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Abstract. The mean water level in estuaries rises in the land-
ward direction due to a combination of the density gradi-
ent, the tidal asymmetry, and the backwater effect. This phe-
nomenon is more prominent under an increase of the fresh
water discharge, which strongly intensifies both the tidal
asymmetry and the backwater effect. However, the interac-
tions between tide and river flow and their individual contri-
butions to the rise of the mean water level along the estuary
are not yet completely understood. In this study, we adopt
an analytical approach to describe the tidal wave propaga-
tion under the influence of substantial fresh water discharge,
where the analytical solutions are obtained by solving a set
of four implicit equations for the tidal damping, the veloc-
ity amplitude, the wave celerity, and the phase lag. The an-
alytical model is used to quantify the contributions made by
tide, river, and tide-river interaction to the water level slope
along the estuary, which sheds new light on the generation
of backwater due to tide—river interaction. Subsequently, the
method is applied to the Yangtze estuary under a wide range
of river discharge conditions where the influence of both
tidal amplitude and fresh water discharge on the longitudinal
variation of the mean tidal water level is explored. Analyti-
cal model results show that in the tide-dominated region the
mean water level is mainly controlled by the tide—river inter-
action, while it is primarily determined by the river flow in
the river-dominated region, which is in agreement with pre-
vious studies. Interestingly, we demonstrate that the effect
of the tide alone is most important in the transitional zone,
where the ratio of velocity amplitude to river flow velocity

approaches unity. This has to do with the fact that the con-
tribution of tidal flow, river flow, and tide—river interaction
to the residual water level slope are all proportional to the
square of the velocity scale. Finally, we show that, in combi-
nation with extreme-value theory (e.g. generalized extreme-
value theory), the method may be used to obtain a first-order
estimation of the frequency of extreme water levels relevant
for water management and flood control. By presenting these
analytical relations, we provide direct insight into the inter-
action between tide and river flow, which will be useful for
the study of other estuaries that experience substantial river
discharge in a tidal region.

1 Introduction

It is of both theoretical and practical importance to under-
stand the dynamics of wave propagation under the backwater
effect, for instance when a river is backed up by an obstruc-
tion, such as a weir or a bridge, by a confluence with a larger
river, or by an ocean tide, resulting in a rise of the water level
upstream of the obstruction. Generally, the backwater effect
can be quantified by using the variation of the water level
slope in the momentum equation. Many researchers have ex-
plored the backwater effect in open channels by disregarding
one or more terms in the momentum equation (detailed re-
view can be found in Dottori et al., 2009). Among them, the
most well-known is Jones’ formula (Jones, 1916), which is
an analytical expression of the water level slope as a function
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of fresh water discharge and geometric characteristics (e.g.
bottom slope, cross-sectional area, hydraulic radius, Man-
ning’s coefficient). However, the backwater effect induced
by an ocean tide in interaction with a river flood in an es-
tuary still remains subject for further investigation.

It has been suggested that the mean water surface of a
tidal river is driven by the fortnightly fluctuation due to
the spring—neap changes in tidal amplitude at the seaward
side, but it also features a consistent increase in the land-
ward direction, caused by the tide-river interaction (e.g.
LeBlond, 1979; Godin and Martinez, 1994; Buschman et al.,
2009; Sassi and Hoitink, 2013) and the density gradient (e.g.
Savenije, 2005, 2012). The key to understand the interplay
between tide and fresh water discharge in an estuary lies in
the friction term of the momentum equation, which is usu-
ally decomposed into different components contributed by
tide, river, and tide—river interaction (Dronkers, 1964; Godin,
1991, 1999; Buschman et al., 2009; Sassi and Hoitink, 2013).
In particular, Dronkers (1964) used the Chebyshev poly-
nomials approach to approximate the quadratic velocity in
the friction term, in which the resulted approximation con-
sists of four terms with coefficients depending on the ra-
tio between river flow velocity and tidal velocity amplitude.
Godin (1991, 1999) proposed a simpler approximation that
retains only the first- and third-order terms as a function of
the non-dimensionalized velocity, which is comparable with
Dronkers’ formula in terms of accuracy.

It was shown by Godin (1999) that the sub-tidal water level
can be reconstructed by a simple linear regression equation
as a function of fresh water discharge and tidal range, sug-
gesting a strong correlation between sub-tidal water level and
tide—river interaction. To understand the basic mechanisms
of the tide-river interaction in the Columbia River, Jay and
Flinchem (1997) and Kukulka and Jay (2003a, b) employed
a wavelet tidal analysis method to decompose the time se-
ries of water levels into different components (diurnal, semi-
diurnal, quarter-diurnal, and mean flow), which allows for
taking account of the tidal asymmetry (i.e. interaction be-
tween different tidal constituents). They also derived a linear
regression model for describing the sub-tidal water level as
a function of fresh water discharge, tidal range, and atmo-
spheric pressure. Similar linear regression models were pro-
posed by Buschman et al. (2009), Sassi and Hoitink (2013)
and Guo et al. (2015) for predicting the sub-tidal water level
on the basis of the decomposed sub-tidal friction in the mo-
mentum equation. In addition, Jay et al. (2015) demonstrated
that power spectra, continuous wavelet transforms, and har-
monic analyses are useful instruments to understand external
changes (e.g. tide, river flow, upwelling, and downwelling)
on the variations of along-channel water level. Previous stud-
ies did qualitatively assess the relative importance of tidal
flow (or tidal asymmetry), river flow, and tide—river interac-
tion on the residual water level by decomposing the tidally
averaged friction term, which is balanced by the water level
surface gradient (or residual water level slope). These stud-
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ies showed that the river—tide interaction contributes signifi-
cantly to the tidally averaged friction in the tide-dominated
region, while in the river-dominated region the tidally av-
eraged friction is mainly controlled by the river flow. The
contribution made by tidal asymmetry to the tidally aver-
aged friction appeared relatively small (e.g. Buschman et al.,
2009; Sassi and Hoitink, 2013). However, the underlying
mechanism of the rising residual water level along the es-
tuary is not yet fully understood. In particular, we note that
the residual water level itself (which is implicitly included in
the denominator of the friction term in the momentum equa-
tion) may substantially influence the tidally averaged fric-
tion, especially in the high river flow conditions with large
residual water level (e.g. in the Yangtze estuary). Thus, it
is difficult to analytically quantify the contributions of tidal
flow, river flow, and tide-river interaction on the tidally av-
eraged friction (and hence residual water level slope) since
it requires the unknown parameter of residual water level. In
addition, we note that the decomposition of the tidally aver-
aged friction term requires long-term measurements of ve-
locity, which are not always available in reality. In this paper,
we adopt an analytical model for tidal hydrodynamics (Cai
et al., 2014b) to further study the tide—river dynamics and
its impact on the residual water level in estuaries with sub-
stantial fresh water discharge. We limit the analysis to the
interaction between the predominant tidal constituent (e.g.
M) and the river flow, aiming to derive fully explicit analyt-
ical expressions describing the basic mechanisms that cause
the rise of mean water level along the estuary. The proposed
method is simple and only requires a minimum amount of
data. More importantly, the analytical method provides direct
insight into the dominant processes that determine river-tide
interaction. As a result, it allows us to better understand how
tidal propagation in estuaries is affected by fresh water dis-
charge.

