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Abstract. As rainfall constitutes the main source of water
for the terrestrial hydrological processes, accurate and reli-
able measurement and prediction of its spatial and temporal
distribution over a wide range of scales is an important goal
for hydrology. We investigate the potential of ground-based
weather radar to provide such measurements through a theo-
retical analysis of some of the associated observation uncer-
tainties. A stochastic model of range profiles of raindrop size
distributions is employed in a Monte Carlo simulation exper-
iment to investigate the rainfall retrieval uncertainties asso-
ciated with weather radars operating at X-, C-, and S-band.
We focus in particular on the errors and uncertainties asso-
ciated with rain-induced signal attenuation and its correc-
tion for incoherent, non-polarimetric, single-frequency, oper-
ational weather radars. The performance of two attenuation
correction schemes, the (forward) Hitschfeld-Bordan algo-
rithm and the (backward) Marzoug-Amayenc algorithm, is
analyzed for both moderate (assuming a 50 km path length)
and intense Mediterranean rainfall (for a 30 km path). A
comparison shows that the backward correction algorithm is
more stable and accurate than the forward algorithm (with a
bias in the order of a few percent for the former, compared to
tens of percent for the latter), provided reliable estimates of
the total path-integrated attenuation are available. Moreover,
the bias and root mean square error associated with each al-
gorithm are quantified as a function of path-averaged rain
rate and distance from the radar in order to provide a plausi-
ble order of magnitude for the uncertainty in radar-retrieved
rain rates for hydrological applications.

Correspondence to:R. Uijlenhoet
(remko.uijlenhoet@wur.nl)

1 Introduction

According toBeven(2006), “the most important (problem in
hydrology of the 21st Century) is providing the techniques to
measure integrated fluxes and storages at useful scales”. The
hydrological flux of interest here is precipitation, in particu-
lar in its liquid form: rain. Accurate and reliable measure-
ment and prediction of the spatial and temporal distribution
of rainfall over a wide range of scales is an important goal
for hydrology, because rainfall constitutes the main source
of water for the terrestrial hydrological processes. Tradition-
ally, rain gauges have been employed for that purpose. A
fundamental shortcoming of rain gauges from a hydrologi-
cal perspective, however, is the fact that they represent point
measurements. This causes an inevitable trade-off between
spatial representativeness and temporal resolution. The ap-
plication of rain gauges in networks has long been consid-
ered a solution to the problem. However, from a hydrological
point of view, many operational rain gauge networks are too
sparse to provide rainfall information at a satisfactory spatial
and temporal resolution (e.g.,Wood et al., 2000; Berne et al.,
2004). Denser networks, on the other hand, would gener-
ally be very impractical (and quite expensive as well). An
additional issue is that most spatial interpolation procedures,
e.g., geostatistical techniques such as kriging (e.g.,Krajew-
ski, 1987; Creutin et al., 1988; Schuurmans et al., 2007), gen-
erally lack the ability to capture the extreme rainfall variabil-
ity found in nature. The interpolated rainfall fields are often
much smoother than what is known concerning this variabil-
ity from weather radar observations. Operational issues such
as wind effects and (lack of) maintenance also strongly af-
fect the performace of rain gauges (e.g.,Neff, 1977; Sevruk,
1989; Habib et al., 1999; Steiner et al., 1999).

Ground-based weather radars are in principle well-suited
to provide rainfall measurements for hydrological appli-
cations because: (1) they provide complete spatial and
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temporal coverage of extended areas from one single mea-
surement site; (2) they allow rapid access for real-time hydro-
logical applications, both concerning rainfall measurement
and short-term forecasting; (3) their combined spatial and
temporal resolution is generally higher than what can be ob-
tained using rain gauge networks. However, radar is a remote
sensing technique, which implies that weather radars mea-
sure the backscattered signal from rain in the air, rather than
the distribution of rain rates at the ground needed for hydro-
logical applications. The conversion of the radar reflectivi-
ties measured aloft to rain rates at the ground constitutes the
observer’s problem in radar hydrometeorology (e.g.,Austin,
1987; Smith and Krajewski, 1993). Both the reflectivity mea-
surements themselves and the radar reflectivity – rain rate
conversion are prone to errors and uncertainties. Quantifica-
tion of the observation uncertainties associated with rainfall
retrievals from ground-based weather radars is a prerequisite
for the assimilation of radar-retrieved rainfall fields in hydro-
logical models.

The first attempts to use weather radar to estimate the spa-
tial and temporal distribution of rainfall for hydrological ap-
plications date from the early 1970s (e.g.,Battan, 1973). Al-
though these early studies yielded promising results, the dif-
ficult (real-time) access to the radar data and the need to treat
the data for error sources often little known to hydrologists,
prevented radar to become a standard hydrological instru-
ment in those early years. During the 1980s, geostatistical
techniques were developed to combine the information from
radars with that from networks of rain gauges, the type of
information hydrologists were used to working with (e.g.,
Krajewski, 1987; Creutin et al., 1988). The basic idea of
this approach is that rain gauges provide the “ground truth”
at various points in the area of interest and that the radar
data can be used to interpolate between the gauges. How-
ever, because rain gauges themselves are prone to several
error sources, the concept of ground truth is questionable:
“ground truth is the amount of rain that would have reached
the ground if the rain gauge had not been there”. Moreover,
after adjustment of the radar data using rain gauge measure-
ments (called “calibration” at the time (e.g.,Collier, 1986)),
several errors and inconsistencies remained which this ap-
proach was not able to resolve. As opposed to the largely
statistical approach of the 1980s, the more physical approach
to radar rainfall retrieval adopted since the 1990s considers
the principle of radar measurements and the microstructure
of rainfall in quite some detail (e.g.,Smith et al., 1996; An-
drieu et al., 1997; Creutin et al., 1997; Serrar et al., 2000;
Sánchez-Diezma et al., 2000; Berne et al., 2005a,b; Delrieu
et al., 2005; Berenguer et al., 2005). Another aspect is that
rain gauges are no longer used to “calibrate” the radar im-
ages, but mainly for verification purposes. Recent develop-
ments in radar technology have also demonstrated the po-
tential of doppler and polarimetric techniques for rainfall es-
timation (e.g.,Bringi and Chandrasekar, 2001; Meischner,
2004). However, currently most operational weather radars

still employ incoherent, non-polarimetric algorithms for rain-
fall retrieval.

