSb (C0+P)

a
. (25)

Dividing P on both sides of Eq. (25) and substituting m=
C0
Sb

, we obtain

W

P
=

1+ Sb
P

√
(m+ 1)2 − 2am−

√(
1+ (m+ 1) Sb

P

)2
− 2am

(
Sb
P

)2
− 2a Sb

P

a
. (26)

Substituting Eq. (13) into Eq. (26), we obtain

W

P
=
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1+
√
(m+1)2−2am

1−ψ 8sc −

√(
1+ m+1

1−ψ8sc

)2
− 2am

(
8sc

1−ψ

)2
−

2a
1−ψ8sc

a
. (27)

Figure 5 plots Eq. (27) for ψ = 0, 0.4, and 0.6 when a = 0.6
and 1.8. As we can see, W

P
increases with a for given val-

ues of ψ and 8sc, and W
P

decreases with ψ for given values
of a and 8sc, which is consistent with the VIC model and
implicates that the soil wetting ratio decreases with the de-
gree of initial saturation under a storage index. As shown in
Fig. 5, Eq. (27) satisfies the lower boundary of the SCS-CN
method and the upper boundary of the VIC model. Specif-
ically, Eq. (27) satisfies the following boundary conditions
(see Appendix D for details) shown in Table 1:

lim
8sc→0

W

P
= 0, (28a)

lim
8sc→∞

W

P
=

√
(m+ 1)2− 2am+ a−m− 1

a
√
(m+ 1)2− 2am

. (28b)

When the effect of initial storage is negligible (i.e., ψ = 0),
Sb
P
=8sc from Eq. (13) and m= 0 from Eq. (23). Then,

Eq. (27) becomes

W

P
=

1+ Sb
P
−

√(
1+ Sb

P

)2
− 2a Sb

P

a
. (29)

Equation (29) is same as Eq. (8) with a = 2ε (2− ε). We can
obtain the following equation from Eq. (29) (see Appendix E
for a detailed derivation):

Q

P − εW
=
W − εW

Sb− εW
, (30)

where εW is defined as initial abstraction (Wi) in the SCS-
CN method. Since Sb = Sp when ψ = 0, Eq. (30) is same as
Eq. (2), i.e., the proportionality relationship of the SCS-CN
method.

Equation (27) is derived from the VIC-type model by us-
ing Eq. (20) to describe the spatial distribution of soil water
storage capacity. From this perspective, Eq. (27) is a satura-
tion excess runoff model. Since Eq. (27) becomes the SCS-
CN method when initial storage is negligible, Eq. (27) is
the modified SCS-CN method which considers the effect of
initial storage on runoff generation explicitly. Therefore, the
new distribution function represented by Eq. (20) unifies the
SCS-CN method and the VIC type of model.

Bartlett et al. (2016a) developed an event-based proba-
bilistic storage framework including a spatial description of
prethreshold and threshold-excess runoff, and the framework
has been utilized for unifying TOPMODEL, VIC, and SCS-
CN (Bartlett et al., 2016b). The extended SCS-CN method
(SCS-CNx) from the probabilistic storage framework is de-
rived given the following assumptions: (1) the spatial distri-
bution of rainfall is exponential, (2) the spatial distribution of
the soil moisture deficit is uniform, and (3) the spatial distri-
bution of storage capacity is exponential. When prethreshold

Figure 5. The effects of the degree of initial storage (ψ = 0, 0.4, and
0.6) and shape parameter (a = 0.6 and 1.8) on soil wetting in the
modified SCS-CN method derived from the proposed distribution
function for soil water storage capacity.

runoff is 0 (i.e., there is only threshold-excess or saturation
excess runoff), the SCS-CNx method leads to the SCS-CN
method without the initial abstraction term (i.e., there is no
εW term in Eq. 30). In this paper, the new probability dis-
tribution function is used for storage capacity in the VIC
model in which the spatial distribution of precipitation is as-
sumed to be uniform. The obtained equation for saturation
excess runoff leads to the exact SCS-CN method as shown in
Eq. (30).