The current work is not just an application of a model to a
case study, but an analysis that provides new analytical tools
to assess the influence of fresh water discharge on water lev-
els in estuaries. For the first time, we used a fully analyt-
ical approach to quantify the contributions made by differ-
ent components (tide, river, and tide—river interaction) to the
residual water level, which sheds new light on how backwa-
ters are generated as a result of tide-river interaction. The
method is subsequently used to estimate the frequency of ex-
treme high water along the estuary, which is particularly use-
ful for water management and flood control.

In the following section, the general methodology for de-
scribing the tidal wave propagation under riverine influence
and contributions made by different frictional components
(river, tide, tide—river interaction) to the rise of mean water
level are presented. This is followed by an application to the
Yangtze estuary where there is a notable influence of fresh
water discharge on tidal dynamics (Sect. 3). We explored the
response of the mean water level as a function of tidal forc-
ing imposed at the mouth and the fresh water discharge from
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upstream. Subsequently, the method has been used to predict
the envelopes of high water and low water in the Yangtze
estuary. In particular, it is shown that the analytical model
can be used to estimate the likelihood of extreme high water
levels along the estuary for given probability of exceedance.
Finally, conclusions are summarized in Sect. 4.

2 Methodology
2.1 Shape of an estuary

For the derivation of analytical solutions of the tidal hydro-
dynamics equations in estuaries, we require geometric func-
tions to describe the estuary geometry, such as constant ge-
ometry (e.g. Ippen, 1966), a linear function (e.g. Gay and
O’Donnell, 2007, 2009), a power function (e.g. Prandle and
Rahman, 1980), or an exponential function (e.g. Savenije,
1998, 2001, 2005, 2012). Among these, the most common
approach is to use an exponential function to describe the
cross-sectional area, width, and depth in a tidally averaged
scale. This method works very well in a tide-dominated es-
tuary, which usually has a typical funnel shape. However, as
opposed to what is generally done, the cross-sectional area
and stream width do not converge to zero, but to constant
river-dominated values. To better represent the geometry of
such funnel-prismatic estuaries, we propose the following
expressions to describe the longitudinal variation of cross-
sectional area A and stream width B (see also Toffolon et al.,
2006; Cai et al., 2014b):

A=A+ (Ao —Anexp(-=). &)
F=E+(B_0—E)e><p(—%), )

where x is the distance (starting from the estuary mouth),
Ap and Bg represent the cross-sectional area and stream
width evaluated at the estuary mouth, A, and B, represent
the asymptotic riverine cross-sectional area and stream width
(the overbar denotes the tidally averaged value), while a and
b represent the convergence lengths of the cross-sectional
area and stream width, respectively. This equation accounts
for not only the exponential shape in the seaward part of the
estuary, but also the nearly prismatic channel in the landward
part. Assuming a near rectangular cross section, the tidally
averaged depth is given by 4 = A/B.

Figure 1 illustrates the variation of the estuarine shape for
different convergence lengths. In this approach, there is no
need for an inflection point to cater for the transition from a
funnel shape to a prismatic channel.

2.2 Analytical model for tidal hydrodynamics

In a tidal river, we usually observe that the tidally averaged
water level rises in landward direction (e.g. Godin and Mar-
tinez, 1994). This residual water level increases with the
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Figure 1. Variation of the estuarine shape (Eqg. 2) under different
width convergence length » for given values of By =10km and
Br = 1km.

fresh water discharge. In order to explore the underlying
mechanism of this phenomenon and quantify the contribu-
tions of tide, river, and tide-river interaction to the increased
residual water level, an analytical solution are invaluable tool
since it provides direct insight into the tidal wave propagation
under the influence of river discharge.

The density-induced pressure in the momentum equation
is upstream directed and counteracted by a residual water
level that equals 1.25% of the mean water depth over the
length of salt intrusion, having a significant influence on salt
intrusion through gravitational circulation (Savenije, 2005,
2012). In the Yangtze estuary the water level rise due to the
density gradient is around 0.12m (corresponding to an es-
tuary depth of 9.5m) over the salt intrusion length (approxi-
mately 50 km). Thus the density-induced slope is rather small
(around 3.0 x 10~8) compared to the frictional dissipation in-
duced by river discharge. Consequently, we neglect the effect
of the density gradient on the mean water level profile in this
paper.

It has been suggested by Cai et al. (2014a, b) that the
hydrodynamics in a tidal river is mainly determined by the
four dimensionless parameters (see Table 1), including the
tidal amplitude to depth ratio ¢ (representing the boundary
condition in the seaward side), the estuary shape number y
(indicating the channel convergence), the friction number x
(representing the frictional dissipation), and the dimension-
less river discharge ¢ (representing the effect of fresh water
discharge). Note that in Table 1 » indicates the tidal ampli-
tude, v is the velocity amplitude, Uy is the river flow velocity,
w is the tidal frequency, g is the gravity acceleration, K is
the Manning-Strickler friction coefficient, rg is the storage
width ratio, and ¢ is the classical wave celerity defined as

co = +/gh/rs. It is important to recognize that we use a new
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definition for the estuary shape number as suggested by Cai
et al. (2014b) to account for the asymptotic adjustment to the
river cross section, the difference being a factor (1 — A,/ A),
which varies with distance although it remains close to unity
in the most downstream reach of the estuary.