Operational radar rainfall estimates can be affected by sev-
eral sources of error and uncertainty:

– The spatial and temporal variation of the rainfall mi-
crostructure (i.e. the properties of rain at scales smaller
than the radar spatial resolution) and macrostructure (at
scales larger than the radar resolution) is an important
source of uncertainty in radar remote sensing of rainfall
(e.g.,Durden et al., 1998; Uijlenhoet et al., 2003a,b);

– Rain-induced signal attenuation may cause significant
underestimation of rainfall, whereas the uncertainties
associated with its correction can also lead to over-
estimation (e.g.,Hitschfeld and Bordan, 1954; Mar-
zoug and Amayenc, 1994; Berne and Uijlenhoet, 2005a,
2006);

– An accurate absolute (power) calibration of the radar is
crucial for reliable rainfall retrieval; a faulty calibration
may lead to biased reflectivity and rainfall estimates,
particularly when combined with an attenuation correc-
tion scheme (e.g.,Atlas, 2002);

– A rain-induced film of water on the protective cover of
a radar antenna, the radome, may cause attenuation of
the radar signal and result in underestimation of radar
reflectivities and rain rates (e.g.,Germann, 1999);

– Undesired echoes from mountains or buildings which
are intercepted by the sidelobes or even by the main lobe
of the radar beam – ground clutter – may erroneously
be interpreted as rain and thus lead to local overestima-
tion of rain rates; at the same time, partial shielding of
the radar beam by such targets may lead to underestima-
tion at ranges further away from the radar (e.g.,Andrieu
et al., 1997; Creutin et al., 1997);

– The vertical profile of reflectivity, combined with a
radar beam which climbs and expands as it moves
away from the radar, may lead to a systematic range-
dependent bias in radar rainfall estimates (e.g.,Joss and
Waldvogel, 1990; Andrieu and Creutin, 1995; Andrieu
et al., 1995);

– Vertical gradients in the refractive index of the atmo-
sphere may cause the radar beam to bend away from or
towards the earth’s surface; anomalous propagation as-
sociated with temperature and humidity inversions may
lead to extended areas with ground echoes, which may
be falsely interpreted as regions of rainfall (e.g.,Pam-
ment and Conway, 1998).

A comprehensive treatment of these aspects is beyond the
scope of this article (e.g.,Zawadzki, 1984; Sánchez-Diezma
et al., 2001). Here we focus on the second of the mentioned
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error sources, namely rainfall retrieval uncertainties associ-
ated with rain-induced signal attenuation and its correction.

Many operational radar networks across Europe operate
at relatively short wavelengths (C-band,∼5 cm), which may
be severely attenuated in heavy rainfall (e.g.,Delrieu et al.,
1999). In addition, there has recently been an increased inter-
est in high-resolution radars operating at even shorter wave-
lengths (X-band,∼3 cm), in particular for urban hydrologi-
cal applications. Such X-band radars are much less expen-
sive than C-band radars, mainly due to the smaller antennas
needed to achieve the same angular resolution. Hence, there
is potential for the application of such radar systems in rel-
atively dense networks (e.g., CASA,http://www.casa.umass.
edu). It has been recognized for a long time (e.g.,Atlas
and Banks, 1951) that quantitative radar rainfall estimation
at X- and C-band is seriously hampered by attenuation of the
radar signal by precipitation along its path (as is illustrated
by Fig. 1). Therefore, the adverse effects of attenuation on
radar-retrieved rainfall fields need to be identified and cor-
rected.

This article presents the results of a simulation experiment
designed to investigate the rainfall retrieval uncertainties as-
sociated with weather radars operating in different widely
used radio frequency bands. We focus in particular on the
rainfall retrieval errors and uncertainties associated with rain-
induced signal attenuation and its correction for incoher-
ent, non-polarimetric, single-frequency operational weather
radars. This provides an extension and generalization of pre-
vious work (e.g.,Berne and Uijlenhoet, 2005a, 2006), which
concentrated on the radar meteorological aspects of attenu-
ation correction. Section2 presents the stochastic rainfall
model used to perform the simulation experiment. The range
profiles of rain rate, radar reflectivity, and specific attenuation
generated using the simulated profiles of raindrop size distri-
butions are presented in Sect.3. In Sect.4 the two rainfall
retrieval algorithms employed to estimate rain rate profiles
from the simulated range profiles of attenuated (“measured”)
radar reflectivity are discussed. A discussion of the resulting
radar rainfall retrieval uncertainties, both as a function of the
path-average rain rate and as a function of the distance from
the radar, is presented in Sect.5. Finally, Section6 presents
the conclusions of this work.

2 Stochastic rainfall range profile simulator

We have developed a stochastic simulator of range profiles
of raindrop size distributions (DSD), which provides a con-
trolled experiment framework to investigate the accuracy
and robustness of various attenuation correction algorithms
(Berne and Uijlenhoet, 2005a). This simulator was recently
employed to quantify the influence of uncertainties concern-
ing radar calibration, parameterization of the power-law re-
lation between the radar reflectivityZ and specific attenua-
tion k, and total path-integrated attenuation (PIA) estimates

Fig. 1. Examples of non-attenuated (Z, solid) and attenuated
(ZA, dashed) radar reflectivity profiles at X-band for moderate (top
panel) and intense (bottom panel) rainfall parameterizations. Re-
flectivities are expressed on a logarithmic (decibel) scale, where
dBZ=10 log(Z).

(Berne and Uijlenhoet, 2006). Here we focus on the uncer-
tainty in the retrieved rainfall profiles from simulated sin-
gle frequency, incoherent and non-polarimetric radar systems
operating at X-, C- and S-band (∼10 cm) associated with the
spatial variability of rainfall (and the corresponding DSD) on
scales between 25 m and 50 km. S-band is used as a reference
against which to compare the other two frequencies, because
the former is known to be virtually immune to attenuation.
This work complements previous experimental results con-
cerning the uncertainty associated with attenuation correc-
tion due to the spatial variability of the DSD along a range
profile (e.g.,Delrieu et al., 1999) by posing the problem in a
Monte Carlo framework, allowing a quantitative analysis of
this uncertainty.