This research started with the following research ques-
tion: if the SCS-CN method is a saturation excess runoff
generation model, what is the distribution function of soil
water storage capacity? Wang and Tang (2014) showed that
Eq. (29) is derived from the proportionality relationship of
the SCS-CN method, i.e., Eq. (30). From the comparison of
boundary conditions between the SCS-CN method and the
VIC type of model discussed in Sect. 4, it is observed that
Eq. (29) does not include initial soil water storage, and the
derived one from the distribution function will include initial
soil water storage (e.g., Eq. 26). However, Eq. (29) can be
viewed as the result of S0 = 0, and W for Eq. (29) can be
written as

W =

P∫
0

[1−F (x)]dx. (31)

From Eq. (29), one obtains

W =
P + Sb−

√
(Sb+P)

2
− 2aPSb

a
. (32)

Substituting Eq. (32) into Eq. (31), one obtains

P + Sb−
√
(Sb+P)

2
− 2aPSb

a
=

P∫
0

[1−F (C)]dC. (33)

Equation (20) is obtained from Eq. (33).
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Figure 6. (a) The effects of average storage capacity and initial stor-
age on the rainfall–runoff relation and (b) the effects of average stor-
age capacity and shape parameter on the rainfall–runoff relation.

5.3 Surface runoff of the unified SCS-CN and VIC
model

From the unified SCS-CN and VIC model (i.e., Eq. 26), sur-
face runoff (Q) can be computed as

Q=

(a− 1)P − Sb
√
(m+ 1)2 − 2am+

√
[P + (m+ 1)Sb]2

− 2amS2
b − 2aSbP

a
. (34)

The parameter m is computed by Eq. (23) as a function of
ψ and a. Equation (34) represents surface runoff as a func-
tion of precipitation (P ), average soil water storage capacity
(Sb), the shape parameter of the storage capacity distribu-
tion (a), and initial soil moisture (ψ). Fig. 6 plots Eq. (34)
under different values of P , Sb, a, and ψ . Figure 6a shows
the effects of Sb and ψ on the rainfall–runoff relationship

with a given shape parameter of a = 1.9. The solid lines
show the rainfall–runoff relations with zero initial storage
(ψ = 0) and the dashed lines show the rainfall–runoff rela-
tions with ψ = 0.2. Given the same amount of precipitation
and storage capacity, wetter soil (ψ = 0.2) generates more
surface runoff than drier soil (ψ = 0), and the difference of
runoff is higher for watersheds with larger average storage
capacity. Figure 6b shows the effects of Sb and a on the
rainfall–runoff relationship with a given initial soil moisture
(ψ = 0.2). The solid lines show the rainfall–runoff relations
for a = 1.9 and the dashed lines show the rainfall–runoff re-
lations for a = 1.2. As we can see, the shape parameter af-
fects the runoff generation significantly for watersheds with
larger average storage capacity.

In the SCS-CN method, surface runoff is computed as
Q=

(P−0.2Sb)2
P+0.8Sb

. The effect of initial soil moisture on runoff
is considered implicitly by varying the curve number for nor-
mal, dry, and wet conditions depending on the antecedent
moisture condition. In the unified SCS-CN model shown in
Eq. (34), the effect of initial soil moisture is explicitly in-
cluded through ψ , which is the ratio between average initial
water storage and average storage capacity. In the SCS-CN
method, the value of initial abstraction Wi is parameterized
as a function of average storage capacity; i.e.,Wi = 0.2Sb. In
the unified SCS-CN model shown in Eq. (34), Wi is depen-
dent on the shape parameter a. Therefore, the unified SCS-
CN model extends the original SCS-CN method for includ-
ing the effect of initial soil moisture explicitly and estimating
the parameter for initial abstraction.

6 Conclusions

In this paper, the SCS-CN method and the saturation ex-
cess runoff models based on distribution functions (e.g., VIC
model) are presented in terms of soil wetting (i.e., infiltra-
tion). Like the Budyko framework, the relationship between
the soil wetting ratio and the soil storage index is obtained for
the SCS-CN method and the VIC type of model. It is found
that the boundary conditions for the obtained functions do
not fully match. For the SCS-CN method, the soil wetting ra-
tio approaches 1 when the soil storage index approaches in-
finity, and this is due to the limitation of the SCS-CN method;
i.e., the initial soil moisture condition is not explicitly repre-
sented in the proportionality relationship. However, for the
VIC type of model, the soil wetting ratio equals the soil stor-
age index when the soil storage index is lower than a certain
value, and this is due to the finite bound of the distribution
function of storage capacity.