We use the analytical model for tidal dynamics proposed
by Cai et al. (2014a, b), in which the solutions of the main
tidal dynamics are obtained by means of solving a set of
four implicit equations for the main dynamics, including tidal
damping or amplification, wave celerity (or speed), velocity
amplitude, and phase lag. The main dependent parameters
are described by the following four variables (see Table 1): §
represents the amplification number describing the damping
(8 < 0) or amplified (§ > 0) rate of along-channel tidal am-
plitude, w the velocity number indicating the ratio of actual
velocity amplitude to that in a frictionless prismatic channel,
A the celerity number representing the classical wave celerity
co scaled by the actual wave celerity (speed) ¢, and ¢ repre-
senting the phase lag between high water (HW) and high wa-
ter slack (HWS) or between low water (LW) and low water
slack (LWS). Itisnoted that0 < ¢ < 7/2, where ¢ = 0 indi-
cates the tidal wave characterized by a standing wave, while
& = /2 suggests a progressive wave. For a predominant tide
(e.g. My), the phase lag is determined by ¢ = 7 — (¢7z — du),
in which ¢z and ¢y represent the phase of water level and
velocity, respectively (Savenije et al., 2008).

The key aspect of this method is to derive an analytical
expression for tidal amplification or damping using the so-
called “envelope method”, i.e. by subtracting the envelope
curves at HW and LW (for details see Cai et al., 2014b). In a
Lagrangean reference frame, we assume that the velocity of a
moving water particle V consists of a steady component Uy,
generated by the fresh water discharge, and a time-dependent
constituent U;, introduced by the tidal flow:

V = U, — Uy =vsin(wt) — Q/A, (3)

where ¢ is time and Q is the fresh water discharge (treated as
a constant during the tidal wave propagation). Consequently,
the velocity accounting for fresh water discharge at HW is
given by

Vhw = vsin(e) — U, = v [sin(e) — ¢], 4)
and similarly for LW:

Viw = —wvsin(e) — U, = —v[sin(e) + ¢]. (5)
Making use of Egs. (4) and (5) and using the envelope
method, the resulted damping equation, describing the tidal

amplification or damping as a result of the balance between
convergence (y0) and friction (y uAL), is given by

_ #(r8 — xpal)

8
1+u2p

: (6)
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where 6, 8, and I account for the effect of river discharge.
The expressions of 6 and 8 are shown in Table 1, while

1
r=— [m —2p20 + p39®(3+ uzkz/wz)] ©)

is a friction factor obtained by using Chebyshev polynomials
(Dronkers, 1964) to represent the non-linear friction term in
the momentum equation

VIV| 1 ( P 2 3
=——a X ——=— | pov  + pruV + pa Ve + p3V /v), 8)
k2P k2

where p; (i =0, 1, 2, 3) represent the Chebyschev coeffi-
cients (see Dronkers, 1964, p. 301), which are functions of ¢
through « = arccos(—g):

7 . 1 1 .
po= —msm(Za) + ﬁsm(&x) — @sm(Ba), 9
—7sin( ) — ! sin(3a) — ! sin(5a) + L sin(7a)
L T AT R TV “’()
10

1. 19 . 1.
p2=7 — 20+ 3 sin(a) + %sm(4a) - gsm(ea), (11)
—4sin( ) 2sin(3 )+ 2 sin(5a) (12)
p3 = g 3o = g STy g ST

The coefficients p1, p2, and ps3 quantify the contributions
made by linear, quadratic, and cubic frictional interaction,
respectively. In Fig. 2, it appears that the value of pg is small
with respect to the values of the other coefficients. We ob-
serve that the values of p; and p, increase with increasing
@ until a maximum value is reached, after which p; con-
verges to 0 while p, converges to —m. The value of ps3 is
decreased with ¢ and it reduces to 0 for ¢ < 1. For ¢ > 1,
po= p1=p3=0and p, = —m, so that Eq. (8) reduces to
F=V?/(K?h"*). 1 p=0(or 0=0), po=p2=0, p1=
16/15, and p3 = 32/15, so that Eq. (8) reduces to

16 2 |y AN
F=— Y 12 o). (13)
157 g2p*3 | v v

It is worth noting that the derived tidal damping Eq. (6) does
account for the tidal asymmetry induced by the interaction
between tide and river flow, since we described the velocity
of a moving particle at HW and LW as a harmonic wave in
combination with a river flow velocity, i.e. Egs. (4) and (5).

Apart from the damping Eq. (6), the other three dimen-
sionless equations are summarized as follows (Cai et al.,
2014b).

The scaling equation describes how the ratio of velocity
amplitude to tidal amplitude depends on phase lag and wave
speed (wave celerity):

_ sin(e) _cos(e)
N

(14)

www.hydrol-earth-syst-sci.net/20/1177/2016/



H. Cai et al.: Analytical approach for determining mean water level profile 1181

Table 1. Definitions of parameters used in the governing Egs. (6), (14), (15), and (16).

Local variables

Dependent variables

Dimenslonless tidal amplitude
¢=n/h

Amplification number
8 = codn / (newdx)

Estuary ihapeinumberi
Y =co(A—Ar) [/ (waA)

Velocity number B
u=v/(rs¢co) =vh/(rsnco)

Friction number

-1 _
x =rsgeot[1— @ /32] "/ (@K?h)

Celerity number

A=cg/c

Dimensionless river discharge
p=Ur/v

Phase lag
e=m/2—(dz—dU)

B=0—rslo/(ur),0 =1—-(V1+¢—-Do/(ud)

Chebyshev coefficients

0 05 ) 1 185
Figure 2. Variation of the Chebyshev coefficients p; (i=0, 1, 2, 3)
as a function of the dimensionless river discharge number ¢.