2.1 Model formulation

The description of the stochastic model of range profiles of
raindrop size distributions used for the controlled simulation
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Table 1. Mean, standard deviation, and scale of fluctuation [km]
of N ′

= ln Nt (with Nt in m−3) and3′
= ln 3 (with 3 in mm−1)

deduced from HIRE’98 data (07/09/1998 event) for moderate (4-s
time step) and intense (2-s time step) rainfall parameterization.

Mean Std θ

N ′ moderate
intense

7.85
8.11

0.43
0.41

6.3
4.4

3′ moderate
intense

1.08
0.93

0.19
0.31

6.3
4.4

experiments in this article largely follows that ofBerne and
Uijlenhoet(2006); it is summarized here for the sake of com-
pleteness. The model assumes that the local drop size distri-
bution (DSD) can be described adequately by an exponential
DSD with two parameters,Nt (total drop concentration) and
3 (inverse of a characteristic diameter), considered to be ran-
dom variables:

N(D|Nt , 3) = Nt 3 e−3D, (1)

whereN(D|Nt , 3)dD denotes the drop concentration in the
diameter interval[D, D+dD] givenNt and3. The latter are
assumed to be jointly lognormally distributed. A plausible
spatial correlation structure is introduced in the range pro-
files by assumingN ′

= ln Nt and3′
= ln 3 to follow a first

order discrete vector auto-regressive process (e.g.,Bras and
Rodŕıguez-Iturbe, 1985):

X[j + 1] = C1C0
−1X[j ] + E[j + 1] , (2)

with

X[j ] =

[
N ′(j) − µN ′

3′(j) − µ3′

]
,

C0 =

[
σ 2

N ′ σN ′σ3′ρN ′3′

σN ′σ3′ρN ′3′ σ 2
3′

]
,

C1 =

[
σ 2

N ′ρN ′(1) σN ′σ3′ρN ′3′(1)

σN ′σ3′ρ3′N ′(1) σ 2
3′ρ3′(1)

]
,

E[j + 1] =

[
εN ′(j + 1)

ε3′(j + 1)

]
,

wherej is the distance index,ρN ′(1) the auto-correlation at
lag 1 (idem for3′), ρN ′3′(1) the cross-correlation at lag 1,
andεN ′ a Gaussian white noise process (idem for3′). Hence,
C0 andC1 represent the covariance matrices at lags 0 and
1, respectively. The variances of the white noise processes
εN ′ and ε3′ are determined such thatX is a second order
stationary stochastic process. For a first-order vector auto-
regressive process, the auto-correlation functions are expo-
nential:

ρ(r) = e−2r/θ , (3)

wherer denotes the distance lag andθ the characteristic spa-
tial scale, also known as the scale of fluctuation (Vanmarcke,
1983):

θ = 2

∞∫
0

ρ(r) dr . (4)

According to Eq. (3), θ essentially represents the decorrela-
tion distance, in this case defined as the distance lag where
the autocorrelation of the process has decreased toe−2.

2.2 Model parameterization

The stochastic model described above allows the repeated
generation of range profiles of DSDs of equivolumetric
spherical raindrops. The model is parameterized using mea-
surements of DSD time series collected with an optical spec-
tropluviometer during the HIRE’98 experiment in Marseille,
France (Uijlenhoet et al., 1999). We have determined two
sets of model parameters, a ‘moderate’ rainfall parameter-
ization for which we used a 3 h-period of the rain event
that occurred on 7 September 1998, and an ‘intense’ rain-
fall parameterization that was fitted on a period of 45 min of
high-intensity rainfall during the same event. Taylor’s hy-
pothesis of “frozen turbulence” with a constant velocity of
12.5 m s−1, consistent with the wind speed estimate ofBerne
et al. (2004), is invoked to convert the measured DSD time
series to DSD range profiles. This implies that we implicitly
assume that the simulated range profiles are oriented parallel
to the prevailing wind direction and that non-uniform beam
filling in the transverse direction does not play a role.

Both for the moderate and for the intense rainfall param-
eterization the zero-lag cross-correlations between the fitted
N ′ and3′ values are found to be negligible. Moreover, the
scales of fluctuationθ for N ′ and3′ are very close and will
be assumed equal in what follows (although this is not a re-
quirement of the model). Therefore, the proposed stochastic
rainfall model (Eq.2) effectively reduces to a combination of
two uncorrelated first-order vector auto-regressive processes
(for N ′ and 3′) with a common auto-correlation function.
The total number of model parameters has now reduced to
five: the mean and standard deviation ofN ′ and3′, and the
scale of fluctuationθ . Their values are given in Table1, for
both parameterizations.

In order to simulate the radar rainfall retrieval process
over hydrologically relevant scales, we generate DSD pro-
files with a total length of 50 km for the moderate rainfall
parameterization and 30 km for the intense parameterization.
The spatial resolution for the moderate rainfall parameteri-
zation is taken to be 50 m (corresponding to a 4-s time step)
and that for the intense parameterization 25 m (i.e. a 2-s time
step).
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3 Profiles of bulk rainfall variables

The radar equation relates the received power to the prop-
erties of the radar, those of the target (i.e. raindrops) and
the distance (range) between radar and target. At attenuat-
ing wavelengths (such as X- and C-band) the classical radar
equation (e.g.,Uijlenhoet, 2001) should be multiplied by an
exponential factor accounting for the attenuation of the re-
ceived signal due to rainfall present on the path between the
radar antenna and the target (e.g.,Battan, 1973):

Pr = C
|K|

2

r2
ZA (r) , (5)

with

ZA (r) = Z (r) exp

[
−c

∫ r

0
k (s) ds

]
, (6)

wherePr [W] is the mean power received from raindrops at
ranger, C is the so-called radar constant (which is a function
of the employed wavelength and antenna size, among other
factors),|K|

2 is a coefficient related to the dielectric constant
of water (≈0.93),ZA [mm6 m−3] is the attenuated radar re-
flectivity factor, Z [mm6 m−3] is the actual radar reflectiv-
ity factor (simply called “radar reflectivity” from now on),
k [dB km−1] is the specific (one-way) attenuation coefficient
(called “specific attenuation” hereafter), andc=0.2 ln(10).