In this paper, a new distribution function, which is sup-
ported by x ∈ [0,∞) instead of a finite upper bound, is pro-
posed for describing the spatial distribution of soil water stor-
age capacity. From this new distribution function, an equa-
tion is derived for the relationship between the soil wetting
ratio and the storage index, and this equation satisfies the
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following boundary conditions: when the storage index ap-
proaches 0, the soil wetting ratio approaches 0; when the
storage index approaches infinity, the soil wetting ratio ap-
proaches a certain value (≤ 1) depending on the initial stor-
age (e.g., at the beginning of a rainfall event, runoff is gen-
erated at the initially saturated areas, Yu et al., 2001; Gao et
al., 2018). Meanwhile, the model becomes the exact SCS-CN
method when initial storage is negligible. Therefore, the new
distribution function for soil water storage capacity explains
the SCS-CN method as a saturation excess runoff model and
unifies the SCS-CN method and the VIC type of model for
surface runoff modeling.

Future potential work could test the performance of the
proposed new distribution function for quantifying the spa-
tial distribution of storage capacity by analyzing the spa-
tially distributed soil data. On the one hand, the distribu-
tion functions of the probability distributed model (Moore,
1985), VIC model, and Xinanjiang model could be replaced
by the new distribution function and the model performance
would be further evaluated. On the other hand, the extended
SCS-CN method (i.e., Eq. 27), which includes initial stor-
age explicitly, could be used for surface runoff modeling in
the SWAT (Soil and Water Assessment Tool) model, and the
model performance would be evaluated.

Data availability. This paper is a theoretical analysis and does not
contain any supplementary data.

www.hydrol-earth-syst-sci.net/22/6567/2018/ Hydrol. Earth Syst. Sci., 22, 6567–6578, 2018



6576 D. Wang: A new probability density function for soil water storage capacity

Appendix A

The potential for continuing wetting is called potential max-
imum retention and is denoted by Sm = Sp−Wi. Sm is com-
puted as a function of curve number which is dependent on
land use–land cover and soil permeability. The ratio between
Wi and Sm in the SCS curve number method is denoted by
λ= Wi

Sp−Wi
, and then the ratio between initial soil wetting and

storage capacity is computed by

Wi

Sp
=

λ

1+ λ
. (A1)

The value of λ varies in the range of 0≤ λ≤ 0.3, and a
value of 0.2 is usually used (Ponce and Hawkins, 1996). Sub-
stituting Eq. (A1) into Eq. (6) leads to

W

P
=

1−
(

λ
1+λ

)2
8sc

1− 2λ
1+λ +8

−1
sc
. (A2)

Equation (A2) is plotted in Fig. 1 for λ= 0.1 and 0.3.
As we can see, the range of 8sc is dependent on the pa-
rameter λ. Since Wi ≤ P , 8sc is in the range of

[
0,1+ 1

λ

]
.

Equation (A2) satisfies the following boundary conditions:
W
P
→ 0 as 8sc→ 0 and W

P
→ 1 as 8sc→

λ+1
λ

. When λ→
0, Eq. (A2) becomes

W

P
=

1

1+8−1
sc
. (A3)

Equation (A3) is the lower bound for W
P

based on this param-
eterization scheme.

Appendix B

Substituting W = S1−S0 into Eq. (16), wetting is computed
by

W = Sb

[
1−

(
1−

P +C0

Cm

)β+1
]
− S0. (B1)

The following equation is obtained by dividing P on both
sides of Eq. (B1):

W

P
=
Sb− S0

P
−
Sb

P

(
1−

P +C0

Cm

)β+1

. (B2)

Substituting C0
Cm
= 1−

(
1− S0

Sb

) 1
β+1 into Eq. (B2), we obtain

W

P
=
Sb − S0

P
−
Sb

P

(
1−

P

Cm
−

[
1−

(
1−

S0

Sb

) 1
β+1
])β+1

. (B3)

Substituting Eq. (10) into Eq. (B3), we obtain

W

P
=
Sb− S0

P
−

(Sb− S0

P

) 1
β+1
−

(
Sb
P

)− β
β+1

β + 1


β+1

. (B4)

Substituting Eqs. (5) and (13) into Eq. (B4), we obtain

W

P
=8sc−

8 1
β+1
sc −

(
8sc

1−ψ

)− β
β+1

β + 1


β+1

, (B5)

which leads to

W

P
=8sc

[
1−

(
1− b8−1

sc

)β+1
]
, (B6)

where b is defined in Eq. (14).