The wave celerity (or speed) equation describes how the
wave speed depends on the balance between convergence and
tidal damping/amplification:

AM=1-58(y—9), (15)

The phase lag equation describes how the phase lag be-
tween HW and HWS depends on wave speed, convergence,
and damping:

tan(e) = L (16)
y—346

In Fig. 3, we see the contour plot displaying the main de-
pendent parameters computed by solving the set of Egs. (6),
(14), (15), and (16) over a wide range of estuary shapes
(0 <y <4), and friction (0 < x <5) for given values of
=01,¢=05rs=1.
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2.3 Contributions of tide, river, tide-river interaction
to the mean water level

Based on the assumptions of a negligible density effect and a
periodic variation of velocity, the integral of the momentum
equation over a tidal period yields the mean water level gra-
dient with respect to distance (see also Vignoli et al., 2003;
Cai et al., 2014b):

7z _ = 1 2 2 3

PPl F = m(pov + po2vV 4+ paVe+ p3V /U), (17)
where 7 is the mean water level or residual water level (see
Fig. 5). Substituting the total velocity V from Eg. (3) into
the friction term F in Eq. (17) leads to three components
contributing to the increase of mean water level: a tidal com-

ponent

_ 1 1
Fr=——pm (—Pz—lrpo) v?, (18)
K2R \2

a riverine component

_ 1 )
Fr=m(P2—P3(P)Ur, (19)
and tide—river interaction

_ 1 3

Fy = m (—Pl - EPS) vUr. (20)

Figure 4 shows the analytically computed gradient of the
water surface over a wide range of river flow velocities (U, =
0-2ms—1) and tidal velocity amplitudes (v = 0-2ms~1) for
given 7 = 10mand K = 45m'/3s~1, In general, we see that
both river flow velocity and velocity amplitude trigger an in-
crease of the water surface gradient and hence the mean tidal
water level.

With the thus obtained water surface gradient dz/dx, the
mean water surface is given by

X X

xa_ B o
Zz/a_zdxz_/Fdx:—/1Ft+Fr+Ftr’dx~ (21)
X
0

0 0
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Velocity amplitude v (m/s)
o o o
S o © =
Gradient of water surface 97/0x

o
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Figure 4. Contour plot of the water surface gradient 37 / 9x (Eq. 17)
as a function of river flow velocity Uy and tidal velocity amplitude v
for given tidally averaged depth 7 = 10 m, Manning-Strickler fric-
tion coefficient K = 45m1/3s—1,

Equation (21) has been tested by comparing the analytical
computations with numerical results and the good agreement
suggests that it can well reproduce the correct mean water
level profile along the estuary axis. For details, readers can
refer to Sect. 5 of Cai et al. (2014b).

Hydrol. Earth Syst. Sci., 20, 1177-1195, 2016

Figure 5. Sketch of the water levels in a tidal river (after Cai et al.,
2014a).

An iterative procedure is involved to determine the mean
water surface because the analytical expression Eq. (21)
contains two unknown variables, the velocity amplitude v
and the updated water depth expressed as hpew = 1 + 7 (see
Fig. 5).

It was shown by Godin (1991, 1999) that the quadratic ve-
locity V|V| in the friction term can be linearized by means
of adopting the first- and third-order terms as a function of
non-dimensionlized velocity scaled by the maximum pos-
sible value of the velocity (i.e. v+ Uy in our case). Simi-
lar expressions as in Egs. (18)—(20) can be obtained by us-
ing Godin’s approximation to the quadratic velocity V|V|,
which are presented in Appendix A. The Godin’s approxi-
mation does perform well in the downstream part of the estu-
ary, where the current is bi-directional. However, the approx-
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Figure 6. Location of the study area (a) and sketch of the Yangtze estuary showing the positions of the tidal stations and the cross sections

extracted along the estuary (b).

imation does not convergence to V2 in the river-dominated
region (¢ > 1). Thus, we would prefer to use Dronkers’ ap-
proximation to the friction term, which provides a consistent
description for the whole estuary.

2.4 Solution for the entire estuary

The dependent parameters 8, u, A, and e represent the local-
ized tidal dynamics since they depend on local (fixed posi-
tion) values of the dimensionless tidal amplitude ¢, the shape
of the estuary y, the bottom friction x, and the dimensionless
river discharge ¢. In order to correctly reproduce the main
tidal hydrodynamics along the entire estuary axis, we adopt
a multi-reach approach by subdividing the entire estuary into
multiple reaches to account for the longitudinal variations of
the cross sections (such as water depth and bottom friction).
For given amplification number & and tidal amplitude 7o at
the seaward boundary of each reach, a tidal amplitude 7, at
a distance Ax (e.g. 1km) upstream can be calculated by a
simple explicit integration of the amplification number:

d wd
n1=no+ —nAx =no+ nO—Ax.

dx co (22)
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Based on the computed ;1 and the geometric feature (e.g.
depth) of the next reach, the main tidal dynamics 8, u, A, and
€ can be obtained by solving the set of Egs. (6), (14), (15),
and (16). Such a process can be repeated by moving the ori-
gin of axis for each reach, leading to the solutions for the
entire estuary. In principle, the proposed method is valid for
an arbitrary bed profile, even with strong longitudinal gra-
dient of bed elevation. An example of MATLAB scripts is
provided as supplement.

3 Application to the Yangtze estuary
3.1 Overview of the Yangtze estuary

The Yangtze River, which is the largest and longest river in
the world, originates from the Tibetan Plateau and debouches
into the East China Sea (Fig. 6). Characterized by substan-
tial fresh water discharges and meso-scale tides, the Yangtze
estuary has a branched structure. Downstream from Xuliu-
jing, the estuary is subdivided into the south branch and north
branch divided by Chongming Island (see Fig. 6). The south
branch is the main channel conveying both fresh water dis-
charge and sediment into the East China Sea, while the north

Hydrol. Earth Syst. Sci., 20, 1177-1195, 2016
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Figure 7. Semi-logarithmic plot of the geometric characteristics (the cross-sectional area A (m2), width B (m), and depth 7 (m)) along the

Yangtze estuary. The drawn lines represent the best-fitting curves.

branch is barely connected to the main channel and functions
in isolation (Zhang et al., 2012). Hence, in this paper we only
consider the branched system downstream from the junction
between the south branch and the north branch, which in our
view functions as an entity for tidal hydrodynamics, so that
we may treat it as a whole. Meanwhile, since we concen-
trate on the dominant tide—river interaction process in the
Yangtze estuary, the influence of the net water, salt and sed-
iment fluxes from the north branch into the south branch on
the tide—river interaction is neglected.