All three bulk rainfall variables relevant for radar rainfall
retrieval using incoherent, single frequency, non-polarimetric
radar systems, namelyZ, k and the rain rateR [mm h−1], are
(weighted) integrals over the raindrop size distribution. The
radar reflectivityZ [mm6 m−3] is defined as

Z =
106λ4

π5|K|2

∞∫
0

σB(D)N(D|Nt , 3) dD , (7)

whereλ [cm] denotes the wavelength of the radar signal and
σB [cm2] is the backscattering cross-section. Similarly, the
specific one-way attenuationk [dB km−1] is defined as

k =
1

ln 10

∞∫
0

σE(D)N(D|Nt , 3) dD , (8)

whereσE [cm2] is the extinction cross-section. Finally, the
rain rateR [mm h−1] is defined as

R = 6π × 10−4

∞∫
0

D3v(D)N(D|Nt , 3) dD , (9)

wherev [m s−1] is the raindrop terminal fall velocity in still
air. Using the Mie scattering theory for spherical particles
(van de Hulst, 1981) to calculate the scattering cross-sections
σB and σE and Beard’s parameterization (Beard, 1976) to
calculate the drop terminal fall speeds, profiles of the bulk

rainfall variablesZ, k and R are easily derived from the
DSD profiles generated using the stochastic simulator de-
scribed above. The radar equation (Eq.6) is subsequently
employed to simulate the corresponding profiles of the atten-
uated (“measured”) radar reflectivityZA.

Examples of generated radar reflectivity profiles for both
rainfall parameterizations are shown in Fig.1. The stochastic
simulation model described above allows controlled experi-
ments in a Monte Carlo framework to quantify the rainfall
retrieval uncertainty associated with spatial rainfall variabil-
ity for weather radar systems operating in different widely
used frequency bands.

4 Rainfall retrieval algorithms

For incoherent, single frequency, non-polarimetric radar sys-
tems the observer’s problem of radar hydrometeorology con-
sists of solving the inverse problem posed by Eq. (6). This
implies inverting Eq. (6), i.e. reconstructing the range pro-
file of Z given that ofZA, and subsequently converting the
retrievedZ-profile to a rain rate (R) profile. Clearly, this
inverse problem is ill-posed as long as no constraints on the
relations between the bulk rain variablesZ, k andR are spec-
ified. In accordance with all previous investigations in this
field (e.g.,Marshall and Palmer, 1948; Smith and Krajewski,
1993; Haddad and Rosenfeld, 1997; Uijlenhoet, 2001), we
postulate the power-law relations

Z = αRβ
= γ kδ . (10)

We study two widely used attenuation correction algorithms.
The first (Hitschfeld and Bordan, 1954) is based on the as-
sumption that the measured reflectivity in the first range bin
(i.e. the one closest to the radar) is not affected by attenuation
(or by a radar calibration error). Using an a priori power-
law relation between radar reflectivity and specific attenu-
ation (Eq.10), the path-integrated attenuation affecting the
second range bin is calculated. Subsequently, the measured
reflectivity in the second range bin is corrected and, using
the same power-law relation, the path-integrated attenuation
up to the third range bin is calculated and corrected for. In
this manner an iterative correction for attenuation is carried
out in the direction from the radar antenna towards the re-
gion of interest. Therefore this type of algorithm is termed
“forward”. Hitschfeld and Bordan(1954) (“HB” hereafter)
derived a closed-form analytical solution to this problem un-
der the assumption that the apparent radar reflectivityZA (r)

is known along the entire range profiler (see AppendixA).
Their solution is reformulated here to express the retrieved
(attenuation-corrected) rain rate (R′) in terms of the mea-
sured (attenuated) reflectivities (ZA):

R′(r) =
(ZA(r)/α)1/β[

1 −
c

δ

∫ r

0

(
ZA(s)

γ

)1/δ

ds

]δ/β
. (11)
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Table 2. Path-average radar reflectivityZ [mm6 m−3], rain rate
R [mm h−1], and specific attenuationk [dB km−1] for moderate
and intense rainfall parameterization for different weather radar fre-
quency bands (X-, C-, and S-band). Values between brackets indi-
cate coefficient of variation (ratio of standard deviation and mean)
at 500 m resolution.

moderate rainfall

Z R k

X-band 38.8 (0.056) 9.43 (0.29) 0.121 (0.41)
C-band 37.6 (0.049) 9.39 (0.28) 0.017 (0.36)
S-band 38.0 (0.048) 9.46 (0.28) 0.003 (0.27)

intense rainfall

Z R k

X-band 47.7 (0.075) 28.5 (0.46) 0.594 (0.64)
C-band 45.6 (0.077) 28.1 (0.47) 0.100 (0.81)
S-band 45.4 (0.070) 28.2 (0.48) 0.010 (0.54)

AppendixA provides a derivation of the HB equation from
Eq. (6). The fact that the integral is between 0 andr shows
that the HB algorithm is a forward algorithm. Note that the
difference in the denominator of Eq. (11) can reach values
close to 0, which renders the HB algorithm potentially highly
unstable (Hitschfeld and Bordan, 1954). Such numerical in-
stabilities will later be referred to as ‘diverging’ corrections.

The second attenuation correction algorithm considered
here has been developed to avoid such instability problems.
It is based on the assumption that the path-integrated atten-
uation (PIA) to a certain fixed target (e.g., a building or a
mountain) at a given ranger0 is known. In practice the atten-
uation to this target can be estimated for instance by compar-
ing the reflectivity of the target before and during a rainfall
event. In this case the same iterative attenuation correction
procedure is employed but this time in the direction from the
fixed target towards the radar antenna. Therefore this type of
algorithm is often referred to as “backward”.Marzoug and
Amayenc(1994) (“MA” hereafter) presented the correspond-
ing analytical solution, reformulated here to express the re-
trieved (attenuation-corrected) rain rate (R′) in terms of the
measured (attenuated) reflectivities (ZA):

R′(r) =
(ZA(r)/α)1/β[

A
1/δ

0 +
c

δ

∫ r0

r

(
ZA(s)

γ

)1/δ

ds

]δ/β
, (12)

whereA0=A(r0) equals the exponential factor in Eq. (6)
evaluated at the ranger=r0, accounting for the (two-way)
PIA between the radar antenna and the reference target. Ap-
pendix A provides a derivation of the MA equation from
Eq. (6) as well.