Appendix C

lim
8sc→∞

W

P
= lim
8sc→∞

8sc

[
1−

(
1− b8−1

sc

)β+1
]

(C1)

The right-hand side of Eq. (C1) is rewritten as

lim
8sc→∞

8sc

[
1−

(
1− b8−1

sc

)β+1
]
=

lim
8sc→∞

1−
(
1− b8−1

sc
)β+1

8−1
sc

. (C2)

Since lim8sc→∞1−
(
1− b8−1

sc
)β+1
= 0 and

lim8sc→∞8
−1
sc = 0, we apply the L’Hospital’s rule,

lim
8sc→∞

[
1−

(
1− b8−1

sc
)β+1

]
′(

8−1
sc

)
′

=

lim
8sc→∞

b(β + 1)
(

1− b8−1
sc

)β
. (C3)

Since lim8sc→∞

(
1− b8−1

sc
)β
= 1, the limit for W

P
is ob-

tained as follows:

lim
8sc→∞

W

P
= b (β + 1) . (C4)

Substituting Eq. (14) into Eq. (C4), we obtain

lim
8sc→∞

W

P
= (1−ψ)

β
β+1 . (C5)
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Appendix D

lim
8sc→∞

W

P
= lim
8sc→∞

1+
√
(m+1)2−2am

1−ψ 8sc −

√(
1+ m+1

1−ψ8sc

)2
− 2am

(
8sc

1−ψ

)2
−

2a
1−ψ8sc

a
(D1)

Multiplying

1+

√
(m+ 1)2− 2am

1−ψ
8sc

+

√(
1+

m+ 1
1−ψ

8sc

)2

− 2am
(
8sc

1−ψ

)2

−
2a

1−ψ
8sc (D2)

with the denominator and numerator of the right-hand side
Eq. (D1) leads to

lim
8sc→∞

W

P
=

1
a

lim
8sc→∞

2
√
(m+1)2−2am

1−ψ 8sc −
2(m+1)

1−ψ 8sc +
2a

1−ψ 8sc

1+

√
(m+1)2−2am

1−ψ 8sc +

√(
1+ m+1

1−ψ 8sc
)2
− 2am

(
8sc
1−ψ

)2
−

2a
1−ψ 8sc

.

(D3)

Dividing 8sc in the denominator and numerator, we obtain

lim
8sc→∞

W

P
=

1
a (1−ψ)

lim
8sc→∞

2
√
(m+ 1)2 − 2am− 2(m+ 1)+ 2a

1
8sc
+

√
(m+1)2−2am

1−ψ +

√(
1
8sc
+
m+1
1−ψ

)2
− 2am

(
1

1−ψ

)2
−

2a
(1−ψ)8sc

.

(D4)

Therefore, the limit of W
P

as 8sc→∞ is

lim
8sc→∞

W

P
=

√
(m+ 1)2− 2am+ a−m− 1

a
√
(m+ 1)2− 2am

. (D5)

Appendix E

Substituting a = 2ε (2− ε) into Eq. (29), one can obtain

W

P
=

1+ Sb
P
−

√(
1+ Sb

P

)2
− 4ε (2− ε) Sb

P

2ε (2− ε)
. (E1)

Equation (E1) is the solution of the following quadratic func-
tion:

ε (2− ε)
(
W

P

)2

−

(
1+

Sb

P

)
W

P
+
Sb

P
= 0. (E2)

Multiplying P 2 on both sides of Eq. (E2), Eq. (E2) becomes

ε (2− ε)W 2
− (P + Sb)W + SbP = 0. (E3)

Equation (E3) can be written as the following one:

P −W

P − εW
=
W − εW

Sb− εW
. (E4)

SubstitutingQ= P−W into Eq. (E4), we obtain the propor-
tionality relationship of the SCS-CN method:

Q

P − εW
=
W − εW

Sb− εW
. (E5)
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