The total length of the Yangtze estuary is around 600 km
starting from the mouth, located at the Hengsha gauging sta-
tion, up to the station of Datong, where the influence of tidal
flow is vanishing. The estuary has a meso-scale tide with
a maximum and mean tidal range of 4.62 and 2.67 m near
the estuary mouth, respectively. The predominant tidal con-
stituent in the Yangtze estuary is semi-diurnal, with averaged
ebb and flood duration of 7.4 and 5 h near the estuary mouth,
respectively (Zhang et al., 2012). On the basis of observed
data at Datong hydrological station from 1950 to 2012, the
annual mean fresh water discharge is 28 200m3s~—1 and the
monthly mean fresh water discharge reaches a maximum of
49500 m3s~1 in July and a minimum of 11300m3s~1 in
January. It has been suggested that the Canter—Cremers num-
ber (representing the ratio of the amount of fresh water to
saline water entering the estuary during a tidal period) dur-
ing a mean spring tide is around 0.1 during the dry season and
about 0.24 during the wet season, which suggests a partially
mixed salt intrusion in the south branch, where a well-mixed
situation occurs during the dry season especially during the
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spring tide, when the Canter—Cremers number is less than 0.1
(Zhang et al., 2011).

3.2 Geometry of the Yangtze estuary

The topography used in this paper was obtained based on the
navigation charts in 2007 having corrected to mean sea level
of Huanghai 1985 datum. In Fig. 7, the geometric charac-
teristics (i.e. the cross-sectional area, the stream width, the
estuary depth) along the Yangtze estuary axis together with
the best-fitting curves are shown. We see that both the cross-
sectional area and stream width can be well represented by
using functions of Egs. (1) and (2), which converge exponen-
tially towards a constant cross section in the river part. The
positions of the cross sections are presented in Fig. 6 as red
line segments. It is noted that the conventional approach of
using ordinary exponential functions (that converge to zero)
can only be used if the estuary is subdivided into two reaches,
i.e. a more strongly convergent channel in the seaward part
and a more prismatic channel in the landward part of the estu-
ary, with an inflection point at the position where the geom-
etry switches from a funnel-shaped estuary to a more pris-
matic channel (e.g. Cai et al., 2014a). The newly proposed
Egs. (1) and (2), however, describe the shape of the entire
estuary as an entity, using only one convergence scale, the
convergence lengths a and b. From Fig. 7, we observe that
the tidally averaged depth gradually increases until the po-
sition around x = 245 km (between Jiangyin and Zhenjiang;
see Fig. 6), after which the depth decreases slightly towards
a constant value. It should be noted the depth % presented in
Fig. 7 is the averaged depth relative to mean sea level, while
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Figure 8. Observations of tidal amplitude at the estuary mouth (Hengsha station) and fresh water discharge at the upstream boundary (Datong

station) during the dry (a) and flood (b) season.

the actual depth Aney is reproduced by an iterative procedure
described in Sect. 2.3.

The calibrated parameters that were obtained by fitting
Egs. (1) and (2) against observed geometry are presented
in Table 2, where R? is the coefficient of determination.
The enhanced convergence length for cross-sectional area is
117 km, which is slightly larger than that for the width of
103 km.

3.3 Calibration and verification of hydrodynamics
model

To demonstrate the capability of the hydrodynamic model,
the analytical solutions were compared with tidal amplitudes
and residual water levels measured along the Yangtze estu-
ary. The data were collected in February 2012 (6-26 Febru-
ary 2012, representing the dry season) and in August 2012
(10-26 August 2012, representing the flood season). In par-
ticular, the observed water levels at different gauging sta-
tions have been corrected and referenced to mean sea level
of Huanghai 1985 datum. We determined the tidal amplitude
by averaging the flood tidal amplitude and the ebb tidal am-
plitude. Figure 8 shows the observed tidal amplitude at the
estuary mouth (Hengsha station) and fresh water discharge
imposed at the upstream end (Datong station) for both the
dry and flood season. Both measurements are tidally aver-
aged values and cover a spring—neap cycle. From Fig. 8, we
see a fluctuation of fresh water discharge during the dry sea-
son with a range between 14850 and 15900m3s—1, while
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much larger values are observed during the flood season
ranging between 46 500 and 59 000 m3s—1. We observe that
the Yangtze estuary has an irregular semi-diurnal tide char-
acter, suggesting two tidal cycles within a day. The zigzag
line in Fig. 8 has to do with the fact that the tidal amplitude
is very different between the two tidal cycles within a day.
The extracted values of tidal amplitudes and residual water
levels covering a spring—neap cycle from nine gauging sta-
tions along the Yangtze estuary (see their positions in Fig. 6)
have been used to calibrate the analytical model. Figure 9
shows the comparison of observed and computed tidal am-
plitude and residual water level at different gauging stations
in the Yangtze estuary for both the dry and flood seasons.
We see that the analytical results are in good agreement with
observations, suggesting that the analytical model performs
well and can correctly reproduce the main tidal dynamics in
the Yangtze estuary. The scatter is mainly due to the fact that
the simplified geometry adopted in the analytical model does
not take account of the irregularities in the channel due to
islands and fluctuations in the cross-sectional area. The cal-
ibrated friction coefficient K adopted in the seaward reach
(0-245km) is 75m?/3s~1, which is realistic for a silt-mud
part of the estuary, while K =55m%3s~1 in the landward
reach (245-550km) due to the fact that the sediment be-
comes coarse (sand) in the riverine part. For simplification,
we used a constant storage width ratio rs of unit, indicating
negligible influence of storage area on tidal dynamics. How-
ever, we note that the possible effect of bank storage area

Hydrol. Earth Syst. Sci., 20, 1177-1195, 2016
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Table 2. The geometric characteristics of the Yangtze estuary.
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Characteristics Ar(m2)orBr(m) Ag(m¥orBy(m) aorb(km)  R?
Cross-sectional area A 14113 154061 117 0.98
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Figure 11. Longitudinal variation of the tidal amplitude and corresponding damping number (a, b), the contributions to the flow velocity by
river and tide (c, d), and contributions of river flow and tide to the water level slope (e, f) for the dry (a, c, ) and flood season (b, d, f) in
the Yangtze estuary, in which the results are the averaged values during 6-26 February 2012 (representing the dry season) and during 10-26

August 2012 (representing the flood season), respectively.

could be compensated by the adjustment of the friction coef-
ficient.