The fact that the integral in Eq. (12) goes fromr to r0
(with r0>r) shows that the MA algorithm is a backward al-

gorithm. Also note that the minus sign in the denominator of
Eq. (11) has now become a plus sign. Therefore, this type of
algorithm is numerically stable by definition. The only dis-
advantage of backward algorithms with respect to forward al-
gorithms is that they require reliable PIA estimates at ranges
beyond the region of (hydrological) interest. In practice, such
reference targets may not be available in all directions.Del-
rieu et al.(1997) were the first to apply this algorithm, which
was originally developed for correcting (vertical) spaceborne
radar rainfall profiles, to correct (horizontal) ground-based
radar rainfall profiles (employing echoes from mountains to
estimate the PIA).

As the rain-induced signal attenuation tends to zero (e.g.,
at S-band), the denominators of Eqs. (11) and (12) become
negligible and both attenuation correction schemes reduce to

R′(r) = (ZA(r)/α)1/β , (13)

which is simply the inverse of the power-lawZ-R relation
(Eq. 10). All three rainfall retrieval algorithms presented
above are based on two important assumptions, namely (see
AppendixA): (1) that the radar system to which they are ap-
plied is perfectly calibrated; (2) that the coefficients of the
power-law relations betweenZ, k andR (Eq. 10) are con-
stant over the region to which they are applied (implying a
region of homogeneous rainfall, i.e. with the same type of
rain).

5 Resulting uncertainties in radar rainfall retrievals

The uncertainty associated with radar rainfall retrievals based
on the two attenuation correction algorithms presented above
is studied in a Monte Carlo framework. We focus on three
frequency bands that are widely used operationally: X-band
(3.2 cm wavelength), C-band (5.6 cm), and S-band (10.0 cm).
The latter is used as a reference, because it is known that
attenuation is negligible at S-band for all but the most ex-
treme rainfall. We generate one thousand profiles ofNt and
3 and calculate from those (using Eqs.6–9) the correspond-
ing profiles of the bulk rainfall variablesZ, k, ZA, andR. To
mimic the typical sampling resolutions of operational radar
systems, the high spatial resolution (25 m, 50 m) profiles are
averaged at a lower spatial resolution of 500 m. Table2 lists
some statistics of the generated profiles of the bulk rainfall
variablesZ, k, andR.

In previous attenuation correction sensitivity studies us-
ing the stochastic DSD range profile simulator (Berne and
Uijlenhoet, 2005a, 2006), we fitted aZ-k power-law rela-
tion on each profile separately using a non-linear regression
technique. These relations necessarily constituted the best
possible power-law relations for the generated profiles. This
approach was adopted because we wanted to study the sen-
sitivity of attenuation correction schemes to spatial rainfall
variability (Berne and Uijlenhoet, 2005a) and other sources
of uncertainty (Berne and Uijlenhoet, 2006) per se.
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Table 3. Climatological Z-R and Z-k relations (with Z in
mm6 m−3, R in mm h−1, andk in dB km−1) at X-, C-, and S-band,
estimated following the procedure outlined byDelrieu et al.(1999),
using a large dataset of DSD measurements collected in southern
France.

Z-R Z-k

X-band (3.2 cm) Z=233R1.59 Z=1.18×105 k1.26

C-band (5.6 cm) Z=256R1.45 Z=6.57×105 k1.11

S-band (10.0 cm) Z=311R1.40 Z=1.70×107 k1.33

Here we approach the radar rainfall retrieval problem from
an operational perspective. In practice, it would never be
possible to have real-time estimates of the coefficients of
the power-lawZ-k andZ-R relations needed for radar rain-
fall retrieval at attenuating wavelengths, unless a network of
instruments for measuring raindrop size distributions (dis-
drometers) would be deployed under the radar umbrella.
However, this would not be feasible from an operational and
financial perspective. Therefore, we employ climatological
power-lawZ-k andZ-R relations, whose coefficientsα, β,
γ , andδ (Eq.10) are estimated following the procedure out-
lined byDelrieu et al.(1999), using a large dataset of DSD
measurements collected in southern France (Table3).

For the MA algorithm, we calculate the PIA value for each
of the generated profiles (corresponding toA0 in Eq. (12)) as
the difference between the non-attenuated and the attenuated
Z values at the final range bin. In other words, we assume the
PIA estimates to be exact. The effect of an error in the PIA
estimates on the accuracy of the MA algorithm was studied
by Berne and Uijlenhoet(2005a, 2006).

5.1 Influence of the path-average rain rate

We have applied the two attenuation correction algorithms
(Eqs.11 and 12) to the 1000ZA profiles using the clima-
tological Z-k andZ-R relations. Because for hydrological
applications the retrieved rain rate profiles are more relevant
than the retrieved reflectivity profiles, we concentrate here on
the former - the latter have been dealt with in previous work
(Berne and Uijlenhoet, 2005a, 2006). For each of the 1000
generated profiles, we have calculated two statistics quanti-
fying the accuracy and uncertainty associated with the radar
rainfall retrievals: the mean bias error (MBE) and the root
mean square error (RMSE) between the retrieved and the ac-
tual rain rate profiles. Figures2–5 show the 10%, 50% (me-
dian), and 90% quantiles of these statistics as a function of
the profile-average rain rate for the three frequency bands and
the two rainfall parameterizations considered.