Influence of tide and river flow on mean water level
profile

3.4

Figure 10 shows the longitudinal variation of the mean water
level under the influence of tide and river discharge at differ-
ent tidal cycles for both dry season and flood season. We see
that the development of the mean water level is closely re-
lated to the fresh water discharge and the tidal forcing at the
estuary mouth. During the dry season when the river flow is
small compared with the amplitude of tidal flow, we observe
that the mean water level is mainly determined by the tidal
forcing imposed at the estuary mouth (see Fig. 10a). Con-
versely, during the flood season when the river flow dom-
inates, especially in the upstream reach of the estuary, we
see the mean water level mainly depends on the fresh wa-
ter discharge, although the tidal amplitude still has a strong
influence on the mean water level variation in the seaward

www.hydrol-earth-syst-sci.net/20/1177/2016/

part where the tide flow dominates over the river flow (see
Fig. 10b).

From the analysis presented in Sect. 2.3, it is suggested
that the water level slope 9z /dx and the resulted residual
water level z is controlled by three parameters, i.e. the ve-
locity amplitude, the river flow velocity, and the mean wa-
ter depth. To illustrate the contributions made by both tidal
and riverine forcings, we used the averaged values of F, F,
Fr and Fy, which are computed at each tidal cycle during
6-26 February 2012 (representing the dry season) and dur-
ing 10-26 August 2012 (representing the flood season), re-
spectively. In Fig. 11 we see the longitudinal profiles for the
tidal amplitude and its corresponding dimensionless damp-
ing rate (Fig. 11a and b), the longitudinal contributions of
river and tide to the flow velocity (Fig. 11c and d) and the
contributions of river and tide to the tidally averaged water
level slope (Fig. 11e and f), for both the dry and the flood
season. We observe that the tide—river interaction is the most
dominant component in the seaward reach and its influence
reduces to null until the critical position where the velocity

Hydrol. Earth Syst. Sci., 20, 1177-1195, 2016
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Figure 12. Longitudinal variation of the high water level & + 7 (a, b) and low water level 2 — 5 (c, d) as a function of fresh water discharge
for given tidal amplitude at the estuary mouth — (a, b) ng = 1.3 m representing the mean tidal amplitude; (c, d) no = 2.3 m representing the

spring tidal amplitude.

amplitude is balanced by the river flow velocity (¢ = 1). We
note that both p; and p3 in Eq. (20) are equal to 0 when
¢ > 1; thus, the tide—river component is negligible in the up-
stream reach of the estuary where the influence of river flow
is dominant over the tidal flow. Interestingly, in the transi-
tional zone where ¢ is close to 1, we see that all three com-
ponents are crucial for the water level slope since they are
proportional to the square of the velocity scale (see Egs. 18—
20). With regard to the contribution made by tidal forcing,
we observe that it increases to a maximum value near the
critical position with ¢ = 1, beyond which it reduces until
zero is reached asymptotically. On the other hand, the river-
ine contribution is monotonously decreasing in the seaward
direction. The jump observed around x = 245 km has to do
with the adoption of different friction coefficients in the an-
alytical model. Meanwhile, a slightly negative contribution
from tidal forcing is observed near the estuary mouth for the
dry season case (see Fig. 11c), which is due to the positive
value of the factor p2 / 2+ po in Eq. (18).

3.5 Prediction of high water and low water levels

Understanding the complex behaviour of mean water level
profile and its variation under external forcings (tide, river) is
very important for water management to evaluate the influ-
ence of river floods, man-made structures (e.g. storm surge
barriers, flood gates), and ecosystems protections. In partic-
ular, obtaining a first-order estimation of high water (i + 1)
and low water (7 — n) levels is useful for flood control and
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in case problems arise with regard to fresh water withdrawal
and navigation when sufficient data are not available to set
up a detailed numerical model. In order to explore the re-
sponse of high water and low water levels to the fresh water
discharge, scenario simulation under given mean tidal am-
plitude (o = 1.3 m) and spring tidal amplitude (o = 2.3 m)
were conducted. The results are shown in Fig. 12. In general,
we see that both high water and low water levels increase in
landward direction for different fresh water discharge condi-
tions. Only during low flows do we see that the high water
level reaches a maximum value; see Fig. 12a and b. This is
illustrated in Fig. 13.

Figure 13 presents the case of extreme high water occur-
ring near the transitional zone of the Yangtze estuary for
a spring tide amplitude nop =2.3m and a small fresh wa-
ter discharge Q =10000m3s~1. The reason for this phe-
nomenon lies in longitudinal variation of the depth, which
has its maximum value near the transition zone. The larger
depth causes less friction, which favours amplification. At
higher discharges, the friction term gains prominence and the
amplification disappears.

It is worth examining the likelihood of an extreme high
water level (EHWL) as a function of the probability of ex-
ceedance along the estuary, since an EHWL is closely linked
to flood control and planning of future engineering works
(e.g. dam construction, channel deepening, confinement, or
widening of channels). In this paper, we used the 3-parameter
generalized extreme-value (GEV) distribution to interpret the
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Table 3. The return values of EHWL (m) at different positions along the Yangtze estuary.

Return period  Wusong  Yanglin ~ Xuliujing  Tianshenggang Jiangyin  Zhenjiang Nanjing Maanshan  Wuhu
(years)

2 11.63 11.90 12.33 12.70 13.12 14.50 16.25 17.32 18.26
5 11.64 11.93 12.38 12.75 13.22 15.03 17.16 18.40 19.46
10 11.65 11.95 12.40 12.78 13.29 15.35 17.69 19.01 20.14
25 11.66 11.97 12.42 12.82 13.38 15.73 18.28 19.70 20.90
50 11.66 11.97 12.43 12.84 13.44 15.99 18.68 20.16 21.40
100 11.67 11.98 12.45 12.87 13.50 16.22 19.04 20.57 21.85
200 11.67 11.99 12.46 12.89 13.57 16.44 19.36 20.94 22.25
500 11.67 11.99 12.47 12.92 13.64 16.70 19.75 21.37 22.73
1000 11.68 12.00 12.48 12.95 13.70 16.88 20.01 21.67 23.05

probability distribution of EHWL. The method has been ex-
tensively used in a wide range of regional frequency analysis,
such as annual floods, rainfall, wave height, and other natu-
ral extremes (Martins and Stedinger, 2000). For given posi-
tive random variable k, the cumulative distribution function
of the GEV distribution is given by
—1/a3
") e

where a1, ap, and a3 represent shape, location, and scale of
the distribution function, respectively. The critical value &,
which is defined as a value that is expected to be equalled
or exceeded on average once every interval of time 7, (with
probability of 1/7;), can be computed by solving the equa-

k—oaq

flkay,a0,03) = exp{—[1+a3 (
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tion of f(kr; 1,2, a3) =1 —1/T; and is given by

[— In(1— 1/Tr)]7a3012 — a2+ o103
kr == a3 .

(24)

In this paper, we first calculated the GEV distribution
of maximum mean daily discharge at Datong gauging sta-
tion based on the available historical record from 1947 to
2012 (see Fig. 14a). The three parameters were estimated
by the method of maximum likelihood with o1 = —0.114,
o = 9400, and oz = 54 300. From the fitted frequency dis-
tribution, we estimated the frequency of the mean daily dis-
charge with a certain return period using Eq. (24). Figure 14b
shows the calculated flood discharge at Datong for 2, 5, 10,
20, 50, 100, 200, 500, and 1000 year return period. We as-
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function of return period (b) at Datong station.

sume a constant tidal amplitude of ng = 2.3 m (correspond-
ing to the mean spring tide) at the seaward boundary. Sub-
sequently, the analytical model can be used to estimate the
extreme high water levels along the estuary for floods of dif-
ferent return periods. Table 3 presents the resulting EHWL
at different stations along the Yangtze estuary, which can
be helpful in designing future engineering works to protect
against extreme floods. It can be seen from Table 3 that the
EHWL variations in the seaward reach (downstream from
Jiangyin) is minor while significant changes occur in the up-
stream part of the estuary. This is due to the constant spring
tidal amplitude imposed at the estuary mouth in the analyti-
cal model and thus the variations of EHWL are mainly con-
trolled by the fresh water discharge.

One should be aware that the proposed analytical method
only captures the first-order tide-river dynamics in estuaries
since the model only accounts for the tidal asymmetry in-
troduced by tide—river interaction while it neglects the tidal
asymmetry caused by overtides (e.g. Mg) and compound
tides (e.g. MSf), which may have a significant impact on
the residual water level in the central region of the estuary
(Guo et al., 2015). For accurate prediction of high water and
low water levels, it is required to further study the impact
of higher-order terms (e.g. overtides and compound tides) on
the generation of the residual water level.
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4 Conclusions

To investigate the impact of tide-river dynamics on the be-
haviour of mean water level profile in estuaries, an analyt-
ical approach was used to explore the response of residual
water level to the two dominant forcings, i.e. tide and river
flow. The analytical model allows for quantifying the con-
tributions made by tide and river forcings to the rise of the
mean water level along the estuary by making use of the
Dronkers’ Chebyshev polynomials approximation to the fric-
tion term. The distinguishing feature of the present approach
is that it allows for analytical prediction of tidally averaged
mean water level and tidal amplitude for given inputs of tidal
forcing at the estuary mouth, geometry, and fresh water dis-
charge, while the previous studies adopted a linear regres-
sion model to estimate the sub-tidal water level and usually
required long-term time series of water level or velocity (e.g.
Buschman et al., 2009; Sassi and Hoitink, 2013). Shedding
new light on the tide—river interaction, the proposed method
could be applicable to other estuaries that experience sub-
stantial fresh water discharge in a tidal region.

The analytical model requires certain assumptions on the
geometry and flow characteristics. The fundamental assump-
tion is that the funnel—-prismatic shape of a typical tidal river
can be described by Egs. (1) and (2), where the convergence
lengths (« and b) account for the transition from the funnel
estuary in the seaward part to the prismatic channel in the
upstream part. The other important assumption is that the an-
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alytical solutions of water level and velocity can be described
by a residual term (residual water level or river flow velocity)
in combination with a simple harmonic wave, which suggests
that the model does not account for the interaction between
different tidal constituents (e.g. M» and My). However, since
we focus on the reproduction of the first-order hydrodynam-
ics this is not a critical limitation.

Despite the fact that the analytical model requires a cer-
tain number of assumptions and thus the results are not as
accurate as those of a fully non-linear numerical model, there
are some important advantages in using a simplified analyti-
cal approach, as compared to numerical models. First of all,
the analytical models are completely transparent, allowing
direct assessment of the influence of individual variables and
parameters on the resulting mean water level. In addition, an-
alytical methods are fast and efficient so that wide ranges of
input parameters can be considered. Furthermore, they are
more appropriate in data-poor (or ungauged) estuaries since
only a minimum amount of (geometrical) data is required. Fi-
nally, they provide direct insight into cause—effect relations,
which is not as straightforward in numerical models.

The hydrodynamics model has been used to reproduce the
main dynamics in the Yangtze estuary, which shows good
correspondence with observed data. The model is subse-
quently used to explore the longitudinal variation of mean
water level under a wide range of tidal amplitude and fresh
water discharge conditions. It is shown that both tidal ampli-
tude and fresh water discharge tend to rise the mean water
level along the Yangtze estuary as a result of the non-linear
frictional dissipation. Specifically, the mean water level is
influenced primarily by the tide—river interaction in tide-
dominated region, while it is mainly controlled by the river
flow in the upstream part of the estuary. The contribution
made by pure tidal influence only becomes important in the
transitional zone, where the river flow velocity to tidal veloc-
ity amplitude ratio approximately equals 1. Finally, we also
demonstrate that the proposed method can be used to pre-
dict the envelopes of high water and low water, which is very
useful when assessing the potential influence of intensified
extreme river floods and human interventions (e.g. dredging
for navigational channel or fresh water withdrawal along the
estuary) on along-channel water levels. More importantly,
the analytical approach in combination with extreme-value
theory can be used to estimate the extreme high water level
frequency distribution and the likelihood of various extreme
values as a function of return period, which makes the pro-
posed method a useful tool for water management (e.g. flood
control measures).
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Appendix A: Derivation of the contributions made by
tide and river to the water level slope using Godin’s
approach

Godin (1991, 1999) derived an accurate approximation of the
friction term that retained only the first- and third-order terms
of the dimensionless velocity:

16 Uv? v AN
Fo=—— | —42(=) |. Al
© 7 157 g% [U’+ (U) } (AD

where subscript G denotes Godin, and U’ is maximum pos-
sible value of the velocity, defined as

U/=U+Ur. (AZ)

Substituting the total velocity V from Eg. (3) into the fric-
tion term Fg (Eq. Al) and integrating over a tidal period
yields components that contribute to the increase of mean
water level: the tidal component