For the moderate rainfall parameterization (Figs.2 and
3), the path-average rain rates (averaged over profiles of
50 km length) are found to vary between a few and almost
20 mm h−1. The (backward) MA algorithm significantly out-

Fig. 2. Median (solid line), 10%, and 90% quantiles (dotted and
dashed lines) of the distribution of the mean bias error (MBE)
between the retrieved (R′(Zc), where Zc denotes attenuation-
correctedZ) and the actual (R) rain rate profiles as a function
of the path-average rain rate for 1000 profiles of 50 km length at
500 m resolution for the moderate rainfall parameterization. “HB”
(hatched +45◦) indicates the Hitschfeld-Bordan (forward) attenua-
tion correction algorithm (“div” indicates the percentage of diverg-
ing corrections) and “MA” (hatched−45◦) indicates the Marzoug-
Amayenc (backward) algorithm. Upper panel: X-band; Middle
panel: C-band; Lower panel: S-band.
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Fig. 3. Median (solid line), 10%, and 90% quantiles (dotted
and dashed lines) of the distribution of the root mean square er-
ror (RMSE) between the retrieved (R′(Zc), where Zc denotes
attenuation-correctedZ) and the actual (R) rain rate profiles as a
function of the path-average rain rate for 1000 profiles of 50 km
length at 500 m resolution for the moderate rainfall parameteriza-
tion. “HB” (hatched +45◦) indicates the Hitschfeld-Bordan (for-
ward) attenuation correction algorithm (“div” indicates the percent-
age of diverging corrections) and “MA” (hatched−45◦) indicates
the Marzoug-Amayenc (backward) algorithm. Upper panel: X-
band; Middle panel: C-band; Lower panel: S-band.

performs the (forward) HB algorithm only at X-band fre-
quencies for such moderate rain rates (Figs.2 and 3, top
panels). At C-band and even more prominently at S-band,
the differences between the two attenuation correction al-
gorithms are insignificant, given the appreciable amount of
uncertainty associated with both error statistics caused by
the statistical variability among the generated rainfall pro-
files within the moderate rainfall climatology. Moreover, the
HB algorithm does not significantly diverge for any of the
frequencies in case of moderate rain rates (“div”=0% on all
occasions), not even at X-band, where the path-integrated at-
tenuation is expected to be strongest.

Interestingly, the biases are almost always negative for
the moderate rainfall parameterization. At X-band, the bi-
ases for the HB algorithm increase from about 20% of the
path-average rain rate at 5 mm h−1 to more than 50% for
path-average rain rates above 15 mm h−1 (Fig. 2, top panel).
Therefore, even at moderate rain rates, where numerical in-
stabilities do not seem to play a major role, the HB algorithm
should be applied with great care at X-band. At C- and S-
band, on the other hand, the biases tend to be limited to 15–
20% of the path-average rain rate for both attenuation correc-
tion algorithms. The fact that there is a remaining negative
bias at S-band (see bottom panel of Fig.2), for which at-
tenuation is negligible, indicates that the climatologicalZ-R
relation used to retrieve the rain rate is not optimal for each
individual profile considered, which results in the observed
negative biases.

Although the general picture for the intense rainfall param-
eterization (Figs.4 and5) seems to be the same, the detailed
results differ appreciably from those for the moderate rain-
fall parameterization. First of all, at X-band frequencies the
HB attenuation correction algorithm now diverges in approx-
imately one out of every five cases (18% of the profiles are
numerically unstable). In addition, the bias remaining after
attenuation correction using the HB algorithm exceeds 70%
of the path-average rain rate for the most intense rainfall pro-
files, indicating a recovered fraction of the path-average rain
rate of less than 30%. This clearly shows the complete failure
of the HB algorithm for rain rate retrieval in intense rainfall
at X-band, which is in accordance with previous results (e.g.,
Hitschfeld and Bordan, 1954; Delrieu et al., 1999; Berne and
Uijlenhoet, 2005a, 2006).

The MA algorithm, on the other hand, is able to correct
almost entirely for the suffered signal loss at X-band on av-
erage, perhaps even better than for the moderate rainfall pa-
rameterization (Fig.4, top panel). One should bear in mind,
however, that the total path length in this case is only 30 km,
as opposed to 50 km for the moderate rainfall parameteriza-
tion. Moreover, the uncertainty associated with the retrieved
rain rate profiles, as quantified by the RMSE in Fig.5 (top
panel) is appreciable for the most intense rainfall profiles,
also for the MA algorithm. Interestingly, at C-band the MA
algorithm seems to have a tendency to overcompensate for at-
tenuation, which may be caused by the fact that the employed
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Fig. 4. Median (solid line), 10%, and 90% quantiles (dotted and
dashed lines) of the distribution of the mean bias error (MBE)
between the retrieved (R′(Zc), where Zc denotes attenuation-
correctedZ) and the actual (R) rain rate profiles as a function of
the path-average rain rate for 1000 profiles of 30 km length at 500 m
resolution for the intense rainfall parameterization. “HB” (hatched
+45◦) indicates the Hitschfeld-Bordan (forward) attenuation correc-
tion algorithm (“div” indicates the percentage of diverging correc-
tions) and ‘MA’ (hatched−45◦) indicates the Marzoug-Amayenc
(backward) algorithm. Upper panel: X-band; Middle panel: C-
band; Lower panel: S-band.

Fig. 5. Median (solid line), 10%, and 90% quantiles (dotted
and dashed lines) of the distribution of the root mean square er-
ror (RMSE) between the retrieved (R′(Zc), where Zc denotes
attenuation-correctedZ) and the actual (R) rain rate profiles as a
function of the path-average rain rate for 1000 profiles of 30 km
length at 500 m resolution for the intense rainfall parameteriza-
tion. “HB” (hatched +45◦) indicates the Hitschfeld-Bordan (for-
ward) attenuation correction algorithm (“div” indicates the percent-
age of diverging corrections) and “MA” (hatched−45◦) indicates
the Marzoug-Amayenc (backward) algorithm. Upper panel: X-
band; Middle panel: C-band; Lower panel: S-band.
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Fig. 6. Median (solid line), 10%, and 90% quantiles (dotted and
dashed lines) of the distribution of the mean bias error (MBE)
between the retrieved (R′(Zc), where Zc denotes attenuation-
correctedZ) and the actual (R) rain rate profiles as a function of
the distance from the radar for 1000 profiles of 50 km length at
500 m resolution for the moderate rainfall parameterization. “HB”
(hatched +45◦) indicates the Hitschfeld-Bordan (forward) attenua-
tion correction algorithm (“div” indicates the percentage of diverg-
ing corrections) and “MA” (hatched−45◦) indicates the Marzoug-
Amayenc (backward) algorithm. Upper panel: X-band; Middle
panel: C-band; Lower panel: S-band.

climatologicalZ-k andZ-R relations are less appropriate at
this frequency. At S-band, finally, both rainfall retrieval algo-
rithms provide satisfactory results, although at this frequency
the loss of power due to rain-induced attenuation is obviously
not going to be a major source of error and uncertainty in the
first place.