Frg=—n—" % a2 A3
R T A3

the riverine component

= —3U7?, A4
-G 157 KZEMB 1+§0 r ( )
and the tide—river interaction
16 1
Foc=— % . (A5)

EKZZMS )

It should be noted that the main dynamics (e.g. the velocity
amplitude v, the estuary depth %) should be recalculated if
we adopted Godin’s approximation to the friction term Al,
since the friction factor I" in the damping Eq. (6) becomes
(for details see the supplemental material in Cai et al., 2014b)

I'=Go+ G1(ur)? + ¢ [Gapr + G/ (u)], (A6)
with
G0=£1+2<p+7¢2’ (A7)
157 1+9¢
32 1
1=Em,
128 ¢
2=Em,
G32ﬁ¢/3+2¢)2/3+¢>3.
157 1+9¢

Making use of the friction factor I (Eq. A6), the analytical
solutions for the main dependent parameters (i.e. the damp-
ing number §, the velocity number w, the celerity number A
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and the phase lag ¢) can be obtained by solving the set of
four implicit Egs. (6), (14), (15), and (16).

Based on the obtained hydrodynamics along the estuary, it
follows directly from Eqg. (17) that the contributions made by
tidal flow alone, river flow alone, and tide-river interaction
on the residual water level slope can be computed through
Egs. (A3)-(A5).

Buschman et al. (2009) also decomposed the tidally aver-
aged friction term and derived the contributions by different
components (see their Eq. 9). For a simple case with only one
predominant tidal constituent (e.g. My), their results can be
rewritten as our notations:

16 Uv? [u U\°
16 U”? U,/ v\2
Fireb = e 2P [35 (77) ] : (A9)

where the subscript B denotes Buschman. Note that here the
component due to tidal asymmetry does not exist because
we only consider one predominant tidal constituent. It is im-
portant to note that Buschman et al. (2009) used the expres-
sions contained in square brackets on the right-hand side of
Egs. (A8) and (A9) to quantify the contributions by river
flow alone and tide—river interaction to the generation of the
tidally averaged friction, rather than the residual water level
slope. In fact, substituting the expression of the maximum
velocity U’ = v+ U, into Egs. (A8) and (A9), we would end
up with Egs. (A1)-(A3) quantifying the contributions made
by tidal component, river component, and tide-river interac-
tion to the residual water level slope.

Figure Al shows the results obtained by using Dronkers’
Chebyshev polynomial approximation (thick lines) and
Godin’s approximation to the friction term (thin lines). We
can see both methods can well reproduce the tidal dynamics
(e.g. tidal amplitude and velocity amplitude v in Fig. Ala,
b, c, d) along the estuary. However, Godin’s approximation
to V|V| does not convergence to V2 in the upstream part of
the estuary, where the river flow is dominant over tidal flow.
In river-dominated region, the tidally averaged friction term

- —= 2 V22402 . S
is given by F = —» = Y200 with contributions made
g y 2 2P

by tide and river flow being F; = % and F; = #jﬁ re-
spectively. The contribution made by tide—river interaction
is null in the river-dominated region. In Fig. Alc, d, we ob-
serve a significant contribution of tide—river interaction in the
upstream part (¢ > 1) on the residual water level slope using
Godin’s approximation, which is artificial due to the fitting of
the quadratic velocity V|V|. Consequently, we would prefer
to adopt Dronkers’ approximation to the friction term, which
provides a consistent description for the whole estuary.

www.hydrol-earth-syst-sci.net/20/1177/2016/
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Figure Al. Longitudinal variation of the tidal amplitude and corresponding damping number (a, b), the contributions to the flow velocity by
river and tide (c, d), and contributions of river flow and tide to the water level slope (e, f) for the dry (a, c, ) and flood season (b, d, f) in
the Yangtze estuary, in which the results are the averaged values during 6-26 February 2012 (representing the dry season) and during 10-26
August 2012 (representing the flood season), respectively. The thin lines represent the results using Godin’s approximation to the friction
term, while the thick lines represent the results using Dronkers” Chebyshev polynomials approximation to the friction term.
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Table Al. Nomenclature.

D>‘D>\m
S

S ° P& =T 2

\

FG
F

Fy

o0

hnew

wk'

Po, P1, P2, P3

9]
s
t

Ut

=

S M S R R Al X

=
o

Convergence length of cross-sectional area
Tidally averaged cross-sectional area of flow
Tidally averaged cross-sectional area at the
estuary mouth

Asymptotic riverine cross-sectional area
Convergence length of width

Tidally averaged stream width

Tidally averaged width at the estuary mouth
Asymptotic riverine stream width

Wave celerity

Celerity of a frictionless wave in a prismatic
channel

Cumulative distribution function of the

GEV distribution

Dronkers’ friction term accounting for

river discharge

Godin’s friction term accounting for

river discharge

Contribution made by tide to the tidally
averaged friction

Contribution made by river discharge to

the tidally averaged friction

Contribution made by tide-river interaction to
the tidally averaged friction

Contribution made by tide to the tidally
averaged friction in Godin’s approach
Contribution made by river discharge to

the tidally averaged friction in Godin’s approach
Contribution made by tide—river interaction to
the tidally averaged friction in Godin’s approach
Acceleration due to gravity

Tidal average depth relative to mean sea level
Actual depth relative to mean water level
Positive random variable

Manning-Strickler friction factor
Chebyschev coefficients accounting for

river discharge

Fresh water discharge

Storage width ratio

Time

Tidal velocity

River velocity

The maximum possible velocity in Godin’s approach

Lagrangean Velocity for a moving water particle
Velocity at HW

Velocity at LW

Distance from the estuary mouth

Mean water level or residual water level

Functions of dimensionless river discharge term ¢

Estuary shape number
Dimensionless damping parameter
Damping number

Phase lag between HW and HWS (or LW and LWS)

Tidal amplitude to depth ratio
Tidal amplitude
Tidal amplitude at the seaward boundary

Table Al. Continued.

bz, dU

| ¢S x

e X

Dimensionless term accounting for wave celerity
not being equal at HW and LW

Phase of water level and velocity

Celerity number

Velocity number

Tidal velocity amplitude

Dimensionless river discharge term accounting for
river discharge

Friction number

Tidal frequency.
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