5.2 Influence of the distance from the radar

In the previous section, the focus was on the influence of
the rain rate (averaged along the considered profile) on the
uncertainty associated with attenuation correction. For prac-
tical applications (e.g., rainfall-runoff modelling), it is also
useful to investigate the dependence of this uncertainty on
the distance from the radar. Similarly to Figs.2–5, Figs.6–
9 present the MBE and RMSE values as a function of the
distance from the radar, for the moderate and intense rainfall
parameterizations, and for the three frequency bands consid-
ered.

Concerning the MBE, there is a median underestimation
of a few mm h−1 for both attenuation correction algorithms
at X-, C- and S-band, and for both rainfall parameterizations
(Figs.6 and7). The underestimation is slightly larger for the
HB than for the MA algorithm. Again, part of this underes-
timation is due to the inadequacy of the climatologicalZ-R
relations, especially at S-band, for which rain-induced atten-
uation is negligible. In comparison with the MA algorithm,
the spread between the 10% and 90% quantiles for the HB al-
gorithm (i.e., including 80% of the values) is much larger at
X-band, slightly larger at C-band and similar at S-band. This
behavior is accentuated for the intense rainfall parameteriza-
tion. It is consistent with Figs.2 and4, which indicate that
HB performance degrades quickly when the mean rain rate
along the profile increases. Because the specific attenuation
is larger at X- than at C- or S-band, the uncertainty associ-
ated with the HB algorithm is larger at X-band, specifically
for long distances from the radar.

With regard to the RMSE (Figs.8 and9), the results are
comparable to those for the MBE. The median RMSE val-
ues for the two attenuation correction algorithms are close,
except at long distances from the radar, where the path-
integrated attenuation is large. The interquantile range (a
measure for the spread of the RMSE values) is much larger
at X- than at C- or S-band. RMSE values are larger than zero
even at S-band because of (1) the use of a climatologicalZ-
R relation (which may induce a bias error), and (2) the in-
herent uncertainty associated with the use of a deterministic
power law to describe a relation between stochastic variables
(which induces a random error, e.g.,Berne and Uijlenhoet,
2005a).

In summary, the distance from the radar is found to have
a limited influence (in the order of a few mm h−1) on the
median error associated with rain rate retrievals corrected for
attenuation, but has a significant influence on the dispersion
of this error, in particular for intense rainfall (the associated
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Fig. 7. Median (solid line), 10%, and 90% quantiles (dotted and
dashed lines) of the distribution of the mean bias error (MBE)
between the retrieved (R′(Zc), where Zc denotes attenuation-
correctedZ) and the actual (R) rain rate profiles as a function of the
distance from the radar for 1000 profiles of 30 km length at 500 m
resolution for the intense rainfall parameterization. “HB” (hatched
+45◦) indicates the Hitschfeld-Bordan (forward) attenuation correc-
tion algorithm (“div” indicates the percentage of diverging correc-
tions) and “MA” (hatched−45◦) indicates the Marzoug-Amayenc
(backward) algorithm. Upper panel: X-band; Middle panel: C-
band; Lower panel: S-band.

Fig. 8. Median (solid line), 10%, and 90% quantiles (dotted
and dashed lines) of the distribution of the root mean square er-
ror (RMSE) between the retrieved (R′(Zc), where Zc denotes
attenuation-correctedZ) and the actual (R) rain rate profiles as a
function of the distance from the radar for 1000 profiles of 50 km
length at 500 m resolution for the moderate rainfall parameteriza-
tion. “HB” (hatched +45◦) indicates the Hitschfeld-Bordan (for-
ward) attenuation correction algorithm (“div” indicates the percent-
age of diverging corrections) and “MA” (hatched−45◦) indicates
the Marzoug-Amayenc (backward) algorithm. Upper panel: X-
band; Middle panel: C-band; Lower panel: S-band.
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Fig. 9. Median (solid line), 10%, and 90% quantiles (dotted
and dashed lines) of the distribution of the root mean square er-
ror (RMSE) between the retrieved (R′(Zc), where Zc denotes
attenuation-correctedZ) and the actual (R) rain rate profiles as a
function of the distance from the radar for 1000 profiles of 30 km
length at 500 m resolution for the intense rainfall parameteriza-
tion. “HB” (hatched +45◦) indicates the Hitschfeld-Bordan (for-
ward) attenuation correction algorithm (“div” indicates the percent-
age of diverging corrections) and “MA” (hatched−45◦) indicates
the Marzoug-Amayenc (backward) algorithm. Upper panel: X-
band; Middle panel: C-band; Lower panel: S-band.

errors can attain tens of mm h−1). This behaviour results
from the higher probability to have larger attenuations and
hence larger errors in the retrieved rain rates when the dis-
tance from the radar increases. It must be noted that the
stochastic simulation approach employed in this study only
allows an investigation of the errors associated with the stud-
ied attenuation correction algorithms and with the considered
climatologicalZ-R andZ-k relations. The effects of beam
broadening and of increasing beam altitude are beyond the
scope of the present work.

6 Conclusions

We have presented a theoretical analysis of the observation
uncertainties associated with rainfall estimates from ground-
based weather radar. Rainfall being the main source of wa-
ter for the terrestrial hydrological processes, accurate and
reliable measurement and prediction of its space-time dis-
tribution over a wide range of scales is an important goal
for hydrology. The rainfall retrieval uncertainties associated
with weather radars operating in different widely used fre-
quency bands have been investigated using a recently devel-
oped stochastic simulation model of range profiles of rain-
fall microstructure. To better mimic an operational setting in
which no real-time disdrometer observations are available,
we have employed climatological power-lawZ-k andZ-R
relations instead of the optimal relations that were used in
previous studies (Berne and Uijlenhoet, 2005a, 2006).

A detailed comparison between two different attenuation
correction schemes, the (forward) Hitschfeld-Bordan (HB)
algorithm and the (backward) Marzoug-Amayenc (MA) al-
gorithm, both in moderate (assuming a 50 km path length)
and in intense Mediterranean rainfall (for a 30 km path
length), shows that the backward correction algorithm is
more stable and accurate than the forward algorithm, pro-
vided reliable estimates of the total path-integrated attenu-
ation are available. For moderate rain rates, the HB algo-
rithm is numerically stable for all wavelengths considered,
although the biases remaining after correction can be appre-
ciable at X-band (up to about 10 mm h−1). For such rain
rates, the MA algorithm outperforms the HB algorithm only
at X-band, whereas at C- and S-band both algorithms yield
comparable results. In intense Mediterranean rainfall, how-
ever, the HB attenuation correction algorithm diverges in ap-
proximately one out of every five cases. Moreover, the re-
maining biases of those profiles for which the correction does
not diverge are enormous (up to about 30 mm h−1). The MA
algorithm on the other hand still performs satisfactorilly for
all radar wavelengths considered. Finally, the dependence of
the median values of MBE and RMSE on the distance from
the radar is found to be limited for both attenuation correc-
tion algorithms. The associated spread, however, increases
significantly as a function of distance, in particular for the
HB algorithm.
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The present investigation has focused entirely on inco-
herent, single-frequency, non-polarimetric radar rainfall re-
trieval algorithms, which are still widely used in operational
applications in hydrology and meteorology. However, the
presented stochastic simulator of rainfall microstructure also
provides a potential test bed for multi-parameter attenua-
tion correction techniques (e.g.,Illingworth et al., 2000; Tes-
tud et al., 2000; Vulpiani et al., 2005, 2006a,b). Moreover,
a stochastic rainfall model which explicitly treats the spa-
tial and/or temporal variations of raindrop size distributions
could also be relevant for several other hydrological appli-
cations, e.g. in models of rainfall interception by vegetation
canopies (Uijlenhoet and Stricker, 1999) or soil erosion by
raindrop impact (Uijlenhoet and Sempere Torres, 2006), as
well as the study of sampling uncertainties in in situ rainfall
observations using rain gauges or disdrometers (Berne and
Uijlenhoet, 2005b; Uijlenhoet et al., 2006).

Appendix A

Inversion of the radar attenuation equation

Dividing both sides of the radar attenuation equation (Eq.6)
by Z (r) and taking natural logarithms yields

ln
ZA (r)

Z (r)
= −c

∫ r

0
k (s) ds. (A1)

Substituting the power-lawZ-k relation (Eq.10) into this
equation and defining an ‘apparent specific attenuation co-
efficient’ kA using the same power-law leads to

ln
kA (r)

k (r)
= −

c

δ

∫ r

0
k (s) ds. (A2)

Taking derivatives with respect tor yields

k (r)

kA (r)

d

dr

kA (r)

k (r)
= −

c

δ
k (r) . (A3)

Multiplying both sides withkA (r) /k (r) gives the following
differential equation:

d

dr

kA (r)

k (r)
= −

c

δ
kA (r) (A4)

This equation can be integrated in two different manners,
namely from a certain smaller reference ranger0 up to r

(where 0≤r0<r) or from r up to a certain larger reference
ranger0 (where 0≤r<r0). The ‘forward’ method leads to (in
the interval 0≤r0<r )

kA (r)

k (r)
=

kA (r0)

k (r0)
−

c

δ

∫ r

r0

kA (s) ds, (A5)

and the “backward” method to (in the interval 0≤r<r0)

kA (r)

k (r)
=

kA (r0)

k (r0)
+

c

δ

∫ r0

r

kA (s) ds. (A6)

Rewriting both equations to obtain the profiles ofk in terms
of those ofkA yields the forward inversion equation (in the
interval 0≤r0<r)

k (r) =
kA (r)

kA (r0)

k (r0)
−

c

δ

∫ r

r0

kA (s) ds

, (A7)

and the backward inversion equation (in the interval
0≤r<r0)

k (r) =
kA (r)

kA (r0)

k (r0)
+

c

δ

∫ r0

r

kA (s) ds

. (A8)

Now the power-lawZ-k relation (Eq.10) can be used again
to convertk back toZ andkA back toZA. For the forward
inversion equation this gives (in the interval 0≤r0<r)

Z (r) =
ZA (r)[(

ZA (r0)

Z (r0)

)1/δ

−
c

δ

∫ r

r0

(
ZA (s)

γ

)1/δ

ds

]δ
, (A9)

and for the backward inversion equation (in the interval
0≤r<r0)

Z (r) =
ZA (r)[(

ZA (r0)

Z (r0)

)1/δ

+
c

δ

∫ r0

r

(
ZA (s)

γ

)1/δ

ds

]δ
.(A10)

If the reference range in the forward inversion equation is
taken to be the radar site itself (i.e.r0=0) then this equation
reduces to the classical solution ofHitschfeld and Bordan
(1954)

Z (r) =
ZA (r)[

1 −
c

δ

∫ r

0

(
ZA (s)

γ

)1/δ

ds

]δ
, (A11)

Using the power-lawZ-R relation (Eq.10) this can be con-
verted to an expression in terms of the rain rateR (Eq. 11).
In a similar manner, the backward inversion equation can be
written as

Z (r) =
ZA (r)[

A
1/δ

0 +
c

δ

∫ r0

r

(
ZA (s)

γ

)1/δ

ds

]δ
, (A12)

whereA0=A(r0) equals the exponential factor in Eq. (6)
evaluated at the ranger=r0, accounting for the (two-way)
PIA between the radar antenna and the reference target. This
is the solution proposed byMarzoug and Amayenc(1994).

It should be stressed at this point that the two inversion
equations are only exact solutions to the inverse problem
posed by the radar attenuation equation if 1) theZ-k and
Z-R power-laws hold perfectly for all rangesr involved, 2)
the radar is perfectly calibrated, 3) the ratio of the apparent
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ZA to the actual radar reflectivity factorZ (or the two-way
attenuation factorA) at the reference ranger0 is known ex-
actly, and 4) the apparent radar reflectivityZA (r) is known
along the entire range profiler. This implies among oth-
ers the absence of noise of any kind (either rain-induced or
sensor-induced), the absence of a minimum detectable radar
signal (which would limit the range up to which the inversion
equations could be applied successfully) and moreover, an
infinitely high range resolution of the radar system in ques-
tion.
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